ONE-DIMENSIONAL MATERIAL BEHAVIOR
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1 One-dimensional material models

In the following sections material behavior is described in a one-dimensional context. and
used to analyze the axial deformation of trusses. The material behavior is modeled, using a
discrete mechanical model of springs, dashpots and friction sliders. The axial stress is related
to the axial strain by one or more (differential) equation(s) from which the stress response
must be calculated when the strain excitation is prescribed. This stress update procedure is
implemented in Matlab files.

The various material models are incorporated in a finite element program, which is used
to model and analyze the mechanical behavior of truss structures, subjected to prescribed
displacements and/or forces. In the iterative solution procedure, the material stiffness plays
an essential role and must be derived from the material law.

2 Material behavior

Characterization of the mechanical behavior of an unknown material almost always begins
with performing a tensile experiment. A stepwise change in the axial stress ¢ may be pre-
scribed and the strain € of the tensile bar can be measured and plotted as a function of time.
From these plots important conclusions can be drawn concerning the material behavior.

For elastic material behavior the strain follows the stress immediately and becomes
zero after stress release. For elastoplastic material behavior the strain also follows the stress
immediately, but there is permanent deformation after stress release. When the material
is wviscoelastic the strain shows time delayed response on a stress step, which indicates a
time dependent behavior. When time dependent behavior is accompanied by permanent
deformation, the behavior is referred to as wviscoplastic.
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Fig. 2.1 : Strain response for a stress-step for a) elastic b) elastoplastic, c) viscoelastic and
d) wviscoplastic material behavior

Another way of representing the measurement data of the tensile experiment is by plotting
the stress against the strain, resulting in the stress-strain curve. The relation between stress
and strain may be linear or nonlinear. Also, the relation may be history dependent, due
to changes in the material structure. Different behavior in tensile and compression may be
observed.

2.1 Tensile curve : elastic behavior

When elastic behavior is well described by a linear relation between stress and strain, the
elastic behavior is referred to as linear.
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Fig. 2.2 : Tensile curves for elastic material behavior

2.2 Tensile curve : viscoelastic behavior

Viscoelastic behavior is time-dependent. The stress is a function of the strain rate. There
is a phase difference between stress and strain, which results in a hysteresis loop when the
loading is periodic.

Fig. 2.3 : Tensile curve and hysteresis loop for viscoelastic material behavior



2.3 Tensile curve : elastoplastic behavior

When a material is loaded or deformed above a certain threshold, the resulting deformation
will be permanent or plastic. When time (strain rate) is of no importance, the behavior is re-
ferred to as elastoplastic. Stress-strain curves may indicate different characteristics, especially
when the loading is reversed from tensile to compressive.

Fig. 2.4 : Tensile curves for elastoplastic material behavior

2.4 Tensile curve : viscoplastic behavior

A combination of plasticity and time-dependency is called viscoplastic behavior. This be-
havior is often observed for polymeric materials. For some polymers the stress reaches a
maximum and subsequently drops with increasing strain. This phenomenon is referred to as
intrinsic softening. In a tensile experiment it will provoke necking of the tensile bar.
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Fig. 2.5 : Tensile curves for viscoplastic material behavior



2.5 Tensile curve : damage

Structural damage influences the material properties. The onset and evolution of damage
can be described with a damage model. For materials like concrete and ceramics, the onset
and propagation of damage causes softening. Because damage is often associated with the
initiation and growth of voids, the stress-strain curve is different for tensile and compressive
loading.

Fig. 2.6 : Tensile curve for damaging material with different behavior in tension and
compression

2.6 Discrete material models

Material models relate stresses to deformation and possibly deformation rate. For three-
dimensional continua the material model is often represented by a (large) number of coupled
(differential) equations. As a simplified introduction, we will present material models first in
a one-dimensional setting. The material behavior is represented by the behavior of a one-
dimensional, discrete, mechanical system of springs, dashpots and friction sliders. For such a
system the relation between the axial stress ¢ and the axial strain € can be derived.

In the following sections models for elastic, elastoplastic, linear viscoelastic, creep, vis-
coplastic and nonlinear viscoelastic behavior will be presented.
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Fig. 2.7 : Discrete elements : spring, dashpot and friction slider



3 Elastic material behavior

When a material behaves elastically, the current stress can be calculated directly from the
current strain, because there is no path and/or time dependency. When the stress is released,
the strain will become zero, so there is no permanent deformation at zero stress. All stored
strain energy is released and there is no energy dissipation. For the one-dimensional case of
an axially loaded truss the elastic behavior is described by a relation between the stress o
and the elongation factor A\ or the strain .

loading

unloading

Fig. 3.8 : Non-linear elastic material behavior

3.1 Small strain elastic behavior

For small elongations, all strain definitions are the same, as are all stress definitions. The
relation between stress and strain is linear and the constant material parameter is the Young’s

modulus.
strain E=¢cg=cp==A-1
) F_F
stress J—A—Ao—an
linear elastic behavior o=Fe=FE\-1)

d d
modulus E=lim 2 = lim Z

A1 d\  e—>0de

3.2 Large strain elastic behavior

For large deformations, nonlinear elastic behavior can be observed in polymers, elastomeric
materials (rubbers) and, on a small scale, in atomic bonds, when a tensile/compression test
is carried out and the axial force F' is plotted as a function of A. In a material model we



want to describe such behavior with a mathematical relation between a stress and a strain.
Consideration of the stored elastic energy per unit of volume learns that each stress definition
is associated with a certain strain definition, so these should be combined in a material model.
However, when the observed material behavior is described accurately by another stress/strain
combination, it can be used as well.

For three-dimensional models more considerations have to be taken into account. Care
has to be taken that the material model does not generate stresses for large rigid body
rotations of the material, which is known as the requirement of objectivity.

Fig. 3.9 : Non-linear stress-strain relations for an atomic bond and for an elastomeric
material

3.3 Elasticity models

The discrete one-dimensional model for elastic material behavior is a spring. The behavior is
modeled with a relation between the stress ¢ and the elongation factor A or a strain €. The
material stiffness C', is the derivative of o w.r.t. the stretch ratio A. The derivative w.r.t. the
strain e results in the stiffness C..

Consideration of the stored elastic energy per unit of material volume (see ?77) learns that,
in a material model, true stress ¢ should be combined with logarithmic strain ;,, engineering
stress o, with linear strain &; or 2nd-Piola-Kirchhoff stress 0,2 with Green-Lagrange strain
4. Experimentally observed tensile behavior can often be described with a linear relation
between a certain stress and its associated strain.
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€

Fig. 3.10 : Spring



constitutive equation o=o(}\)

do do de de

stiffness Cy = N A

4 Hyper-elastic models

Elastomeric materials (rubbers) show very large elastic deformations (elongation up to A = 5).
The material models for these materials are therefore referred to as hyper-elastic. They are
derived from an elastic energy function, which has to be determined experimentally. The
three-dimensional versions of these so-called Rivlin or Mooney models are expressed in the
principal elongation factors A;, ¢ = 1,2, 3. Experimental observations indicate that elastomeric
materials are incompressible, so that we have A\ A2A3 = 1.

W = Z Z Cz‘j (Il — 3)i (IQ — 3)j with Cpp =0
? J
L=MN+XM+)3
1

1 1
L=XN+MNM\N+M8N=S5+5+3
JYAIPVIIDY

The incremental change of the elastically stored energy per unit of deformed volume, can be
expressed in the principal stresses and the principal logarithmic strains.

dW = Uldalm + UQdEan + O'3d€ln3

4.1 Mooney models

For incompressible materials like elastomer’s (rubber) the stored elastic energy per unit of de-
formed volume is specified and fitted onto experimental data. Several specific energy functions
are used.

Neo-Hookean W = Cyo (I; — 3)

Mooney-Rivlin W =Ci(I1 —3)+ Co1 (I2 — 3)

Signiorini W = Cyo(I1 — 3) + Co1(Ir — 3) + Coo(I; — 3)*

Yeoh W:Cw(fl —3)—{—020([1 —3)2—|—C30(Il —3)3

Klosner-Segal W = Cio(I1 — 3) + Co1(Iy — 3) + Coo(I; — 3)% 4+ Coz(Ir — 3)3



2-order invariant W = Cyo(I; — 3) + Co1(Ir — 3) + C11(I1 — 3)(I2 — 3) + Coo(I1 — 3)*
Third-order model of James, Green and Simpson

W = 010(I1 — 3) + 001(12 — 3) + 011(11 — 3)([2 — 3) +
Cao(I1 — 3)? + Coa(Is — 3)* + Cor (I — 3)*(I, — 3) +
030(11 — 3)3 + 003(12 — 3)3 + 012(11 — 3)([2 — 3)2

4.2 Ogden models

For ’slightly’ compressible materials the Ogden specific energy functions are used. Because the
volume change is not zero, these functions depend on the volume change factor J = AjAs 3.
The second part of the energy function accounts for the volumetric deformation. Because the
volumetric behavior is characterized by a constant bulk modulus K, the model is confined to
slightly compressible deformation.

For ’highly’ compressible materials like foams, specific energy functions also exist. The
first part of the energy function also describes volume change.

I
Mz

b; 1 2
slightly compressible W % [J§ ()\l{" + )\gi + )\gi) - 3} + 45K <J3 - 1>

=1 i
N 4 N a;

highly compressible W = Z = ()\l{i + )\gi + )\gi — 3) + Z C—Z (1 —J%9)
i=1 i=1

4.3 One-dimensional models

For tensile (or compressive) loading of a homogeneous and isotropic truss, where the axial
direction is taken to be the 1-direction, we have : Ay = XA and Ay = \3 = 1/\/X In this case
there is only an axial stress o1 = o, so that we have

AW AW an_aw
der,  d\ dep,  dA

dW =odg,, — o=

The Neo-Hookean model is the simplest model as it contains only one material parameter.
Axial stress o and axial force F' can be calculated easily. From statistical mechanics it is
known that for an ideal rubber material the stress is :

o= pRT ()\2 1> with p :  density
M A R : gas constant = 8.314 JK~'mol~!
T :  absolute temperature
M : average molecular weight

Most rubber materials cannot be characterized well with the Neo-Hookean model. The more
complex Mooney-Rivlin model yields better results. The stiffness C) is a function of the
elongation factor A. The initial stiffness F is often referred to as the modulus.



Neo — Hookean

W = Cio (A2 + %—3)

el gt

A2
Cy = = 2Cho (2)\ + > = 15{11 % = 6C1p
FF =cA= U)\AQ = 2C1040 <)\ %)
Mooney — Rivlin
W = Cig <>\2+§—3> + Cor <%+2>\—3>
o =2C ()\2 - %) +2Cn1 ()\2 - %) %
Cy= % =2C1g <2)\+ )\12> +2Cn <1 + %) ; E= /\lii}ﬂlg—i = 6(C10 + Co1)

1 1 1 1
F = UA:UXAOZAOX [2010 (AQ—X>+2001 <>\2—X> X]

4.4 Examples

Some examples of analytical solutions

4.5 Limitations of axial stretch

A cylindrical tensile bar with initial length [y and initial cross-sectional area Ag is loaded with
an axial force F'. The elongation is described by the stretch ratio A = % The contraction is

described by the stretch ratio p = \/A%'

The material is homogeneous and the elastic behavior is described by a linear relation
between the Cauchy stress o and the Green-Lagrange strain €4 = %()\2 -1).

c=C(\—-1) with C = constant > 0
In each direction the same strain definition must be used, so the contraction strain is
1
=3(u* - 1)
When the contraction strain is related to the axial strain with Poisson’s ratio v, we have

ea=s(WP—1)=-veg=-viN-1) — pP=1-v(\-1)



When Poisson’s ration is assumed to be constant, the axial elongation is limited because the
cross-sectional area obviously cannot become zero.

1 1 1
1—vM=-1D)=0—-vN-1)=1 — XN-1==-—=\= +V—>)\: v
v v v

When the cross-sectional area is plotted as a function of A with the value v = 0.25, we clearly
see the limit value for A where A = 0.

1.5

0Bl NG

Fig. 4.11 : Cross-sectional area versus stretch ratio.

The axial force F' can be calculated and expressed as function of \.

F:JA:J,MZAO:J{l—V()\Q—l)}AO
= CA{l —v(M?> = 1D}(N —-1)

When we plot this relation for values v = 0.25 and Ay = 1, it becomes clear that the proposed
material law has some physical inconsistencies.
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Fig. 4.12 : Azial force versus stretch ratio.



The volume change ratio is :
J=M2=2{1-v(\*-1)}

When the material is assumed to be incompressible, J = 1 and Poisson’s ratio v cannot be
constant any more but is a function of \ :

1
,u2:le—1/()\2—1) —
1 A-1 A—1 1
Mo =1--=2"= - -
“ ) N NS V) VI D B YO W

For very small elongations, the value of v becomes %, which is already known from three-
dimensional Hooke’s law for linear elasticiy.

4.6 Instability and localisation

A tensile test has revealed that the elastic behavior of a material is described very well by a
linear relation between the engineering stress ¢, and a nonlinear function of the elongation
factor A.

1
op, =C X In(\) with on = engineering stress
C = elasticity constant >0
A = axial elongation factor

The undeformed cross-sectional area of the truss is Ag. Poisson’s ratio is v and is assumed
to be constant.

The relation between the axial force F' and the axial stretch factor A is
F=CAgx tin())

For values C' = 1000 and Ay = 1, this relation is shown in the figure below.
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Fig. 4.13 : Azial force versus stretch ratio.



The value for A for which the axial force reaches the maximum value can be determined by
differentiation.

dF 1 1 1
LA {_ m() + p} = Clgyy (1~ ()
Z_I;ZO — W) =1 — A=e=427

The maximum value of the force is
1 1
Frwz =F(A=¢) =CAy— In(e) = CAy -
e e

When this maximum is reached, the deformation increases while the load deminishes. Because
in a real material there will always be some inhomogeneity, e.g. a cross-section with a slightly
smaller area, or with a slightly lower value of C', The maximum will be reached there first. All
the elongation will then be concentrated in this weakest cross-section, a phenomenon which
is refered to as localisation.

4.7 Inflating a spherical balloon

A spherical balloon has an inner diameter Dy and a uniform wall thickness wg < Dy in the
undeformed state. The balloon is loaded with an internal pressure p whereupon it deformes
homogeneously to have an inner diameter D and wall thickness w.

To describe the mechanics of the balloon, we use three coordinate axes : two perpendicular
tangential directions ¢ and the radial direction r, as is shown in the figure below for the
deformed state.

Fig. 4.14 : Balloon in deformed state.

The wall of the balloon is made from elastomeric material, the behavior of which is charac-
terised by the Neo-Hookean elastic energy function, expressed in the principal stretch ratios
A1, Ao and Asg :

W = Cio {A\] + A5 + A3 — 3}

where Cg is a positive valued material constant. The material is incompressible.



In the case of the pressurized balloon, the principal directions of deformation are the perpen-
dicular tangential directions and the radial direction in each point of the ballon wall, so we
have :

Alz)\Q:)\t:D—O:)\ and )\3:)\7»:11)—0

With the knowledge that the material is incompressible, the elastic energy function can be
expressed in the tangential elongation factor A.

1
J:)‘l)\Q)\ng?)\T:l — )\T:F N
t

1
W =Cio (N + A7 + A2 —3) =Cho <2A2+F—3>

The principal stress directions coincide with the principal strain directions and are :
01 =09 = 0y and o3 =0, ~0

For the isotropic hyperelastic model, the incremental specific elastic energy can be written as

aw

AW = o1dey,, + oadep, + 03del,, = 20¢delny,  — oy =14 o
t

The tangential stress oy is then expressed in .

AW , 1
Ut:éﬁ :2010 <)\ —F>

From equilibrium in the deformed state, the relation between the internal pressure p and the

tangential stress o, is derived.

w
:4 e —
p=20tp

The internal pressure can then be expressed in A and the initial dimensions Dy and wyg.
w wo 9 1 1 wo (1 1
p=rotp = op, ( )\4> e Do ()\ \T

The plot of pagainstA for 1 < A < 6 shows a clearly nonlinear relation. This nonlinearity
comes from the large reduction of the load-carrying wall thickness and also from the nonlinear
material behavior.
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Fig. 4.15 : Pressure versus diameter change.

4.8 Stress update

The relation between o and A can be used to update the stress directly when the strain is
known.

o=oc(}\)

4.9 Stiffness

The material stiffness is determined by taking the derivative of the stress with respect to the
elongation ratio or the strain.

Oo
C’\_ﬁ

4.10 Implementation

See the files tr2delas.mand tr2delam.m for the implementation of the elastic and elastomeric
material models.

4.11 Examples

A truss is loaded axially with a prescribed elongation/force. The initial length Iy of the truss
is 100 mm and the initial cross-sectional area Ay is 10 mm?2. The axial force/elongation is
calculated. The cross-sectional area will change as a function of the elongation.

) n —

45 %

Fig. 4.16 : Tensile loading of truss element




For all elastic models the elastic constant is taken C' = 100000 MPa and Poisson’s ratio v is
0.3. The stress-elongation results are shown in the next figures. The models with a linear
relation between stress (o or P) and Green-Lagrange strain, clearly lack a physically realistic
description of the material behavior during compression.

5 delasex11xxls 5 delasex12xxls
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Fig. 4.17 . Stress versus A for o ~ ¢; and o ~ €;, models
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Fig. 4.18 : Stress versus X for o ~ eg and P ~ 4 models

The axial force and the cross-sectional area are calculated and shown in the next figures as a
function of the elongantion. The cross-sectional areas of some models become zero and even
negative, which clearly shows the limited use of these models.

5 1Delasex11If 1Delasex11la
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Fig. 4.19 : Axial force and cross-sectional area versus the elongation for o ~ & model
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Fig. 4.20 : Axial force and cross-sectional area versus the elongation for o ~ &, model
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Fig. 4.21 : Awial force and cross-sectional area versus the elongation for o ~ g4 model
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Fig. 4.22 : Awial force and cross-sectional area versus the elongation for P ~ €4 model



For the elastomeric Neo-Hookean and Mooney-Rivlin models the material constants are :
C10 = 20000 MPa and Cp; = 20000 MPa. Stress versus elongation is shown.
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Fig. 4.23 : Stress versus A for Neo-Hookean and Mooney-Rivlin models

The axial force is calculated for a prescribed axial elongation.
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Fig. 4.24 : Axial force and cross-sectional area versus the elongation for Neo-Hookean and
Mooney-Rivlin model



5 Elastoplastic material behavior

Below a certain load (stress) value, the deformation of all materials will be elastic. When
the stress exceeds a limit value, plastic deformation occurs, which means that permanent
elongation is observed after release of the load. At increased loading above the limit value, the
stress generally increases with increasing elongation, a phenomenon referred to as hardening.
Reversed loading will first result in elastic deformation, but after reaching a limit value of
the stress, plastic deformation will be observed again. Looking at the stress-strain curve after
a few loading reversals, it can be seen that elastoplastic material behavior is history dependent:
the stress is not uniquely related to the strain; its value depends on the deformation history.
The total stress-strain history must be taken into account to determine the current stress.

Fig. 5.25 : Stress-strain curves for elastoplastic material behavior

5.1 Tensile test

When a tensile bar, with undeformed length Iy and cross-sectional area Ay, is subjected to
a tensile test, the axial force F' and the length [ can be measured. The axial strain ¢ can
be calculated from the elongation factor A. To calculate the true stress o = %, the actual
cross-sectional area of the tensile bar must be measured during the experiment. The nominal
stress o, = Aﬂo can be calculated straightforwardly. The nominal stress o, can be plotted
against the linear strain e, = A —1 = % = lA—Ol resulting in the o, — g; stress-strain curve.

Until the proportionality limit ¢, = op is reached, the material behavior is assumed to
be linear elastic : g, = Fe, where E is Young’s modulus. When the stress exceeds the initial
yield stress 0,9 > op, unloading will reveal permanent (= plastic) deformation of the bar.
The exact value of 0,9 cannot be determined so in practice oy is taken to be the stress where
a plastic strain of 0.2 % remains. In the following however, we will assume that o, is exactly
known and that o9 = op.

The axial force and therefore the nominal stress will reach a maximum value. At that



point necking of the tensile bar will be observed. The maximum nominal stress is the tensile
strength op. In forming processes strains can be much higher than in a tensile test, because
of the compression in certain directions.

After reaching the tensile strength the nominal stress will decrease while the strain is still
increasing. Fracture occurs at the fracture stress o, = op. The fracture strain e is for metals
and metal alloys about 10% = 0.1. This is a rather small elongation which means that for
these materials we can assume o = o, and also that all strain definitions are approximately
equivalent, so € = ¢;.

Experiments have shown that during plastic deformation the volume of metals and metal
alloys remains constant : plastic deformation is taken to be incompressible.

op

L e = 0.002

€

Fig. 5.26 : Stress-strain curve during tensile test

5.2 Compression test

For metal alloys a compression test instead of a tensile test will reveal that first yield will
occur at o = 0, = —0,9. The initial material behavior is the same in tension and compres-
sion. In general terms the transition from purely elastic behavior to elastoplastic behavior
is determined by a yield criterion. For the one-dimensional case this criterion says that first
yielding will occur when :

f:UQ—UZ%O:O

The function f is the yield function.
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Fig. 5.27 : Stress-strain curve during tensile or compression test

5.3 Interrupted tensile test

When the axial load is released at o4 (see figure below) with oo < 04 < or, the unloading
stress-strain path is elastic and characterized by the initial Young’s modulus £. The perma-
nent or plastic elongation is represented by the plastic strain €,. The difference between the

total strain in point A and the plastic strain is the elastic strain e, =4 — ¢, = .

ty ty ty ty
g
A
Oy |
Oyo | -
B f
Q@j A 19

L .

Fig. 5.28 : Stress-strain curve after interrupted tensile test

€p



5.4 Resumed tensile test

When after unloading, the bar is again loaded with a tensile force, the elastic line BA will
be followed where Ac = EAe = EAe, holds. For 0 > o4(e > e4) further elastoplastic
deformation takes place and the stress-strain curve will be followed as if unloading were not
occurred.

The stress o4 is the current yield stress o,, which is generally larger then the initial
yield stress oy9. The increase, referred to as hardening, is related to the plastic strain by a
hardening law.

5.5 Hardening

To study the hardening phenomenon, the tensile bar is not reloaded in tension but in com-
pression. Two extreme observations may be made, illustrated in the figure below.

In the first case the elastic trajectory increases in length due to plastic deformation :
AA" > YyY]. The elastic trajectory is symmetric about 0 = 0 (BA = BA’). What we observe
is isotropic hardening.

In the second case the elastic trajectory remains of constant length : AA" = YyYy. It
is symmetric about the line OC (CA = CA’). After unloading the yield stress under com-
pression is different than the yield stress under tension. This is called kinematic hardening.
The stress in point C, the center of the elastic trajectory, is the shift stress o = ¢q. This
phenomenon is also referred to as the Bauschinger effect.

Real materials will show a combination of isotropic and kinematic hardening.

o A o A

AI

Fig. 5.29 : Isotropic and kinematic hardening

isotropic hardening : elastic area larger & symmetric w.r.t. c =0
tensile : o =0y 9 9
. — f=0"—-0,=0
compression : o= —0y
kinematic hardening : elastic area constant & symmetric w.r.t. ¢ = ¢
tensile : o=q+ 0y

} S Ny

compression : 0 =q— 0y



combined isotropic/kinematic hardening

tensile : o=q+oy,
compression : o =q—0y

} — f=(0—q—0,=0

5.6 Effective plastic strain

Isotropic hardening could be described by relating the yield stress o, to the plastic strain e,.
However, as the figure below shows, this would lead to the unrealistic conclusion that the
yield stress increases while the plastic strain decreases. To prevent this problem, the effective
plastic strain &, is taken as the history parameter. It is a measure of the total plastic strain,
be its change positive or negative, and as such cannot decrease.

E

Fig. 5.30 : Increasing yield stress at decreasing plastic strain
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5.7 Hardening laws

For one-dimensional stress states encountered in the axial loading of a truss, several hardening
laws are formulated, based on experimental observations. They can be generalized to three-
dimensional stress-strain states. For isotropic hardening the current yield stress is related to
the effective plastic strain and the initial yield stress. The isotropic hardening parameter is
H = % For kinematic hardening the shift stress ¢ is related to the plastic strain €,. The

kinematic hardening parameter is K = qu.
P

linear isotropic hardening o, = 0,0 + HE,
q=0



linear kinematic hardening o, = o,

q=Keg,
exponential hardening oy =0y +C (&))"
= q(ep)

no hardening : ideal plastic o = oy
q=0

5.8 Cyclic load

A truss can be loaded with a prescribed strain —e,, < e < g,,. It is assumed that the stress
will reach values above the initial yield stress oy9 and that linear hardening occurs.

For purely isotropic hardening the stress will increase after each load reversal and finally
no further plastic deformation will take place.

For purely kinematic hardening the stress-strain path will be one single hysteresis loop,
where the stress cycles, as does the strain, between two constant values —o,, < o < g,.

—_—
g
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. UyO / m
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Fig. 5.31 : Stress-strain curve during cyclic loading for isotropic and for kinematic hardening

5.9 Examples

5.10 Reversed plasticity in a tensile bar

A cylindrical tensile bar is loaded with an axial stress o, which is applied as a function of the
(pseudo)time ¢ as indicated in the figure below.
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Fig. 5.32 : Prescribed stress as a function of (pseudo)time.

When the load is increased from ¢ = 0, the material behaves linearly elastic — Young’s modulus
is £/ — until the iniial yield stress oy is reached. The maximum stress oy is such that o1 > oyg.
After reaching this maximum value the stress is reduced to zero and compressive loading is
applied. After yielding, the material shows linear, isotropic hardening with hardening constant

H.

First the stress-strain diagram is plotted and relevant stress-strain points are indicated.

€2

€1 3

Fig. 5.33 : Stress-strain diagram.



When the stress reaches the maximum value o7 at t = t; the strain 7 can be calculated and
expressed in o1, F, 0,0 and H.

E+H oy  E+H
€1=€yo+ﬁ(01—0y0):f ol (O’l—O'yo)
Oy0 EF+H F+H
=20
E< H >+ EH 7!
:_@ E+HO’1
H EFH

The plastic strain £ at maximmum stress o is

o o E+H o
01 — 0y0

From ¢ = ¢; the stress is reduced to zero after which compression occurs. The strain o at
yield under compressive loading is :

01
82:{51—2—
E

The stress o3 for which the plastic strain is zero, is :

p_ _ _ P _
e5=0 — —(03—02)=01—0y=He] — 03=-201+0y

5.11 Parallel truss structure

The figure shows two parallel bars a and b, which are connected to a rigid wall and to a rigid
block, which can only translate in horizontal direction. The bars have the same initial length
L. The cross-sectional area of @ and b is A and 2A, respectively. Both a and b have the same
Young’s modulus £ and initial yield stress oy9. Upon yielding bar a is ideal plastic, while bar
b shows isotropic linear hardening with hardening constant H.

)

>

v
A

Fig. 5.34 : Parallel truss structure.



The axial deformation is provoked by the force F', which increases to a maximum value
after which it will be reduced to zero. The maximum is such that both trusses will undergo
elastoplastic deformation. The displacement of the rigid block is 4.

For all deformation states the strain in both trusses will be equal : €% = ¢°, due to the
fact that their initial length and their elongation is the same. With this in mind we draw the
stress-strain diagram of both bars below each other.

(o
0
090 . 1
a
-
2 e
20_3/0 ..... 1
040 0
Yy . :
b 2
9

Fig. 5.35 : Stress-strain diagrams of both trusses.

The force Fy at which yielding occurs for the first time, is
Fy = O'y()A + 20'yoA = 30'y0A

The strain ¢y and the displacement dy is

Oy0

oy0
€0=5y0=—§ — dy=L-L

E

The force F is increased to F'= I} = gFo. Because truss a doesn’t show any hardening, the
axial stress does not change : 0f = o = 0y9, and thus F{' = 0y9A. The axial force and the
stress in truss b is then :

Flb =F — F{' =50y0A — 0yoA = 40y0A — all’ = 2040
The strain €4 in truss b and the displacement d; can now be calculated.

o E+H 40 <1+E+H>:@<E+2H>

E EH

o EF+2H
51:L€b:L%O<7H >

b
1T T = T H E H



The plastic strain of the trusses is

E+H

a ea_ayo _

6pl =& E - EH JyO
20 o EFE+H o EFE+H o
b b y0 y0 y0 y0
— —_ _= — = — —1 = —
TR E ' EH T E ( TE ) H

The force F is now reduced to zero. The residual stresses in both trusses can be calculated.

1
a a a a
€5 —el=—=(0g—0
2~ €1 E(Q 1)
1 a_ b b
eg—sl{:— Jg—al{) — 02— 01 =03~ 03 -
E
a _ b _
ed=cy ; =g 01 =0y ;01 =20y
a _ b 2 b a __
02 - Uyo — 02 - Uyo — 02 - 0'2 — Uyo
N
equilibrium — 0§44+ 0524=0 — 0% = —20%
b _ b _ 1 . a__ _ 2
3oy =0yo — 0y = 35040 ; 09 = —%5040

5.12 Serial truss structure

A cylindrical truss is divided in two parts a and b as is shown in the figure below. In the
undeformed state, part a has length L and cross-sectional area 2A, part b has length 2L and
cross-sectional area A. In point R an axial force F' ia applied. Point P is fixed and point R
will show a displacement 9.

P 2A
Q R
A | r
b
a
L 2L

Fig. 5.36 : Series configutation of two trusses.

For each state in the deformation process, we will have :
N® — Nb N o = 1 O'b

When the load is increased from F' = 0 at t = 0 the material is linearly elastic — Young’s
modulus ' — as long as the axial stress is below the initial yield stress oy0. After yielding the
material will show linear isotropic hardening with hardening constant H.
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Fig. 5.37 : Stress-strain diagram of the two trusses.

When yielding occurs for the first time the force Fy is part b will yield first at a force
FO = O'yoA

The displacement dy at that moment is

b b _ Oyo b 0y0
090 040
oy = %O'yo — g5 = —2% — AL =1L —2%

The load is increased to F' = F} > Fy when part a will yield for the first time.
ol =0y — Ulf =20y — Fi =204

The displacement §; can than be calculated :

of =0y — 5%:@ — ALY = 70
E+H oo FE+H oy (F+2H oy (F+2H
b _ _ 9y _ Iy b _ oy T40
A=t pg W= 5 T g W E( 7] > - Ali=2lr (T
E+2H oy (2FE+5H
— ALY+ ALY = 220 4 of, IO N i
1 1Ak E "E H E H
The force F' is increased further to F = Iy = 6F1 ayoA and is subsequently reduced to
zero : F' = F3 = 0. The residual plastic strain in each part can be determined.
F E+H
ag:f:?ayo — ag—sl{: E+H (ag—all’) — Eg:éﬁwE—i—lQH)
Fy E+H Y0
oy ﬂ_gayo — g5 —¢ef = T (0§ —0of) — €%Zéﬁ(E+6H)
b b_ b 129y0 _ 7 9y0 6 9y0 _ 1 9y0
WEEEETS T S5y 0 BTy Ty
The total displacement after unloading is
0y = ALY+ ALY = L1 Z0 4 o 120 _ 5y Zu0



5.13 Elastoplastic model

The elastoplastic deformation characteristics can be represented by a discrete mechanical
model. A friction element represents the yield limit and a hardening spring — stiffness H
(H > 0) — provides the stiffness reduction after reaching the yield limit. The elastoplastic
model describes rate-independent plasticity — there is no dashpot in the discrete model —, so
the time is fictitious and ”rate” is just referring to momentary change.

The yield criterion is used to decide at which stress level a purely elastic deformation will
be followed by elastoplastic deformation. During elastoplastic deformation the total strain
rate (¢) is additively decomposed in an elastic (¢.) and a plastic (¢,) part. The plastic
strain rate €, is related to % by the rate of the plastic multiplier A\, the so-called consistency
parameter A. During ongoing plastic deformation the consistency equation f = 0 must be
satisfied, because f must remain zero.

The hardening law relates the current yield stress o, to the initial yield stress oy9 and
the effective plastic strain &,. The shift stress ¢ is related to the plastic strain ¢,.

Oy

Ep Ee

Fig. 5.38 : Discrete mechanical model for elastoplastic material behavior

° f:(a—q)2—az with f<0 | f=0Af<0 — elastic
f=0Af=0 — elastoplastic
o oy =0y(0y0,&p) ; q=q(ep)

1
(] U:E€e — ée:Ed
* &= (?_022)‘(0—Q) ; &p=lépl =2X[o —ql

. gp:/ OépdT:Z|Aep|
= t

5.14 Constitutive equations

From the constitutive relations a set of constitutive equations can be derived.
& = Fé. = E(¢ —¢,) = E{é = 2\(0 — q)}
f=0



G+ 2E(c —q)A— Eé =0
f=0

The current stress has to be determined from these constitutive equations. The first one is
a differential equation in pseudo-time. To solve it we use the incremental approach, where
the total time is discretized and where we assume to have reached a solution for the begin-
increment time t,, i.e. values at the beginning if the current increment are known.
Although very general solution procedures can be used, we first consider a specisl case. It
is assumed that the stress state at both the begin-increment time and the end-increment time
is on the yield trajectory. Also linear hardening is considered, first isotropic then kinematic.

5.15 Linear isotropic hardening

For linear isotropic hardening with constant hardening parameter H, the stress increment can
be derived straightforwardly. In a point of the elastic trajectory we know that Ac = FAe
holds. In a point of the elastoplastic trajectory we can write Ao = SAe, where the material
stiffness S = C. will depend on E and H.

o Bi,
Ao
A _— i
+ é 8
Ae Lj\ Aee
Ag,

A A
Aa:EAse:E(As—Aep):E<Ae—%> :E<A€_Fa> o
EH Ac  E
AU—E+HA5—SA5 ; Aep——H—E+HA6



5.16 Kinematic hardening
For linear kinematic hardening, the result is similarly derived.

EK 1 E
= A N A :—A =
ExK°° ' ST RKSTEYK

Ao Ae

Again these relations can be derived straightforwardly from the figure.

A A
AO':EAEEZE(AE—AEP):E<A€—?q> :E<Ag—70-> -
EK Ao E
AO’—mA&—SA& ) Aep_—K_E+KA€

Note that the stiffness equals Young’s modulus when H (or K') approaches infinity.

5.17 Stress update

In a general case of elastoplastic deformation, the begin-increment state, indicated with index
n, may reside on the elastic trajectory or on the elastoplastic trajectory. The end-increment
state is indicated with an index n+ 1 but this is skipped furtheron Depending of Ac = ¢ —¢,
(further) elastoplastic deformation or elastic unloading can occur. Several possibilities are
indicated in the figure below.

n+1
€ | 3

n—+1

Fig. 5.40 : Various incremental stress-strain changes



5.18 Elastic stress predictor

Because it is not known a priori whether (ongoing) elastoplastic deformation or elastic unload-
ing will have taken place in the current increment t,—t,,11, the stress calculation starts from
the assumption that the strain increment is completely elastic. The elastic stress predictor o,
is calculated and subsequently the yield criterion is evaluated with the yield function f.

e =0n+ E(e —¢ey)

° f=(0e—qn)?*— an <0 — elastic increment
. f=(0c—qn)?— azn >0 — elastoplastic increment

5.19 Elastic increment

When the increment is fully elastic, the end-increment stress equals the calculated elastic
stress. As no plastic deformation has occurred during the increment, the effective plastic
strain and the yield stress remain unchanged.

U(tn+1) = O¢ ; gp(thrl) = gp(tn) = &p,

Uy(tn—i—l) =oy(tn) =0y, 5 qltnt1) =q(tn) =

5.20 Elastoplastic increment

If the elastic stress predictor indicates that the yield criterion is violated, the increment is
elastoplastic. The end-increment stress has to be determined by integration of the constitutive
equations, such that at the end of the increment the stress satisfies the yield criterion as will
be discussed.

There are many procedures which can be followed to solve the differential equation for
the stress. They can be classified as implicit or explicit. The implicit methods are more
accurate and more stable then the explicit methods.

We assume that the begin-increment state resides on the yield trajectory, so f, = 0. In
reality this is of course not always the case : the begin-increment case may be elastic (f,, < 0)
and plastic deformation will develop during the increment. The implicit procedures can well
cope with this phenomenon. Explicit procedures will need some correction.

5.21 Implicit solution procedure

In an implicit procedure we want to satisfy the constitutive equations at the current time,
which is the end-increment time. Because various variables are unknown, the equations are
non-linear and have to be solved iteratively. Remember that at the begin-increment time, the
equations are satified — in the former increment — so all values are known and f,, < 0.

In an iterative approach, an unknown value is written as the sum of an approximate value



and an iterative change, which is assumed to be very small, allowing linearisation. Concerning
the yield function, it has to be recalled that it depends on the stress o, the shift stress ¢ and
the yield stress o, and that both the yield stress and the shift stress depend on the plastic
strain — through the hardening law — and thus on A.

o—0opn+2E(c—q)(A—A\y) =E(e —¢€p)

f=fa=f=0
o +d0 — 0, +2E(c" 4+ 60— q" —6q) (A + N — \,) = Ee — &)
Y e L OF 5o O sn
ff+46f=0 f +8050+6)\5)\_0
with
of
%—Q(U—Q)

of Of dq 9,  Of Do, 05,
0N 00y ON T 9oy 02, ON
= [-2(c = @I[K][2(0 — )] + [-20,][H][2|0 — q]]

= —4K (0 — q)* — 4Haylo — q|

this becomes

0" +00 —0p,+2E(c" 4+ 60 —q¢" —0q)( N + 00X = \,) = E(e — &)
f*+2(c* — ¢*)oo — [AK* (0" — ¢*)* + 4H"oylo" — q*[]6A =0

After linearization and solving the unknown do and d\ until convergence is reached, the result
is a new approximate value for o, €,, ¢ and o, at the end of the increment.

o =0+ do
A= A" 40\
Aepy =2 = ) (0" —qn) — & — ¢, K*

Ag, =|Agy| — & — o, H"

5.22 Stiffness

From the solution procedure, also a relation for the material stiffness C, = % can be derived.



0—0n+2E(c—q)(A—=X\,) —E(e —¢e,) =0
f=0
00 +2E60(A — A\p) +2E(0 — q)0XN — Ede =0
(o0 — q)d0 — 2K (0 — q)*6\ — 2Hoy|o — q|6X = 0
2E(0 — q)?

2K (0 —q)? + 2Hoy|o — q|
o E{2K(c — q)* + 2Hay|o — q|}

© {14+2E0\ = M) H2K (0 — q)2 +2Hoy|o — q|} + 2E(0 — q)?
vieldat 7=t =t,41 — (U—q)Q:aZ and |0 —¢| =0, —

E(K+ H)

E+K+H+2E(K+H)(A—\,)

— —

0o = Eée

[1 +2E(\ =\ +

C. =

5.23 Explicit solution procedure

An explicit procedure starts from the known state at the beginning of the increment and
calculates incremental changes directly, assuming that values of some variables remain the
same during the increment. Obviously, this is not through, so these procedures are not very
accurate. The final solution may not satisfy the yield criterion f = 0 exactly, which calls for
a correction, where the final state is projected onto the yield trajectory.

Ao +2E (o — qn) AN = EAe

of of
f=0 — aa‘n a+mn A=0
Ao+ 2E(0y, — qn) AN = EAe
2(0n — qn) Ao — 4K, (0, — @) AN — AH, 0yn|0n — qu|AX =0 — —
(Un - Qn) 1
AN = Ao = A
2Kn(0n - Qn)Q + 2Hnayn’0n - Qn‘ 7 2Kn(0n - Qn) + 2Hn(0n - Qn) 7
_ 2 _
Ao — E[Ky(0n = qn)® + Hpoynlon — qnl] Ae

Kn(an - Qn)2 =+ Hno'yn|0n - Qn| + E(Jn - Qn)Q
(Un - Qn)Q
Kn(an - Qn)2 + Hno'yn’Un - Qn‘

Aep =2(0p — qn) AN =

When we calculate the stress from the equations above, it is found that the result is not
correct due to the bad transition from the elastic to the elastoplastic regime. To solve this
problem, the elastoplastic increment is split in an elastic and an elastoplastic part.

A scaling factor 3 is calculated from the requirement that 3(¢ — &,) brings us to the
yield trajectory where e = f. This strain to yield e/ is determined, and the current stress is



calculated, using the current stiffness. Calculation of 3 is generalized for tension and pressure.
Notice that sign(«a) is the sign of a.

Fig. 5.41 : Explicit stress update by increment splitting

Oc=0p+ E(e —&y) — Aoe =0, — 0, =E(e —¢p,)
5= | sign(e — en)oy, — (0n — qn)|
o — ol

ef =ep +B(e —ep) — Al =e -l = (1-B)(e —en)

The elastoplastic stress increment Ao/ and the increment of A is now calculated from the
constitutive equations. The total stress increment and other state variables can then be
calculated.

Aot +2E(0, — ) AN = EAES
2(op — q)AUf — 4K, (o — Qn)zA)\ — 4H,0yn|0n — qn| AN =0

The incremental changes are then :

Ao = BAo. + Ac! — oc=0,+ Ac
A=A\, + AN
Aep =20 = N)(o0—qn) — & — ¢K

Agp,=1|Ag)| — & — o0y, H



5.24 Implementation

See tr2delpl.m for the implementation.

5.25 Examples

5.26 Cyclic loading

The stress-strain behavior of a truss is calculated for a prescribed cyclic strain, for linear
isotropic and linear kinematic hardening. The truss has initial length [p = 100 mm and cross-
sectional area Ayp = 10 mm? and is loaded with a prescribed cyclic axial strain. The axial
stress is calculated. Material parameters are :

Young’s modulus E | 100000 | MPa
Poisson’s ratio v 0.3 -

initial yield stress 040 250 MPa
hardening coefficient | H 5000 | MPa
hardening coefficient | K 5000 | MPa

The isotropic hardening leads to an increasingly larger elastic trajectory. After many load
reversals, the behavior will become purely elastic. The kinematic hardening results in a steady
state hysteresis loop.

1Delplimih

1Delplimkh
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Fig. 5.42 : Cyclic stress-strain behavior for linear isotropic and kinematic hardening



5.27 Clamped truss

A prismatic truss is clamped between two rigid walls, as is shown in the figure. The length L
of the truss is 2 x 1000 [mm)], its cross-sectional area A is 100 mm?. The material is elastic
with Young’s modulus E = 200000 N/mm? as long as the axial stress is below the initial yield
stress of 200 N/mm?. Above this value the material shows linear isotropic hardening with
hardening coefficient H = 1000 M/mm?.

In the middle of the truss, in point (), a point load F' is applied, which first increases
and then is decreased to zero. The displacement of point () is calculated with tr2d. The
force F' as function of the displacement is shown in the figure below.
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Fig. 5.43 : Force F versus displacement of point Q.

5.28 Truss structure

A structure of three trusses is loaded by a vertical displacement. When the axial stress exceeds
a certain limit value, a trusses will deform plastically.
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Fig. 5.44 : Force F versus displacement 9.



6 Linear viscoelastic material behavior

Viscoelastic materials show time dependent behavior. When during a tensile test the stress/-
strain is prescribed stepwise, the strain/stress will not react immediately, but show a delayed
response, which is called creep/relaxation. Viscoelastic material behavior is a combination of
elastic and viscous behavior. Both cases will be illustrated first.

Here, we only consider linear viscoelastic behavior and also assume that strains are small.

6.1 Linear elastic material behavior
For a linear elastic material the stress is uniquely related to the strain by the Young’s modulus

E [Pa]. The linear elastic truss behaves like a spring with constant stiffness k& [N/m)].

N N

[ ] —>

to tl t to tl t g

Fig. 6.45 : Tensile experiment for linear elastic truss
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A linear elastic material can be subjected to a loading stress cycle. The work per unit of
volume during the cycle appears to be zero indicating that there has been no dissipation.
This is also obvious when looking at the stress-strain curve associated with the load cycle :
the area below the curve is zero.

t1 ta ¢ 1 ty t
to to 9

Fig. 6.46 : Loading cycle applied to linear elastic truss
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6.2 Linear viscous material behavior

For a linear viscous material the stress is uniquely related to the strain rate by the viscosity
n [Pa.s]. The linear viscous "truss” behaves like a dashpot with constant damping value b
[Ns/m].

N N

- [ ] —

€ €
Fig. 6.47 : Tensile experiment for linear viscous truss
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The linear viscous material is subjected to a loading stress cycle. The work per unit of volume
can be calculated and appears to be non-zero. All the work is dissipated as can be seen from
the stress-strain curve : the area included by the stress-strain trajectory represents the specific

dissipated energy.

to

Fig. 6.48 : Loading cycle applied to linear viscous truss
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6.3 Viscoelastic material behavior

Viscoelastic material behavior is a combination of elastic and viscous behavior. Part of the
deformation energy will be dissipated, while the rest is stored as reversible elastic energy.
Viscoelastic behavior can be characterized by mechanical models build from springs and
dashpots.

We will assume the deformation to be small, so that the choice of stress and strain
definitions is irrelevant. First the characteristics of the viscoelastic material behavior will be
described, based on experimental observations. To predict the behavior, viscoelastic models
are needed, which will be based on the behavior of springs and dashpots.
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Fig. 6.49 : Stress-strain curves for viscoelastic material behavior

To investigate the characteristics of viscoelastic material behavior, a tensile test is carried out,
where a tensile bar is loaded with stress excitations, which are prescribed as a step-function
in time.



6.4 Proportionality

In a tensile test, a stress-step is applied and the strain is measured as a function of time.
The test is repeated for increased stress amplitudes. From the measurement data, the strain
values at the same time after loading are plotted against the stress amplitudes. The resulting
plots are isochrones, because they represent the strain at the same time after loading.

For linear viscoelastic material behavior the isochrones are straight lines. This means
that the strain as a function of time is proportional to the stress. The strain response can
be written as the product of the stress amplitude Ao and a function of the time D(t — tp),
whose value is zero for ¢t < ¢.

7 | 7 | > |

Aoy |-

AO’O AO’l AO’Q AO’

Fig. 6.50 : Proportionality of strain response and stress excitation

e(t) = AaD(t — tp) for vV o t>t

6.5 Superposition

A tensile test is carried out three times. In the first two tests, a stress step with different
amplitude is applied and the strain response is measured. Then, in the third experiment, the



two stress steps are applied subsequently and again the strain response is measured.

For linear viscoelastic material behavior, the strain response in the third experiment
is the sum of the separate responses in the first two experiments. This means that strain
responses can be determined by superposition.

VR D I %

Fig. 6.51 : Superposition of strain responses to two stress excitations

separate excitations

Ao = Aoy —  e(t) = AogD(t — to) for t >t
Ao = Aoy —  e(t) = Ao D(t — t1) for t>t

subsequent excitations

Ao = Aoy — E(t) = AO’oD(t — to) for to<t<ty
Ao = Aoy + Aoy — €(t) = AO’QD(t — to) + AO’lD(t — tl) for t>1

6.6 Boltzmann integral

Linear viscoelasticity is characterized by the two properties described in the previous sections.

1. proportionality : At every time the strain response is proportional to the amplitude
of a constant stress step which is applied at t =ty : €;(t) = Ao; D(t —tg) for ¢ >ty

2. superposition : The strain response to two subsequently (at time ¢t = ¢ty and t = ¢1)
applied constant amplitude (Aoy and Aoy) stress steps equals the sum of the separate
responses for t >ty : e(t) = AogD(t — to) + Ao D(t —t1) for ¢>1t;

Every stress excitation can be seen as an infinite sequence of infinitesimal small stress steps.
The superposition property then leads to the Boltzmann integral expressing the strain re-
sponse. This integral is also called Duhamel or memory integral.
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Fig. 6.52 : Superposition of strain responses to subsequent stress excitations

€(t) = AO’oD(t — to) + AO’lD(t — tl) + AO’QD(t — t2) + ..

= Z Ao D(t — t;) — limit n—oo (t—7)
i=1
t t
d
- D(t — 7)do(r) = / p(t — 192 4,
T=ty T=ty dr

e(t) = /:t D(t—71)o(r)dr

For strain excitation and stress response the same observations can be made and we arrive at
the Boltzmann integral for the stress response.

o(t) = /t_ E(t —7)é(r)dr

6.7 Step excitations

Step excitations are important for the (experimental) characterization of viscoelastic materi-
als. A unit step (amplitude = 1) can be described with the Heaviside function. The derivative
of the unit step function is the Dirac function or unit pulse. It has the important property
that integration of the product of a function f(7) and §(7,¢*) over an interval which contains
T = t*, the ”location” of the Dirac pulse, results in the value f(t*).

. . \ t<t* : H(tt")=0
Heaviside function H(t,t*) { Ps o H(EE) =1 }
H
1 o,
\
0 t* t

Fig. 6.53 : Unit step or Heaviside function



Dirac function ot t*) = % {H(t,t")}

\
0 t* t

Fig. 6.54 : Unit pulse or Dirac function

6.8 Creep (retardation)

The strain response to a stress step excitation at t = 0 having an amplitude o¢ equals oo D(t).
The measured strain response can be used to fit a proposed model for D(t). Experiments
have revealed some characteristic properties.

o(t) = ooH(t,0) — a(t) = 00d(t,0)
e(t) = /0_ D(t—r1)o(r)dr = /0_ D(t — 1)ood(7,0) dT = 09 D(t)

7 -

00

€0

—_— —_—

0 t 0 t

Fig. 6.55 : Creep strain response to unit stress step



6.9 Relaxation

The stress response to a strain step excitation at ¢ = 0 having an amplitude gy equals g9 E(t).
The measured stress response can be used to fit a proposed model for F(t). Experiments
have revealed some characteristic properties.

e(t) = eoH(t,0) — £(t) = epd(t,0)
o(t) = /:0_ E(t—71)é(r)dr = /_0— E(t — 7)egd(7,0) dT = 9 E(t)

93 2

(o}
€0

0 t 0 t

Fig. 6.56 : Stress relaxation response to unit strain step

./ E)dt >0 — limy—e E(t) =0
t

6.10 Harmonic strain excitation

For the experimental characterization of viscoelastic materials, harmonic excitation is of great
importance. We consider first a tensile test where the strain is prescribed harmonically with
an angular frequency w [rad s~!] and amplitude &.

£(t) = epsin(wt) — £(t) = gow cos(wt)

]

€0 s

T

Fig. 6.57 : Harmonic strain excitation



6.11 Stress response

The stress response to the harmonic strain excitation can be calculated using the Boltzmann
integral. Evaluating the integral involves transformation to another integration variable.

The result reveals two important viscoelastic material parameters : the storage modulus
E’ and the loss modulus E", which both are a function of the angular frequency w. They can
be measured with a Dynamic Mechanical Analysis (DMA) experiment and transformed into
a relaxation function F(t). This experiment is more easy to perform and more accurate than
the direct measurement of E(t) in a relaxation experiment.

o(t) = / E(t — 7)egw cos(wT) dr = aow/ E(t — 1) cos(wT) dr

=—00 62700

t—7=58 — T=t—s5 — dr=—ds
= eow/ E(s)cos{w(t — s)} ds
s=0

cos(wt — ws) = cos(wt) cos(ws) + sin(wt) sin(ws)
=g {w - E(s)sin(ws) ds} sin(wt) + &g {w /s:O E(s) cos(ws) ds| cos(wt)

= goFE'sin(wt) + go B cos(wt)

e ¢}
Flw) = w E(s)sin(ws) ds : storage modulus

s=0
oo

E'w) = w/ E(s)cos(ws) ds : loss modulus
s=0

6.12 Energy dissipation

The dissipated energy per unit of volume during one period of the harmonic strain excitation
can be calculated. This dissipated energy must always be positive. As shown below, it must
be concluded that the loss modulus E” is also positive.

Referring to the calculated stress response, we can conclude that the stress at time ¢t = 0
where the strain was taken to be € = 0, has a positive value. We thus have proved something
which we already knew from experiments : there is a phase difference between strain and
stress and the stress shows a gain w.r.t. the strain.

e(T) T
Ug = / ode = / oedt
€(0) t=0

T
= {e0E' sin(wt) + eoE” cos(wt) } {eow cos(wt)} dt
t=0

T
= / 2w {F'sin(wt) cos(wt) + E" cos?(wt) } dt
t=0

T
- / . egw { $E'sin(2wt) + 1 E" + S E" cos(2wt) } dt
t=



2m
w

1 1 =
= %6%&) [—E'% cos(2wt) + E"t + E"% sin(2wt)} .
1 1 27
1.2 / / "
S U W0 [ o iy o Ry 5
2°0% [ 2w * 2w * w }

=nelE’' >0 = E'>0 —

O’(tZO) =€0E” >0

The phase difference between stress and strain results in a so-called hysteresis loop, when a
stress-strain diagram is drawn. The area enclosed by the hysteresis loop is a measure for the
dissipated energy per unit of volume during one cycle.

eo B 1 ............ € /\

P 4
—

0/w

Fig. 6.58 : Harmonic strain excitation and stress response

Fig. 6.59 : Hysteresis of stress ans strain



6.13 Relation between E’, £ and §

Writing the stress response with two different relations, results in relations between E’, E”
and 0. The amplitude og of the stress response can also be calculated.

o(t) = ogsin(wt + 0) = g cos(d) sin(wt) + og sin(9) cos(wt)
o(t) = eoE' sin(wt) + g B cos(wt)

storage and loss modulus

y 0o E/I
E' = = cos(0) - = tan(d) —
—
1/
E// — @ s 5 — E_
- sin(d) 0 = arctan Fo
amplitude oo =eoV/ (E')? + (E")?

6.14 Measured E’, E” and tan(d)

Typical measured values for E'(w), E”(w) and tan(d) are shown in the plots below. For low
and high frequencies, the loss modulus is zero, indicating that there is no dissipation and the
material behaves elastically. For high frequencies, the ”stiffness” E’ is much higher than for
low frequencies.

Storage and loss moduli can be measured accurately using DMA test equipment. From
E'(w) and E"(w), the relaxation function E(t) can be calculated using dedicated software.

E tan(9)
E/l
E/
EI/
A w w
1072 109 102 10* 10 1072 100 102 10* 10°

Fig. 6.60 : Characteristic values of E', E" and tan(9)



6.15 Harmonic stress excitation

The axial stress can be prescribed harmonically with an angular frequency w [rad s~1]. The
strain response can be calculated with the Boltzmann integral and appears to be characterized
by the storage compliance D'(w) and the loss compliance D" (w). Both compliances are positive
for all w. Because e(t = 0) < 0, the definition of D’ includes a minus sign.

o(t) = ogsin(wt) — (t) = opw cos(wt)

e(t) = /: D(t—71)o(r)dr = /: D(t — 1)oow cos(wT) dT

o) [w D(s)sin(ws) ds] sin(wt) + oy [w/ D(s) cos(ws) ds| cos(wt)
s=0 s=0

= oo D’ sin(wt) — o9 D" cos(wt)

D'(w) = w D(s)sin(ws) ds : storage compliance

s=0
D' w) = —w /—0 D(s) cos(ws) ds : loss compliance

6.16 Relation between D', D" and §

Writing the strain response with two different relations, results in relations between D', D"
and 0. The amplitude gy of the strain response can also be calculated.

e(t) = egsin(wt — 0) = g cos(9) sin(wt) — ¢ sin(d) cos(wt)
e(t) = oD’ sin(wt) — oo D" cos(wt)

storage and loss compliance

D/l
D' = Z—Z cos(0) o= tan(d) —
—
1
D" = Lin(s _ D
70 sin(d) 0 = arctan o
amplitude g0 = oo/ (D")? + (D")?

6.17 Measured D’ and D"

Typical measured values for D'(w), D”(w) are shown in the plots below. Again it is obvious
that the loss compliance is zero for both very low and very high frequencies. The storage
compliance is reversely proportional to the frequency.
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Fig. 6.61 : Characteristic values of D' and D"

6.18 Relation between (D', D") and (E', E")

There is a relation between storage and loss modulus on the one hand and storage and loss
compliance on the other. Remember that there is not such a relation between the relaxation

function and the creep function.

00 = €9 (EI)Q + (E//)Z

— [(E')? 4+ (E")(D')* + (D")?] =1 (1)
0 = 0oV (D)2 + (D7)
Dl/ El/ El/
ﬁ = ﬁ — D” = D, ﬁ (2)
E/ E/l
1 2 D= —— ; D'= o ——
( ) & ( ) - (E/)Q T (E”)2 ) (E/)2 + (E//)2
/ "
idem E = # : E" = D

7+ (D7 DR+ (DR

6.19 Complex variables

In literature on viscoelastic behavior and modeling, complex variables are often used. They
can be derived easily by writing the strain excitation and the stress response as the real part
of a complex number, where Euler’s formula e'** = cos(ax) + isin(ax) is used.

£(t) = epsin(wt) = gg cos(wt — §) = Re [606_25 ewf} = Re [e*e]

o(t) = ogsin(wt + ) = ggcos(wt — § +6) = Re {eri(é_%)em] = Re [U*eiwt]



complex modulus and compliance

*

E* = U—* =06 20 cos(0) +1 7 sin(d) = E' +iE"
€ €0 €0 €0
D=5 =0 o _ 20 cos(d) — i £ sin(6) = D' —iD"
o* og oo og
dynamic modulus en compliance
By =B = VEP+ (B =2
€o
Dy = D" = VIDP+ (D7F = =
00

6.20 Viscoelastic models

The response of a viscoelastic material is given by the Boltzmann integral and to calculate
it we need the creep and/or relaxation functions D(t) and E(t). Mathematical expressions
can be chosen for these functions taking into account some general requirements. The chosen
functions can than be fitted onto data from creep and relaxation tests. Instead of choosing
rather arbitrary functions, they are generally derived from the behavior of one-dimensional
mechanical spring-dashpot systems. Simple systems like the Maxwell, Kelvin-Voigt and Stan-
dard Solid element, are not always useful, because the lack of parameters prohibits a good fit
of experimental data. In practice Generalized Maxwell or Generalized Kelvin-Voigt models
are used.

Because creep and relaxation tests may need a long experimental time period and accu-
racy is not high, harmonic excitation tests are carried out to determine D'(w), D" (w), E'(w)
and E”(w). These parameters can be converted to D(t) and E(t). These experiments are
generally known as D(ynamic) M(echanical) A(nalysis) or D(ynamic) M(echanical) T (hermal)
A(nalysis), because time-temperature superposition is mostly used.

In the following we will study some mechanical models. Their behavior is described by
a differential equation. Solving this for stress or strain excitations results in the viscoelastic
material functions.

E n
Maxwell W — ] L g
FE
——WWWW—
Kelvin-Voigt —
H = L. ¢
n
E
— VN
o
Standard Solid 2*‘ U K
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Generalized Maxwell

e
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Fig. 6.62 : Discrete mechanical models for viscoelastic material behavior

6.21 Maxwell model

One of the simplest models to describe linear viscoelastic material behavior is the Maxwell
model. It consists of a spring (modulus E) and a dashpot (viscosity 1) in series.

The stress and strain in/of the Maxwell element is related by a first-order differential
equation. For both stress and strain excitation, the differential equation can be solved, using
appropriate initial conditions. General solutions — integrals for stress and strain — can be
derived.

E n
%ﬂvmw =l

Fig. 6.63 : Mazwell model
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E=€egp+tey — E=cgptey=

6.22 Maxwell : step excitations

For step excitations of stress and strain the differential equation of the Maxwell model can
be solved. The response represents the creep and relaxation functions, respectively.

o(t) =00H(t,0) — (t) = 0pd(t,0)

E(t) = % 5(t,0) + %

e(t) = %H(t, 0) + % t = og [% (t + %)] = oD(t)
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Fig. 6.64 : Creep for a Mazwell model

€(t) = €0H(t, 0) — €(t) = 80(5(75, 0)

B, s
O'(t):€0E€ n =¢gyFe ™ :€0E(7f)

e | o |

E€0
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Fig. 6.65 : Relaxation for a Mazwell model

6.23 Maxwell : Boltzmann integrals

For a general stress and strain excitation the differential equation of the Maxwell model
can also be solved. These general solutions are Boltzmann integrals, which can be used to

calculate strain/stress responses to stress/strain excitations.

The creep and relaxation functions of the Maxwell model are readily recognized in the
integrals. Response to step excitations reveals that the Maxwell model describes viscoelastic

fluid behavior, characterized by a time constant 7 =  [s].



6.24 Maxwell : harmonic stress excitation

The strain response of the Maxwell model to an harmonic stress excitation is readily calculated
from the differential equation. Storage and loss compliances are thus determined.

o(t) = o sin(wt) — o (t) = opw cos(wt)

strain response

1 1
ét) == 7 0w cos(wt) + 500 sin(wt)

1 1
e(t) = oo [E} sin(wt) — oy [n—w} cos(wt)
=ep(t) eg damps out
= oo D' sin(wt) — o9 D" cos(wt)

dynamic quantities

1 D" E
D' = — : D' = — : § = arctan [ — | = arctan | —
E nw D’ nw

6.25 Maxwell : harmonic strain excitation

With the Boltzmann integral for the Maxwell model, the stress response to an harmonic
strain excitation can be calculated. Storage and loss moduli are obtained as a function of w.
Comparing these functions with measured values reveals that the Maxwell model is generally
not adequate to describe viscoelastic behavior of real materials.

e(t) = go sin(wt) — £(t) = egow cos(wt)

stress response

o(t) = / E(t—T7)é(T)dr

=—00
B, it B,
= FEepwe 7 / en’ cos(wt)dr
7=0
Esow E 7Et Esow . Esow E
= | — N4 | w| sin(wt) + | —m————= — | cos(wt)
Ey2 2 Ey2 2 £y2 2
() +w? () +w () +w?
Fw Ew E
=¢) |—=———— w|sin(wt) +e9g | =—=—— — | cos(wt fort >0
(%)24-(4)2 ] (1) (%)24-002 77] ()
Euw?t?, ] Ewty,
=¢eg | — 2| sin(wt) + &9 [7] cos(wt)
[1 + w?T2, 1+ w272
= goF' sin(wt) + e B cos(wt)
dynamic quantities
o Eu? o Ew(f) an(e) = 2~ 1
= i = M an = —— = —
Eprer U TR re B o

n



6.26 Kelvin-Voigt model

The Kelvin-Voigt model is a simple model for the description of linear viscoelastic material
behavior. It consists of a spring (modulus E) parallel to a dashpot (viscosity 7).

The stress and strain in/of the Kelvin-Voigt element is related by a first-order differential
equation. For strain excitation, this equation directly describes the stress response. For stress
excitation, a general integral solution of the differential equation can be derived.

E
———— WA

g
% ] L
n

Fig. 6.66 : Kelvin model
o=o0p+o,=Fe+ne

6.27 Kelvin-Voigt : step excitations

Strain response to a step excitation of stress reveals that the Kelvin-Voigt model describes
viscoelastic solid behavior, characterized by the time constant 7 = % [s]. A stepwise strain
excitation leads to infinite stress.

o(t) = oo H(t,0) — &(t) = 0gd(t,0)

né(t) + Ee(t) = o(t) = ooH(t,0)

Co ity o
et)=eu(t)+ep=Ce 7 t+5 R c—_2%
e(t=0)=0 E

E
ety =22 [1 - eﬁt] = 0oD(t)
o f e |
oo E
v L v

Fig. 6.67 : Creep of a Kelvin model



€(t) = €0H(t, 0) — €(t) = 80(5(75, 0)

o(t) = Ee(t) +n(t)
o(t) = Eeg +neod(t,0) = g [E + nd(t,0)] = oo

6.28 Kelvin-Voigt : Boltzmann integral

The general solution for the strain response to a stress excitation is given by a Boltzmann
integral, in which we recognize the creep function of the Kelvin-Voigt element. For a general
strain excitation the stress response can be calculated directly from the Kelvin-Voigt element
equation.

() = & t {1—6%”)}(7(7)de/: D(t — 7)o () dr

T=—00 =—00

6.29 Kelvin-Voigt : harmonic stress excitation

For the Kelvin-Voigt model, the storage and loss compliance can be calculated. The Boltz-
mann integral with the Kelvin-Voigt creep function is used to calculate the strain response
for an harmonic stress excitation.

o(t) = o sin(wt) — o (t) = opw cos(wt)

strain response
t
e(t) = / D(t—T)o(T)dr
7=0

1 E| . w
=00 | ——5—— —3 | sin(wt) — o9

2
D=y
1 .
= 0y [m] sin(wt) — oy [m] cos(wt)
= oo D’ sin(wt) — o9 D" cos(wt)

dynamic quantities

1 E 1
D) = —5—— 5= 50720
<%) L2 (14 w?rg)
1 wT
D'w)= g — =
<%>2+w2 n  BE(l+4wr})

tan(0) = — = wTk — 0 = arctan <%>



6.30 Standard Solid model

The Standard Solid model consists of a parallel arrangement of a Maxwell element (modulus
E, viscosity 1) and a linear spring (modulus Fo). This model incorporates the Maxwell
model (Ey = 0) and the Kelvin-Voigt model (E = 0). The stress-strain relation is described
by a differential equation, which can be solved resulting in Boltzmann integrals for strain and

stress.

Ev Ee

Fig. 6.68 : Standard Solid model

constitutive relations

) 1.
® 0 =000t 0pe o Ope=FEe, — Ee:EUve
.. . 1
& =g, +¢& & = —0
E
. 1
® &y = —Oype

constitutive equatiof

0 = Opo + Ope = Eooe + Ney
. &
= 005+77(€_€e):Eoo€+77€_77§
= Buae+1E = 1 (6 = Bxd)  —

. E+Ey) .

6.31 Standard Solid : step excitations

Solutions for the differential equation when applying a step in the stress or a step in the
strain can be derived. The time constant for creep is defined as 7. = % 4+ g and the time
constant for relaxation as 7, = % They represent the intersection point of the tangent to

the creep/relaxation curve at ¢ = 0 and the asymptote for strain (£2) and stress (g9 Ex),

respectively.



a0

t =+ Eip t
€ T g T (Ep + Es)eo
€0
Ech() \
. n .

Fig. 6.69 : Creep and relazation of a Standard Solid model

6.32 Standard Solid : Boltzmann integrals

In the Boltzmann integrals for strain and stress, the creep and relaxation functions of the
Standard Solid element are readily recognized.

t 1 E _ Ll g
— —  _— —— ¢ n(Ex+tb) )
0= e mew fotor

_ /: D(t — 1)o(r) dr

=—00

J(t):/: {EOO+E6%(tT)}é(T)dT

=—00

:/: B(t— 7)2(r) dr

=—00

6.33 Generalized Maxwell model

Both the Maxwell and the Kelvin-Voigt models are too simple to describe the viscoelastic
behavior of real materials. Combining a number of Maxwell elements in a parallel configura-
tion, leads to the generalized Maxwell model, which mostly also has an extra parallel spring
for the correct description of long-term behavior of viscoelastic solid materials. Such a model
is generally used for experimental characterization of the behavior of linear viscoelastic ma-
terials in a Dynamic Mechanical (Thermal) Analysis (DM(T)A) test.



The creep function E(t) is easily determined and has a number of time constants to
characterize the viscoelastic material response. A model like the generalized Maxwell model
is therefore also referred to as multi mode.

Sus il

Fig. 6.70 : Generalized Mazwell model

t

E(t) :Eoo—l—ZEie_?i ; T = Z,—ZZ
(2
equilibrium modulus Ex = lim E(t)
t—ro0
glass modulus E, = tli% E(t) = Ex + Z E;
(2

6.34 Generalized Kelvin model

The generalized Kelvin model consists of a number of Kelvin-Voigt elements arranged in
series. An extra spring — sometimes a dashpot — is also provided.
Ey Ey

Eg
= = m

m 2

Fig. 6.71 : Generalized Kelvin model
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1

glass compliance D, = E_g = tli_I)I%) D(t)
equilibrium compliance Dy = hm D(t) = Dy + Z D;

6.35 Stress update

The current stress is given by a Boltzmann integral over the strain history.

Using a Generalized Maxwell model to specify the relaxation function E(t), an expression
for o(t) can be derived.

7=0 —
N t
B(t) = Bx+ Y Fie ™
=1
! N t—T1 N ! t—T1
o(t) = / B+ Y Eie n |&(r)dr = Exce(t) + Y / Eie 7 é(r)dr
7=0 i=1 =l
N
= Eocelt) + Y _ ou(t)
=1

6.36 Time discretization

In the numerical analysis of the time dependent behavior, the total time interval [0,t] is
discretized :

[O’t] - [tl - 0,t25t3, ">tnatn+1 - t]

The timespan between two discrete moments in the time interval is a time increment. It is

assumed that these increments are of equal length :
At =t —t; © j=1,..n

The Boltzmann integral is now split in an integral over [0, ¢,] and an integral over the last or
current increment [ty,, t,41 = t].

=1

N N o
o(t) = Exoe(t) + Zai(t) = )+ Z / Eie 8( )dr
i=1 o

N

At — _
= Eel(t +Z /Ee o dT+E/ Tza



6.37 Linear incremental strain

For further evaluation of o(t) it is assumed that the strain is a linear function of time in each
time increment. For the current increment we have :
Ae ) Ae

e(r) =¢e(tn) + (1 —tn) AL — é(1) = Y,

The integral over the current increment can now be evaluated very easily.

6.38 Stress

Calculating the current stress does not mean that the Boltzmann integral has to be evaluated
over the total deformation history. When results are stored properly we can easily update
the stress o(t).

i=1
N At o AL\ A
:Eooe(t)—i—z e /Eze Ti )dT—FETZ( —eT¢>Xﬂ
i=1 7=0
N

d0=E&d0+§;F'%%()+EMA%

6.39 Stiffness

The current stiffness of the material is the derivative of the stress with respect to the stretch
ratio. Because the linear strain is used here, the derivative w.r.t. strain has the same value.

Noro_at
o(t) = Exce(t) + Z [e_ i 0y (ty) + EipiAe] —
i=1
a N
5_@_0E+;&m



6.40 Implementation

See tr2dviel.m for the implementation.

6.41 Viscoelastic : differential formulation

The differential equation for a viscoelastic material model can be solved numerically. This is
illustrated for the Standard Solid model.

constitutive equation

) E+FE )
J+%J:Em€+7n( 5 Oo)e

o+ A = Be+ C¢

stress update, implicit backward Euler
Ato + AAo = At Be 4+ C Ae
(At+ A)o = Aoy, + At Be + C Ae

1
A At B A
At—i—A[ on + At Be + C A¢]

g =

6.42 Examples

A truss with length 100 mm and cross-sectional area 10 mm? is loaded with a time dependent
axial strain. The stress is calculated as a function of time.

6.43 Strain step

A strain step with an amplitude of 0.1 is applied and the stress response is calculated for the
Maxwell and the Standard-Solid models. Rather fictitious values for the material parameters
are chosen. The initial stress can be verified, using the strain amplitude and the initial
stiffness. The final stress value can be verified, using the strain amplitude and the equilibrium
modulus.

Maxwell EFEox=0|FE=1|m7=0.01
Standard-Solid | E.oc =1 | By =1 | 74 =0.01
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Fig. 6.72 :  Stress response for Mazxwell and Standard-Solid model

6.44 Linear viscoelastic models

When stress or strain is prescribed as a function of time, the strain or stress can be calculated.
The examples show stress responses for a prescribed strain excitation, being a strain step
(g0 = 0.01) followed by a constant strain rate (¢ = 0.1 [s71]).

The stress response is calculated, using a Maxwell, a Kelvin-Voigt, a Standard-Solid and
a 2-mode model. Parameter values are listed in the table below.

Eoo E1 1 E2 T2 1%
Maxwell 0 100 0.1 0 010
Kelvin-Voigt 100 | 10°° | 1072 0 | 0 |0
Standard-Solid | 100 | 100 0.1 0 010
2-mode 100 | 100 0.1 1001 0.1 |0
1Dvielexet 1Dvielexma
‘ ‘ 1 :
0.8
50.6
=3
© 0.4
0.2
25 % 0.5 1 15 2 25
t[s]

Fig. 6.73 : Prescribed strain and stress response for Mazwell model
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Fig. 6.74 : Stress response for Standard-Solid and 2-mode model

6.45 Multi-mode model response

An axial strain step with amplitude 0.01 is prescribed on an tensile bar with initial cross-
sectional area Ag = 10 mm?. The stress response is calculated for a 12-mode generalized
Maxwell model. The modal parameters are listed in the table below.

E [MPa] | 7 [¢] E [MPa] | 7 [¢]
1 3.0e6 3.1e-8 2 1.4e6 3.0e-7
3 3.9e6 3.0e-6 4 0.4e6 2.9e-5
) 1.3e6 2.8e-4 6 2.3ed 2.7e-3
7 7.6e4 2.6e-2 8 3.7e4 2.5e-1
9 3.3e4 2.5e+0 || 10 1.7¢e4 2.4e+1
11 8.0e3 2.3e+2 || 12 1.2e4 2.2e+3
1Dvielex12m
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Fig. 6.75 : Tensile stress versus time



7 Creep behavior

The phenomenon called creep is the deformation under constant load. Viscoelastic material
shows this behavior. The term creep however is especially reserved for deformation at tem-
peratures, which are considered to be high with respect to the melting temperature 7}, of
the material, e.g. T > 0.27},. Such high temperatures are encountered in eg. (jet) engines
and heat exchangers. Some materials with a low melting point, like lead (Pb), show creep at
room temperature.

During the so-called stage I or primary creep, the strain rate decreases as a function
of time. The strain rate is constant for stage II or secondary creep, also called steady state
creep. Stage III or tertiary creep shows an increased strain rate and eventually leads to creep
fracture or rupture.

T i il

Fig. 7.76 : Creep strain as a function of time at constant stress

The creep behavior is influenced strongly by both stress and temperature, as is illustrated in
the figure below. Obviously therefore, creep behavior is described by relating the creep strain
rate €. to stress, temperature and time. The temperature dependency could be included by
making material parameters a function of temperature. It is more convenient, however, to
implement the temperature dependency explicitly in the creep model. Much used are so-called
power law models.

N Q

Fig. 7.77 . The influence of stress and temperature on the creep strain rate



general model ec = Afo(0)fe(ee) fr(T) fi(t)

power law model Ec= Aol TP (qtq_l)

7.1 Primary creep

Primary creep — also referred to as stage I, transient creep or delayed elastic effect — is
observed at T' < 0.47,,,. Mechanisms, which are associated with this behavior are dislocation
coalescence and dislocation entanglement, leading to slip steps (jogs). Dislocations may pile-
up at grain boundaries and impurities. All this leads to macroscopic hardening. When
temperature is higher, 0.47;, < T < 0.5, the thermal activity of dislocations is higher and
a transition to secondary creep is seen.

7.2 Secondary creep

Secondary creep — also referred to as stage II, steady-state creep or viscous flow — is observed
at 0.57,, < T < 0.67;,. The hardening, which is apparent in primary creep is balanced by
recovery, leading to thermal softening. The thermal energy leads to vacancy movement (self
diffusion) and this causes dislocation movement (climb). The moving dislocations can anni-
hilate, align and/or pass obstacles. More drastic recovery may be caused by recrystallization,
which can occur when internal stresses exist.

The temperature dependency is generally included with an Arrhenius function exp(Q./RT),
where (). is the creep actuation energy and R is Boltzmann’s constant. The available evidence
indicates that stage II creep is diffusion controlled, and so in the models the activation energy
for creep, Q., can often be replaced by the activation energy for selfdiffusion Q4.

Most models for stage II creep are based on the five-power-law creep law. For temper-
atures below 0.5-0.6 T}, a transition toward primary creep is observed, which in reference
to the modeling is called power-law-breakdown. Sometimes a threshold stress is introduced
below which no creep can be measured.

7.3 Tertiary creep

Tertiary creep — also referred to as stage III or accelerating creep — is observed at 0.67;, <
T < 0.87,, and is associated with geometric instabilities and damage.

One mechanism is grain boundary sliding and subsequent void initiation and coalescence,
leading to inter granular cracks. Another mechanism is diffusional flow, which occurs mainly
at higher temperatures and lower stresses. Two possibilities are : 1) diffusion through grains
(Nabarro-Herring creep) with slow vacancy jump frequencies along many paths, and 2) diffu-
sion along grain boundaries
(Coble creep) with high vacancy jump frequencies along a few paths.

Stage III creep is often modeled with continuum damage mechanics, where a damage



variable is used to model internal damage, which influences the creep strain rate. An evolution
equation is required to control the damage growth as a function of stress and/or strain.

7.4 Stress functions

Several authors have reported various functions f, to implement the influence of the stress.

Norton; Bailey (1929) Ee=Ko"
) o)

Hooke-Norton =g + Ko™
Johnson et.al. (1963) €c = D10™ + Doo™?
Dorn (1955) €. = Bexp(fo)
Soderberg (1936) €. = B |exp <£> - 1]

L 90
Prandtl (1928) €. = Asinh <i>

o

r n
Garofalo (1965) €. = A [sinh <£>]

L 90

No
Lemaitre, Chaboche (1985) &, = <i> exp (ozaNOH)

7.5 Temperature functions

Several authors have reported various functions fr to implement the influence of the temper-
ature. These creep models also take into account the dependency of stress and (sometimes)

time.
. AH — ~o
Kauzmann (1941) €. = A exp <_ %)
AH
Lifszic (1963) o= % exp <_ _>
Dorn, Tietz (1949/55) ce=f (t exp [_ _]>
Penny, Marriott (1971) (t exp [_ —]>

Boyle, Spence (1983) gc=C exp ( RT) t"o



7.6 Time functions

Several authors have reported various functions f; to implement the influence of the time.

1
Andrade (1910) gc=1In <1 + ﬂﬁ) + kt
1 1
Andrade (small €) gc = ft3 + kt = [Bt3
Bailey (1935) gc = Ft"
M
Graham, Walles (1955) €c = Z a;t™i
j=1
McVetty (1934) ge = G (1 —exp(—qt)) + Ht
Findley et.al. (1944) €c = €1 + eat” (n<1)
t t
Pugh (1975) fo= — B L

T 11 byt 1+ 0ot

Garofalo ce=¢ei(1—e ™) +é,t

7.7 Creep model

The discrete mechanical model for creep is a Maxwell element with a non-linear dashpot.
The viscous or creep strain rate may be a function of stress o, total creep strain ., absolute
temperature T and time ¢.

n E

DA

€c €e

Fig. 7.78 : Creep model

constitutive relations

o =¢.+4¢
. 1.
o o=Fe, — E.=—=0

E
* .= Afa(a) fsc(Ec) fT(T) ft(t) = f(O’, e, T, t)

constitutive equation



& = Bé, = B¢ — Eé, = E¢ — Ef(0,¢e., T, 1)

7.8 Stress update
The constitutive equation, can be solved explicitly or implicitly. For the latter case, a Newton

iteration procedure must be implemented to calculate the stress.

o6 =Eé —Ef(0,e.,T,1)
Ao = FEAe — AtEf(0'7 e, T, t)
o 0 = Ble ) — ABf(0,60T,1)

7.9 Implicit stress update
In the implicit procedure the end-increment stress is determined iteratively.
o—op=FE(e—¢e,)— AtEf(o,e.,T,t)
o +d0—o0,=FE(—¢c,) — AtE(f*+0f) =E(e—e,) — AtEf* — AtES f
=FE(e —¢g,) — AtEf* — AtEg dbo —
o

[1 —i—AtEg—f] o =—0c"+op,+ E(c —¢e,) — AtEf*
o

7.10 Explicit stress update

In the explicit procedure the end-increment stress is determined directly.

0 =0n +E(€ - 5n) - AtEf(Unaecanatn)

7.11 Stiffness

The material stiffness C; is the ratio of the variation of stress and strain.
implicit

o—op— Fe+ Ee,, + AtEf(0,e.,T,t) =0

(SO'—FAtEﬁ

e doc — FEde =0

*\ —1
C€:<1+AtE¥> E

g




explicit

0 —0n,—FEe+ Eep, + At Ef(on,ec,, Tn,tn) =0
60c =FEée — C.=FE

7.12 Implementation

See tr2delvi.m for the implementation.

7.13 Examples

In all examples a truss is subjected to an axial stress or strain.

7.14 Creep versus viscoelasticity

Linear viscoelastic behavior can be modeled with a multi-mode Maxwell model, represented
by a mechanical system, which has a number of parallel Maxwell elements and one parallel
spring. Springs and dashpots are linear.

Creep behavior is modeled with one Maxwell model with a nonlinear dashpot. The
viscosity is a nonlinear function of stress, creep strain, temperature and time.

The Norton model for secondary creep can be made equivalent to the linear Maxwell
model.

Maxwell model (E, n)

. o o
emete 5 BU)=ET 5 r=@ 5 a=7 5 a=g
Norton model (4, m)
. . o
e=cctee ; Ec=floee, T t)é.=Ad™ =7
equivalence
Maxwell | E = 10° n = 10° T=1
Norton | E = 10° A:%:m’g m=1
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Fig. 7.79 : Stress response for Maxwell viscoelastic and Norton creep model

7.15 General creep model for SnAg-solder

Evans and Wilshire and later Maruyama and Oikawa proposed a general model, which de-
scribes the primary, secondary and tertiary creep of alloys. Parameters in the model must be

fitted onto experimental data.
The creep strain at time ¢ is described by two terms. The first one describes the hard-

ening or primary creep stage and the second describes the weakening or tertiary creep stage.
Combined, they characterize also the transition region, the secondary creep.

Ec(t) =¢&0+ A(U) 1-— efa(o,T)ti| + B(0'7 T) |:ea(ovT)t _ 1i|

Q1

a(o,T) = ¢; [sinh(Bo)]™ e T
Q2
A(o) = cao™ ; B(o,T) = czo™e” T

From the general model for the creep strain the creep strain rate €. can be calculated and
subsequently the initial creep rate €., the time t,, for the minimum creep rate €., to occur

and the strain €., at that time.
With the universal gas constant R = 8.314 and stress in MPa and @ in kJ/mol, parameter

values for SnAg-solder are fitted on experimental data and listed in the table below. The
absolute temperature is assumed to be T' = 398 [K].

1 A

£e = Aae ™ + Bae™ ; Eci=Cc(t=0)=a(A+B); t, = %0 In <§>

éc,m :€c(t:tm) =2aV AB ) €c,m :gc(t:tm) :50+A—B



€0 0
c1 1.73 x 10° || ng 4.66
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Fig. 7.80 : Creep strain at constant stress o = 20 MPa

7.16 Special creep model for SnAg-solder

Several creep models for SnAg-solder have been published in literature. The 2-term model
of Wiese (2005) is one of them and its parameter values have been fitted on experimental
data for Sn4Ag0.5Cu solder material. Parameter values are listed in the table. Temperature
(T') is in °K and equivalent stress (o) is in MPa. The absolute temperature is assumed to be
T =398 [K].

g, = Arom eV T 4 Agg™2ee2/T

E =59.533 — 66.667T
A1 =410""7 | m; =3 | e; = —3223
A =1.10712 | m; =12 | e = —7348

delviexwiimts
30

0 50 100 150
t[s]

Fig. 7.81 : Relazation stress for constant strain € = 0.001



8 Viscoplastic material behavior

In many forming processes the deformation rates are small enough to consider the material
behavior to be independent of strain rate and to use an elastoplastic material model. For
high strain rates this assumption leads to faulty results. In a tensile test the yield stress is
seen to increase with higher strain rates.

Fig. 8.82 : Strain rate dependent plastic behavior

Polymers and certain metallurgical alloys show softening behavior immediately after reaching
the yield point. At larger strains the softening is followed by hardening. The complete
stress-strain behavior is strain rate dependent, but the initial yield stress is constant.

Fig. 8.83 : Softening and resumed hardening

8.1 Viscoplastic (Perzyna) model

The Perzyna model is a genuine viscoplastic model because it has a yield criterion, expressed
with a yield function f. The model is called an ”over-stress model” because f > 0 may occur.
This is different compared to elastoplastic models, which always require f < 0. The rate of
the viscoplastic multiplier X, A, cannot be calculated from a consistency equation, but is given
by a separate equation. We will only consider isotropic hardening.

The discrete mechanical model for viscoplastic material behavior consists of a spring



FE in series with a parallel arrangement of a hardening spring H, a linear dashpot n and a
friction slider, opening at o = o,.

TV —

Fig. 8.84 : Discrete model for viscoplastic material behavior

o f=0-0, with f<0 — elastic
f>0 — wviscoplastic

o oy =0y(0y0,Eup) e 7=]|o

8.2 Hardening laws

Various hardening laws, which were earlier described in section 77, could be used in the
Perzyna model. The effective viscoplastic strain &,, is the history parameter used in the
isotropic hardening models. Polymer materials may show softening, as is the case with Poly-
carbonate (PC). Parameters must be determined experimentally in a compression test, be-
cause the material softening poses problems of localization (necking) in a tensile test.

_ - -2 -3 4 =7
oy = oyo + Heyp + agyy, + be,, + c&y), + dg,

8.3 Constitutive equations

From the constitutive relations a set of constitutive equations can be derived. The stress and
the viscoplastic multiplier must be determined by integration of these equations.



{ G = Bé. = B(é — é,p) = B{¢ — ) (g)}

A=1¢
Ao = EAc — EAX (2)
g
AN = yp At
0 —op = Ee — Bey — E(A— \y) (%)
A= Ap = YBAL

8.4 Stress update

In the viscoplastic Perzyna model the stress and viscoplastic multiplier have to be solved
from a set of differential equations. This equations are nonlinear although the viscosity in the
model is constant.

Numerical analysis of mechanical behavior must be done iteratively, e.g. with a Newton-
Raphson scheme. Following an incremental procedure the total loading time is subdivided
into a discrete number of increments, which we assume to be of equal length At. All rele-
vant variables {0, €, yp,Epp, 0y} are assumed to be known at the beginning ¢,, of the current
increment.

8.5 Elastic stress predictor

Because it is not known a priori whether (ongoing) elastoviscoplastic deformation or elastic
unloading will occur in the current increment t,—t,11, the stress calculation starts from the
assumption that the strain increment is completely elastic. The elastic stress predictor o, is
calculated and subsequently the yield criterion is evaluated with the yield function f.

Oc=0pn+ E(e —ep)
=0, — 0y, <0 — elastic increment

=0, — 0y, >0 — elastoviscoplastic increment

8.6 Elastic increment

When the increment is fully elastic, the end-increment stress equals the calculated elastic
stress. As no viscoplastic deformation has occurred during the increment, the effective vis-
coplastic strain and the yield stress remain unchanged.

o(tny1) = 0e
5_vp(tn+1) = <ijp(tn) = Eup,

oy(tnt1) = oy(tn) = oy,



8.7 Elastoviscoplastic increment

If the elastic stress predictor indicates that the yield criterion is violated, the increment
is elastoviscoplastic. The end-increment stress has to be determined by integration of the
constitutive equations. Integration of the stress can be carried out following an ezplicit or an
implicit method.

{ Ao = EAe — EAX (g)}

AN = yp At
o —0,=Fe—Fe, — E\—\,) <%)
A=\, = Aty

8.8 Implicit stress update

When the increment appears to be elastoviscoplastic, the end-increment stress must be up-
dated from the elastic trial stress. The viscoplastic multiplier A and the stress o are determined
such that the constitutive equations are satisfied. Because A and ¢ are not independent, an
iterative procedure has to be used.

{ 0 —0,=Fe—Fe, — E\—\,) <g)

A=\, = At yé 7

{ J*—l—éa—an:Ee—Een—E()\*+5)\—)\n){<g)*+5(g)}
AN+ 0X = A, = Aty(¢* + 59) i ’

linearization and reorganization

5o+ [E ()] 6x

o
=—0"+0,+ Fe— FEep, — E(\* = \,)
[—At’yg—i} 0o + [1 — At’y%] oA

= -\"+ A\, + Atyo*

The variation of the function ¢ can be expressed in variations of o and A, using its definition
and 85;” =(2).

o

g

0p d¢ df doy di, dp, o\t dg oy
g gt () = (2
%_@ﬁ_@@y
do  dfdo  df \&

dp _ (SN L
df _N<Uy0> 040



In each iteration step, the stress, viscoplastic multiplier and other variables are updated.

8.9 Explicit stress update
In the explicit procedure, the end-increment values of A and o are determined directly.

o—op :Ee—Een—E(A—An)<§>
g
A=), = At~

0 —0p = Be — Eep — E(\ — \p) <@>

On
A=\, = Atvyo,
a+E<@> A =0, + Ec — Ee, + EM, <@>
On On

A=\, + Atyon, (@)
g

n

The total stress increment and other state variables can now be calculated.

8.10 Stiffness

The material stiffness is calculated as the ratio of the stress variation and the strain variation:

_ 9
Ce =52
implicit

0 —0n=Ee —en) — EO\— Ap) <%)
A== Ay

S0 = Edc — E 6\ <%) —E(\—\) (é) so
Y, ¢

Atde 1
b0 = B3z — B (2) %0 5o B —A) (= ) b0
o/ 1— 'yAtg—f o

E {1 — *yAt%}
C =
) {1-7At28} + E (2) 74828 + B — AL {1 - 74622}

explicit



o — 0y = Be— Eep — E(\ — \p) (@)
On
A=Ay = At’y(bn

§o = Ede — ESA (@)
On
SA=0

Cc.=F

8.11 Implementation

See tr2dperz.m for the implementation.

8.12 Examples

8.13 Tensile test at various strain rates

A truss is loaded axially with a prescribed elongation. In the initial state the length of the
truss is lp = 100 mm and its cross-sectional area is Ag = 10 mm?. The axial force/elongation
is calculated for various material models. The cross-sectional area will change as a function
of the elongation.

The Perzyna model is used to describe the viscoplastic material behavior. The hardening
model and tabulated data for polycarbonate are used. The strain rate is varied.

) n —

5

Fig. 8.85 : Tensile loading of truss element

oy = 0w + Heyp + agyy, + bes, + c2y), + dey,
E [1800 [MPa|v |0.37 |-
oyo | 37 MPa | H | -200 MPa
v |o0001|1/s |N|3 -
a | 500 |MPa|b | 700 | MPa
c |80 |MPa|d | 30000 | MPa

& =1{0.01,01,1}
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Fig. 8.86 : Stress-stretch and force-elongation for PC
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Fig. 8.87 : Stress-stretch and force-elongation for PC; prescribed elongation
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9 Nonlinear viscoelastic material behavior

A polymeric material can be loaded in compression with a constant logarithmic strain rate.
The true stress - absolute value - reaches a maximum value (B) after which softening occurs
(BC) due to structural evolution. Subsequent hardening (C'D) results in an increase of the
stress, with increasing strain - absolute value - due to orientation of molecules.

Until the maximum stress level (B) is reached, the deformation is fully reversible. Ini-
tially the material behavior is linear viscoelastic (OA) but from a certain strain, nonlinear
viscoelastic behavior (AB) is observed. After reaching the maximum stress (B), plastic flow
occurs and therefore this stress is called the yield stress o.

For a number of polymers, like polycarbonate (PC), polymethylmethacrylate (PMMA),
polystyrene (PS) and polyethenetereftalate (PET), the above typical stress-strain behavior is
observed.

Two time-dependent processes can be observed, one related to the deformation kinetics
(strain rate dependency) and another related to the aging kinetics.

) €ln
Fig. 9.89 : Softening and resumed hardening

When the uniaxial compression test for PC is carried out at a higher strain rate, the increase
in stress is equal for each strain value.

This is shown in a graph, where the stress maximum oy, the stress minimum after
softening oym; and the difference between those two values Aoy, are plotted against the
logarithm of the true strain rate. The stress maximum is referred to as the upper yield stress,
the stress minimum after softening is called the lower yield stress and the difference is the
yield drop, which is constant for PC.

Ein 1075 107t ¢
Fig. 9.90 : Strain rate dependent stress-strain for PC



The strain rate dependency of PMMA is different from that of PC. The increase of the stress
with higher strain rates is not the same for each strain value. The upper yield stress increases
more than the lower yield stress. The yield drop is a function of the strain rate.

/ Tyma
/ Oymi

Aoy
S

Eln 10-° 10t &
Fig. 9.91 : Strain rate dependent stress-strain for PMMA

The yield drop appears to be a function of the history of the material. When the specimen is
quenched after processing, there is no yield drop. Softening is observed after a certain time, a
phenomenon which is called aging. The time is characteristic for the polymer in question : 15
minutes for PS, 1 day for PMMA and about 3 weeks for PC. Aging and the resulting softening
characteristic, can be neutralized by mechanical deformation, indicated as rejuvenation.

ageing:

€ln

Fig. 9.92 : Aging

9.1 Nonlinear viscoelastic model

The complete model for nonlinear viscoelastic behavior is based on the models, which are
used to describe the mechanical behavior at increasing stress level.



9.2 Linear viscoelastic behavior

For small strains the material behavior of polymers is linear viscoelastic and can be described
by a Boltzmann integral with multi-mode Maxwell relaxation function. When more molecular
processes are relevant, the relaxation functions for the separate processes can be added.

Sud il

Fig. 9.93 : Generalized Mazwell model for linear viscoelastic behavior
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Fig. 9.94 : Stress-strain relation in linear viscoelastic range

9.3 Nonlinear viscoelastic behavior

For higher strains, but before yielding, the behavior is nonlinear viscoelastic and the relaxation
function becomes a function of the stress. Fortunately this influence can generally be modeled
by using time-stress superposition and adaptation of time variables using a time-stress shift
factor.

o(t) = /ﬂw—Wﬁ@Mf

{=—0o0
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Fig. 9.95 : Stress-strain relation in nonlinear viscoelastic range

9.4 Creep

When the yield stress (= maximum stress) is reached, stress-activated plastic flow occurs,
described by a semi-empirical relation for the viscous strain rate. The stress level depends
on the strain rate and the temperature. When the stress is below the initial yield stress, the
viscosity is very high and the material behavior is considered to be linear elastic with stiffness
E. This behavior can be modeled with a Maxwell model with a linear spring (stiffness F)
and a nonlinear dashpot (viscosity 7). The total strain is additively decomposed in an elastic
strain e, and a viscous strain &,. The viscous strain rate is given as a function of the equivalent

viscoelastic stress § and temperature 7T'.

E n(o) 5
W D
Y f
: e € :

Fig. 9.96 : Nonlinear creep model

o £=¢E.+6,
e o=Fe, — E.=—=0

i év:f(gaT):n
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Fig. 9.97 : Stress-strain relation for creep range

9.5 Softening

After reaching the initial yield stress the stress decreases asymptotically toward a final value.
Here, this softening is taken into account by decreasing the viscosity 1 with an internal
(damage) variable D. Initially D = Dy and finally D reaches a saturation value Do,. The
value of D is determined by an evolution equation, which relates D to the effective viscous
strain rate £,, with &, = |&,| for the one-dimensional case.
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Fig. 9.98 : Model for nonlinear creep
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Fig. 9.99 : Softening



9.6 Hardening

In a compression test it is observed that the softening is followed by hardening. This can be
modeled by decomposing the stress additively. In the discrete mechanical element a linear
spring (stiffness H) is placed parallel to the Maxwell element with linear spring (stiffness E)
and nonlinear dashpot (viscosity 7).

The total axial stress o is the sum of the viscoelastic stress s and the hardening stress
w. The viscoelastic stress is related to the stiffness F, but also to the viscosity 7.

€e €y

Fig. 9.100 : Model for nonlinear viscoelastic behavior
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Fig. 9.101 : Stress-strain curve for nonlinear viscoelastic behavior



9.7 Aging and hardening

A different model to describe aging and softening is based on additive decomposition of the
stress, where the total stress o is the sum of the flow stress s, the hardening stress w and
the aging stress Aoy, which is determined by an aging characteristic function S(t,&,). This
function is taken to be the product of a time-dependent function S, (), which describes the
aging kinetics and a softening function R,(¢,) which describes the softening kinetics. The
viscosity is now a function of this function S(t,&,).

€ln

Fig. 9.102 : Aging and hardening

o £=c¢c.+¢,
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t dg
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9.8 Viscosity

For each material the proper relation for the viscosity has to be chosen. For polymers the
FEyring viscosity function is used.



i e [ H + Kp D]
xp | —— 4+ 2F
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For metals the Bodner-Partom wviscosity function is used.
3
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9.9 Nonlinear viscoelastic model

The nonlinear viscoelastic material behavior is described by some relations, which can be
combined. The resulting constitutive equations must be solved simultaneously.
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Fig. 9.103 : Model for nonlinear viscoelastic behavior
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9.10 Stress update

The stress is related to the strain rate by a differential equation, which has to be solved
together with the damage evolution equation. After updating e, the stress is calculated
directly. In the following we use ¢ = % An implicit or explicit procedure can be used to
determine the elastic strain and the damage parameter.

Ae. = Ae — AtE((S,T, D)e,
D

[e.9]

9.11 Implicit stress update

In the implicit update procedure the elastic strain €. and the damage parameter D are updated
iteratively.

Ee — Een = € —€n — AtE((5,T, D)e.
D
£r 40 —€en =€ —ep — ALE((5,T,D* + 6D) (g} + de.)
D*+ 6D
D*+6D - D,, = <1—L> hAEg,

DOO
_ ¢
dee + AtE((5,T, D*)de. + AtEa—DéDe;f
= —¢&l +Eent+e—en— ALE((5,T,D")e;
[1 + Mﬂ 6D
DOO

D*
:—D*+Dn+<1—D >hA€U

e}

9.12 Explicit stress update

In the explicit update procedure the elastic strain €, and the damage parameter D are deter-
mined directly.

Ee — Een =€ — ep — AtEC(Sn, T, Dp)een

D,

[e.e]

ce=¢—¢en+ {1 — AtEC(8,,T,Dp)} €en
D,
D =D, + <1—D—> hAg,

[e.9]



9.13 Stiffness

The material stiffness is calculated as C; = ‘f;—g .

implicit

explicit

C: =

c=s+w= Fe, + He
Ee — Een =€ — & — ALEC(5,T, D)e,

D
00 = Fde, + Hée
0ce = 0 — AtEg—ééDse — AtE((5,T, D)de,
0D = —g—DhAEU — D=0

00 = Fée, + Hée

dee = de — At E(¢(5,T, D)de.
0D =0

_ E+H{l+ AtE((5,T,D)}

1+ At E¢(5,T, D)
oc=s+w= Fe, + He
Ee — Een =€ — €p — AtEC(Sy, T, Dy)ee
D,
6o = Ede, + Hoe
dee = 0e — AtE((8,, T, Dy)dc,
0D =0
E
p— H
oo T AtEC(En,T,Dn)5€ + Hée
o= E+ H{1+ AtE((S,,T,D,,)}
=

1+ AtE((5,,T, Dy,)

9.14 Implementation

See tr2degpl.m for the implementation.

9.15 Examples

Polymer materials are characterized by an Eyring viscosity. Parameters for various materi-
als are experimentally determined and listed in the table. For the values in the table the
temperature is chosen to be T' = 285 K. The universal gas constant is R = 8.314 J/(mol.K).



PET PC PS PP

E 2400 2305 3300 1092 MPa
v 0.35 0.37 0.37 0.4 -

H 15 29 13 3 MPa
h 13 270 100 0 -

Dy | 11 19 14 - -

Ag | 3.8568E-27 || 9.7573E-27 || 4.2619E-34 | 2.0319E-29 | s

AH | 2.617E405 | 2.9E+05 2.6E+5 2.2E+5 J/mol
7 0.0625 0.06984 0.294 0.23 -

T0 0.927 0.72 2.1 1.0 MPa

9.16 Tensile test at various strain rates

A truss is loaded axially with a prescribed elongation. In the initial state the length of the
truss is lp = 100 mm and its cross-sectional area is Ag = 10 mm?. The axial force/elongation
is calculated for various material models. The cross-sectional area will change as a function
of the elongation. The hardening model and tabulated data for polycarbonate are used. The
strain rate is varied.
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Fig. 9.104 : Stress versus strain in polycarbonate for different strain rates

9.17 Tensile test for various polymers

1

The truss is also loaded with a strain rate ¢ = 107! s~!, using the tabulated parameter values

for polycarbonate, polypropylene, polystyrene and PET.
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Fig. 9.105 : Stress versus strain for different polymers at strain rate 0.1
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