VECTORS AND TENSORS
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1 Vectors and tensors

In mechanics and other fields of physics, quantities are represented by vectors and tensors.
Essential manipulations with these quantities will be summarized in this appendix. For
quantitative calculations and programming, components of vectors and tensors are needed,
which can be determined in a coordinate system with respect to a vector basis.

1.1 Vector

A vector represents a physical quantity which is characterized by its direction and its mag-
nitude. The length of the vector represents the magnitude, while its direction is denoted with
a unit vector along its axis, also called the working line. The zero vector is a special vector
having zero length.

QL

Fig. 1.1 : A vector @ and its working line

= |lal| &
length : |||
direction vector : € ; el =1
zero vector 0
unit vector € ; el =1

1.1.1 Scalar multiplication

A vector can be multiplied with a scalar, which results in a new vector with the same axis.
A negative scalar multiplier reverses the vector’s direction.
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Fig. 1.2 : Scalar multiplication of a vector a
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1.1.2 Sum of two vectors

Adding two vectors results in a new vector, which is the diagonal of the parallelogram, spanned
by the two original vectors.

Fig. 1.3 : Addition of two vectors
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1.1.3 Scalar product

The scalar or inner product of two vectors is the product of their lengths and the cosine of
the smallest angle between them. The result is a scalar, which explains its name. Because
the product is generally denoted with a dot between the vectors, it is also called the dot

product.
The scalar product is commutative and linear. According to the definition it is zero for

two perpendicular vectors.



Fig. 1.4 : Scalar product of two vectors a and b

a-b=|lall |[bl] cos(¢)
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1.1.4 Vector product

The vector product of two vectors results in a new vector, who’s axis is perpendicular to
the plane of the two original vectors. Its direction is determined by the right-hand rule. Its
length equals the area of the parallelogram, spanned by the original vectors.

Because the vector product is often denoted with a cross between the vectors, it is also
referred to as the cross product. Instead of the cross other symbols are used however, e.g.:

axb ; axb

The vector product is linear but not commutative.

a

Fig. 1.5 : Vector product of two vectors a and b

axb={|all |Ibl] sin(¢)}ii

area parallelogram| 7
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1.1.5 Triple product

The triple product of three vectors is a combination of a vector product and a scalar product,
where the first one has to be calculated first because otherwise we would have to take the
vector product of a vector and a scalar, which is meaningless.

The triple product is a scalar, which is positive for a right-handed set of vectors and
negative for a left-handed set. Its absolute value equals the volume of the parallelepiped,
spanned by the three vectors. When the vectors are in one plane, the spanned volume and
thus the triple product is zero. In that case the vectors are not independent.

a

Fig. 1.6 : Triple product of three vectors d, b and &
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= (area parrlg) x (height) = |volume| = |V/|

V>0 — {ab,& right handed
V<0 — {@b,& left handed
V=0 — {d’,g,é} dependent

1.1.6 Tensor product

The tensor product of two vectors represents a dyad, which is a linear vector transformation.
A dyad is a special tensor — to be discussed later —, which explains the name of this product.
Because it is often denoted without a symbol between the two vectors, it is also referred to
as the open product.

The tensor product is not commutative. Swapping the vectors results in the conjugate
or transposed or adjoint dyad. In the special case that it is commutative, the dyad is called
symmetric.

A conjugate dyad is denoted with the index ( )¢ or the index ( )T (transpose). Both
indices are used in these notes.



Fig. 1.7 : A dyad is a linear vector transformation

ab = dyad = linear vector transformation
ab-p=ab-p) =7

—,

q
conjugated dyad (d’g)c = ba % ab
symmetric dyad  (@b)° = a

1.1.7 Vector basis

A vector basis in a three-dimensional space is a set of three vectors not in one plane. These
vectors are referred to as independent. Each fourth vector can be expressed in the three base
vectors.

When the vectors are mutually perpendicular, the basis is called orthogonal. If the basis
consists of mutually perpendicular unit vectors, it is called orthonormal.

—

C3 €3

Fig. 1.8 : A random and an orthonormal vector basis in three-dimensional space

random basis {¢1,Ca,C3} : CL*Cy-C3#0
orthonormal basis {€1, e, 3} (0;j = Kronecker delta)
€ gj 51] - 525]:0 | 27&] 5 6 € =

right-handed basis €1k€y=¢€3 ; Ey%x€3=2¢€] ; €3%€ =€y



1.1.8 Components of a vector

In every point of a three-dimensional space three independent vectors exist. Here we assume
that these base vectors {€7,é,,ée3} are orthonormal, i.e. orthogonal (= perpendicular) and
having length 1. A fourth vector @ can be written as a weighted sum of these base vectors.
The coefficients are the components of @ with relation to {é,és,e5}. The component a;
represents the length of the projection of the vector @ on the line with direction €;.

We can denote this in several ways. In index notation a short version of the above
mentioned summation is based on the Einstein summation convention. In column notation,
(transposed) columns are used to store the components of @ and the base vectors and the
usual rules for the manipulation of columns apply.

The components of a vector @ with respect to an orthonormal basis can be determined
directly. All components, stored in column @, can then be calculated as the inner product of
vector @ and the column € containing the base vectors.
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Fig. 1.9 : A vector represented with components w.r.t. an orthonormal vector basis
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1.2 Coordinate systems

1.2.1 Cartesian coordinate system

A point in a Cartesian coordinate system is identified by three independent Cartesian co-
ordinates, which measure distances along three perpendicular coordinate axes in a reference
point, the origin.

In each point three coordinate axes exist which are parallel to the original coordinate
axes. Base vectors are unit vectors tangential to the coordinate axes. They are orthogonal
and independent of the Cartesian coordinates.

T3

L2

Fig. 1.10 : Cartesian coordinate system

Cartesian coordinates : (z1,29,23) or (z,y,2)
Cartesian basis : {€1, e, 3} or {€x, €y, €.}

1.2.2 Cylindrical coordinate system

A point in a cylindrical coordinate system is identified by three independent cylindrical co-
ordinates. Two of these measure a distance, respectively from (r) and along (z) a reference
axis in a reference point, the origin. The third coordinate measures an angle (), rotating
from a reference plane around the reference axis.

In each point three coordinate axes exist, two linear and one circular. Base vectors are
unit vectors tangential to these coordinate axes. They are orthonormal and two of them
depend on the angular coordinate.

The cylindrical coordinates can be transformed into Cartesian coordinates :

x1=rcos(d) ; wxe=rsin(d) ; x3==2

T2
r=y/2?+2% ; 6=arctan [—} ;o z=2a3
I



The unit tangential vectors to the coordinate axes constitute an orthonormal vector base
{€,, €, e.}. The derivatives of these base vectors can be calculated.
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Fig. 1.11 : Cylindrical coordinate system

cylindrical coordinates : (r,0,z2)
cylindrical basis : {€:(0),e(0), e}
é’r(g) = Cos(@)gl + sin(9)€2 ; é;g(e) = — sin(@)é’l + 008(0)52 5 €, =3
oe, . . S oe S S S
50 =" sin(0)e + cos(f)ex = € ; 8_9t = —cos(0)é — sin(0)ér = —é;

1.2.3 Spherical coordinate system

A point in a spherical coordinate system is identified by three independent spherical coor-
dinates. One measures a distance (r) from a reference point, the origin. The two other
coordinates measure angles (6 and ¢) w.r.t. two reference planes.

In each point three coordinate axes exist, one linear and two circular. Base vectors are
unit vectors tangential to these coordinate axes. They are orthonormal and depend on the
angular coordinates.

The spherical coordinates can be translated to Cartesian coordinates and vice versa :

xy =rcos(f)sin(¢p) ; wxe2 =rsin(f)sin(¢) ; x3 =rcos(p)
)22 2 . _ 3] _ L2
r=/x{+x5+x5 ; ¢ = arccos [ " ] ;0 =arctan L’fl]

The unit tangential vectors to the coordinate axes constitute an orthonormal vector base
{€:, €, €y}. The derivatives of these base vectors can be calculated.
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Fig. 1.12 : Spherical coordinate system

spherical coordinates : (r,0,9)

spherical basis : {€.(6,90),€:(0),ex(0,0)}
é-(0,0) = cos(0)sin(¢)é1 + sin(f) sin(¢)és + cos(p)es
AU = —sin(f)e) + cos(0)ér
€s(0,0) = cos(f)cos(p)er + sin(f) cos(p)ea — sin(¢p)es
%ég = —sin(#) sin(¢p)e; + cos() sin(p)éz = sin(¢p)e;
a;;: = cos(f) cos(p)e + sin(f) cos(¢)ea — sin(p)ez = €y
le—e;f = —cos(f)e) —sin(f)ex = —sin(¢)e, — cos(¢)ey
% = —sin(#) cos(¢p)er + cos(#) cos(¢p)er = cos(¢)é;
%—f;b = —cos(0) sin(¢)e1 — sin(0) sin(¢)és — cos(p)es = —é,

1.2.4 Polar coordinates

In two dimensions the cylindrical coordinates are often referred to as polar coordinates.

L2
€
. €
€9 r "
0
€1 1

Fig. 1.13 : Polar coordinates



polar coordinates : (r,0)

polar basis : {€-(0),e:(0)}
é-(0) = cos(f)er + sin(6)é,
. de, (6 PR . de (6 .
e(f) = dé ) = —sin(#)e; + cos(f)ea — ;é ) = —¢€,(0)

1.3 Position vector

A point in a three-dimensional space can be identified with a position vector Z, originating

from the fixed origin.

1.3.1 Position vector and Cartesian components

In a Cartesian coordinate system the components of this vector & w.r.t. the Cartesian basis

are the Cartesian coordinates of the considered point.
The incremental position vector dZ points from one point to a neighbor point and has

its components w.r.t. the local Cartesian vector base.

é: -
T3 3 dr
€
€1
€3 z
52 . T2
€1 ‘
Ty
Fig. 1.14 : Position vector

z = X1€] + T2€ + T3€3
T+di¥ = (x1+dx)er + (x2 + dwo)éy + (z3 + dr3)és

incremental position vector dx = dx1€1 + dro€y + drsés

components of d¥ dey=d¥-e1 ; dro=dr-éy ; drg=dr-¢e3



10

1.3.2 Position vector and cylindrical components

In a cylindrical coordinate system the position vector & has two components. The incremental
position vector dZ has three components w.r.t. the local cylindrical vector base.

€3
z _ dz
€.
€
&
€, ~ ’
€3 x
52 . €2
€1 €
0
r

I

Fig. 1.15 : Position vector

= ré.(0)+ zé,
+d¥ = (r+dr)é.(0+df)+ (z+dz)e,
= (r+4dr) {e*r(e) + 45 dO} + (2 + d2)e,
= ré.(0) + ze, +re(0)dd + dré,.(0) + é.(0)drdd + dze.,

8 &

incremental position vector  d¥ = dré€,(0) + rdf é(0) + dz e,

1
components of dx dr=dx-e. ; dd=-dr-& ; dz=dr-ée,
r

1.3.3 Position vector and spherical components

In a spherical coordinate system the position vector Z has only one component, which is its

length.
The incremental position vector d has three components w.r.t. the local spherical vector

base.

Z=rée(0,9)
Z+dZ = (r+dr)e. (0 + db, ¢+ do)

(
. 0é, oe,
(r+dr) {er(H,qb) + 50 dé + 9 d(b}

=1e-(0,¢) + rsin(¢)ey(0)dl + rey(0, ¢)do + dre, (0, ¢)
incremental position vector  d¥ = dr €,.(0, ¢) + rsin(¢) db €,(0) + rdo ey(8, ¢)

1
components of d¥ dr=dz-¢€, ; dl=——=di-& ; dp=—dT-ée,
r

~ rsin(¢)




1.4 Gradient operator

11

In mechanics (and physics in general) it is necessary to determine changes of scalars, vec-
tors and tensors w.r.t. the spatial position. This means that derivatives w.r.t. the spatial
coordinates have to be determined. An important operator, used to determine these spatial
derivatives is the gradient operator.

1.4.1 Variation of a scalar function

Consider a scalar function f of the scalar variable z. The variation of the function value
between two neighboring values of x can be expressed with a Taylor series expansion. If the
variation is very small, this series can be linearized, which implies that only the first-order
derivative of the function is taken into account.

f(z + dr)

% dx df

T r+dr

Fig. 1.16 : Variation of a scalar function of one variable

df = f(z+dz) — f(z)
o+ L]

a
dx

%—ﬁ a4~ f(2)

dx

xT

Consider a scalar function f of three independent variables x, y and =z.
the function value between two neighboring points can be expressed with a Taylor series
expansion. If the variation is very small, this series can be linearized, which implies that only
first-order derivatives of the function are taken into account.

df = f(x +dx,y +dy,z + dz) —

~ 9

f($7y72)+— dx +

Y

%)
of
dy+ 5

[z,
of _f
dy

ox

Ylzy,z) (z,y,2)

of
0z

(,9,2)

da:—i-g—f dy +

Yl(z,y.2)

dz
(z,y,2)

(2,9,2)

dZ+—

The variation of

f(x7 y? Z)
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Spatial variation of a Cartesian scalar function

Consider a scalar function of three Cartesian coordinates z, y and z. The variation of the
function value between two neighboring points can be expressed with a linearized Taylor series
expansion. The variation in the coordinates can be expressed in the incremental position
vector between the two points. This leads to the gradient operator.

The gradient (or nabla or del) operator V is not a vector, because it has no length or
direction. The gradient of a scalar a is a vector : Va

da 8a Oa L .. 0a ., _.0a . .. 0a
L |-0a  _da  _Oa| -
=dr- [GI%+€y8—y+€za:| =d (VCL)

gradient operator V= [em— + &y

Spatial variation of a cylindrical scalar function

Consider a scalar function of three cylindrical coordinates r, 8 and z. The variation of the
function value between two neighboring points can be expressed with a linearized Taylor series
expansion. The variation in the coordinates can be expressed in the incremental position
vector between the two points. This leads to the gradient operator.

Oa Oa da L . 0a 1 _ .. 0Oa L .. 0a
da—dT’a—‘FdH%‘FdZa——(Z"er)g‘k(;dﬂf'et)%‘k(ﬂf'ez)a
L |lo0a 1, 0a _ Oa R
=dr- ETE‘F;(%% eza dr (VCL)
. L0 19 0 g p.
gradient operator V =é 8_+6 ;%—Fez&—g V=V'e

Spatial variation of a spherical scalar function

Consider a scalar function of three spherical coordinates r, 8 and ¢. The variation of the
function value between two neighboring points can be expressed with a linearized Taylor
series expansion. The variation in the coordinates can be expressed in the incremental position
vector between the two points. This leads to the gradient operator.

da oa da 1 da 1 da
da = arZ2 da— d 7.6) % 4 (—dz-& dz-2;) 28
@ =darg. T dlay t ¢a¢ (- &) g+ g @ ag T (40 %)5;
L | 0a 1 _0a 1_0a| . =
=dr. eTE—I_?"ST@Et%—i—;e(ba_gb =dr (VCL)
gradient operator €:€r§+€tr51111(¢) %—F_’ %% =y =vle
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1.4.2 Spatial derivatives of a vector function

For a vector function @(Z) the variation can be expressed as the inner product of the difference
vector di’ and the gradient of the vector d. The latter entity is a dyad. The inner product of
the gradient operator V and @ is called the divergence of @. The outer product is referred to
as the rotation or curl.

When cylindrical or spherical coordinates are used, the base vectors are (partly) functions
of coordinates. Differentiation must than be done with care.

The gradient, divergence and rotation can be written in components w.r.t. a vector basis.
The rather straightforward algebraic notation can be easily elaborated. However, the use of
column/matrix notation results in shorter and more transparent expressions.

grad(@) =Va ; div(@)=V-a ; rot(@)=V=xa

Cartesian components

The gradient of a vector @ can be written in components w.r.t. the Cartesian vector basis
{€x,€y,€-}. The base vectors are independent of the coordinates, so only the components of
the vector need to be differentiated. The divergence is the inner product of V and @ and thus
results in a scalar value. The curl results in a vector.

S 45+ﬁ5+48(ﬁ+ 5 4 a.e)
ad=|é—+é&—+¢e.— | (az€y + a,€, + a.e,
or Yoy 0z vy
= €plz 1€p + €10y 1€y + €10, 1€, + EyQy o€ +

EyQy yCy F €yl y€, + €20z 264 + €20y 26y + €20, 1€,

9
ox é’m
e all 2| laaalle | - mde
9 €
0z
- L0 L0 .0 . . .
V.d= ema—m+eya—y+eza - (ag€y + ay€y + a.e)

Oay N % N Oa,
ox y 0z
0

- L0 L0 . . .
Vxd= em%+eya—y+eza * (az€y + ay€y + a.ey)

=tr (Y gT) =tr (ﬁd’)

Cylindrical components

The gradient of a vector @ can be written in components w.r.t. the cylindrical vector basis
{€,€é,e.}. The base vectors €, and é; depend on the coordinate 6, so they have to be
differentiated together with the components of the vector. The result is a 3x3 matrix.
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= _0 10  _ 0 - - -
Vad = {eTE + et;% + ezg}{arer + asé; + a.e,}
1

S o T S
€rQprCpr + €rQt r€ + €40y €, + et;ar,ter + et;at,tet + et;az,tez + et;aret - et;ater

ezar,zer + ezat,zet + ezC'fz,zez

0 0 0 O
4 o 1 = . 1 1
:@T{(Y@T)e‘i’ _etar_;grat }}—QT{(Y@T)€+ —ar —ay 0 e}
0 0 0 0

5 1 1

v'a:tr(Y@T)"i'tr(ﬁ):ar,r+;at,t+az,z+;ar

Grea=(6L 18t 2 182 % (0,6, + ;€ + a,&,)
“\Tor " 'r a0 " oz o R Bt

_ - . - L1 - . . - -
= €p k {ar,rer + at,ret + az,rez} + € * ; {ar,ter + Qr€t + CLt,tet — Aty + az,tez} +
€z % {ar,zer + at,zet + az,zez}

L L1 o o " . S
= at,rez - az,ret + ; { - ar,tez + at€y + az,ter} + ar,zet - at,zer

1 " . 1 .
= |:;az,t — Atz | €r + Qprz — Az | €t + Aty — ;ar,t + ;at €z

Laplace operator
The Laplace operator appears in many equations. It is the inner product of the gradient

operator with itself.

VZ=V.V

0? 0? 0?
+ o=+

. 2
Cartesian Ve = 922 By 9.2

2 10 107 0?

. . 2 _ 2 - Y - v v

cylindrical Ve = 5,2 + % + 3502 + 5.7
spherical V2:a_2+gg+ #28_2+i8_2+#£
orz  r or rsin(¢) ) 902 12 042 r?tan(¢) d¢
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1.5 2nd-order tensor

A scalar function f takes a scalar variable, e.g. p as input and produces another scalar variable,
say ¢, as output, so we have :

q=f(p) or P —— q

Such a function is also called a projection.

Instead of input and output being a scalar, they can also be a vector. A tensor is
the equivalent of a function f in this case. What makes tensors special is that they are
linear functions, a very important property. A tensor is written here in bold face character.
The tensors which are introduced first and will be used most of the time are second-order
tensors. Each second-order tensor can be written as a summation of a number of dyads.
Such a representation is not unique, in fact the number of variations is infinite. With this
representation in mind we can accept that the tensor relates input and output vectors with
an inner product :

j=A-7 or iAo
tensor = linear projection A-(am+ pn) =aA-m+ A7
representation A = aqd1by + agdoby + azdsbs + ..

finite and not unique

1.5.1 Components of a tensor

As said before, a second-order tensor can be represented as a summation of dyads and this
can be done in an infinite number of variations. When we write each vector of the dyadic
products in components w.r.t. a three-dimensional vector basis {€1, €, €3} it is immediately
clear that all possible representations result in the same unique sum of nine independent
dyadic products of the base vectors. The coefficients of these dyads are the components of
the tensor w.r.t. the vector basis {€}, €, e3}.

The components of the tensor A can be stored in a 3 x 3 matrix A. The components
can also be stored in a column. In that case the sequence of these columns must be always
chosen the same. This latter column notation of a tensor is especially convenient for certain
mathematical elaborations and also for the manipulations with fourth-order tensors, which
will be introduced later.

A= ald’lgl + agﬁggg + 04367363 + ..
= a1(a11€1 + a12€2 + a13€3)(b11€1 + b12€2 + bises) +
ag(am(?l + a99€y + a23€3)(b21€1 + bo9€y + b2353) + ...
= Ay1€1€1 + A19€1éEy + Arzéres +
Ao1E9€1 + Ago€séy + Agszéoés +

Asz1€3€1 + Azp€3€y + Azzeses
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A A Az €1
S, N ST 4 =
=[é& & @& || A Axn A € | =¢ Ae
Az1 Az Asg €3

column notation

A=[ An Axp Az A Ay Asy Asy Azt Ass ]T

1.5.2 Spatial derivatives of a tensor function

For a tensor function A(Z) the gradient, divergence and rotation or curl can be calculated.
When cylindrical or spherical coordinates are used, the base vectors are (partly) functions of
coordinates. Differentiation must than be done with care.

The gradient, divergence and rotation can be written in components w.r.t. a vector basis.
The rather straightforward algebraic notation can be easily elaborated. However, the use of
column/matrix notation results in shorter and more transparent expressions.

Only the divergence w.r.t. a cylindrical vector basis is elaborate here.

grad(A)=VA ; div(A)=V-A ; rot(A)=V=xA

Divergence of a tensor in cylindrical components

The divergence of a second order tensor can be written in components w.r.t. a cylindrical
coordinate system. Index notation is used as an intermediate in this derivation. The indices
i,7,k take the "values” 1 =72 =1t(=10),3 = z.

VA =¢-V€Are)

=€+ (Vi€j)Ajier + € - €;(ViAjp)ér + €+ €jA;,(Viex)

o 1 1
Vi€j = 0i201j — € — 0i202j — €

} 1. 1. B 1. 1.
= €+ (0i201; e di202; . &) Ajier + 6i(ViAjr)er + 055 Aji (8201 e 05202k . er)

= G- (82015 & — Guady @) A+ 05 (ViAzi)6k + (Biad ~ 6 — Guadon ) Ay
=€+ (015 % € — 02 %é})Ajk@ + (VjAjk)é'k + (65201% % €t — 052021 %é})Ajk

= 515 Ajule+ (VA0 + (G 8 — Sjaboe ) Aj

= L Aufic+ (VA6 + - (And; — Azsey)

1 1 . 1 1 . 1 - .
= (;An - ;A22)€1 + (;A12 + ;A21)e2 + ;A13€3 + (VA k) éx
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S|

+
= (V'Ae+g'e with ¢' =

[ (A1 —Ap) (A + Ay) Ass |

1.5.3 Special tensors

Some second-order tensors are considered special with regard to their results and/or their
representation.

The dyad is generally considered to be a special second-order tensor. The null or zero
tensor projects each vector onto the null vector which has zero length and undefined direction.
The unit tensor projects each vector onto itself. Conjugating (or transposing) a second-order
tensor implies conjugating each of its dyads. We could also say that the front- and back-end
of the tensor are interchanged.

Matrix representation of special tensors, e.g. the null tensor, the unity tensor and the
conjugate of a tensor, result in obvious matrices.

—

dyad a
null tensor (0 — O-7=0
unit tensor I — I-p=yp
conjugated A€ — A¢-p=p-A
0 00
null tensor — null matrix 0=¢-0-¢=10 0 0
0 00
1 00
unity tensor — unity matrix I=e-1I- é’T =({0 10 —
0 0 1
I =26 + &+ =¢"¢
conjugate tensor — transpose matrix A=¢-A.édl - AT =¢. Ac.¢"

1.5.4 DManipulations

We already saw that we can conjugate a second-order tensor, which is an obvious manipu-
lation, taking in mind its representation as the sum of dyads. This also leads automatically
to multiplication of a tensor with a scalar, summation and taking the inner product of two
tensors. The result of all these basic manipulations is a new second-order tensor.

When we take the double inner product of two second-order tensors, the result is a scalar
value, which is easily understood when both tensors are considered as the sum of dyads again.

scalar multiplication B =aA
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summation C=A+B
inner product C=A-B
double inner product A: B = A°: B° = scalar
NB : A-B##B-A
A’=A-A : AP=A-A-A : etc.

1.5.5 Scalar functions of a tensor

Scalar functions of a tensor exist, which play an important role in physics and mechanics. As
their name indicates, the functions result in a scalar value. This value is independent of the
matrix representation of the tensor. In practice, components w.r.t. a chosen vector basis are
used to calculate this value. However, the resulting value is independent of the chosen base
and therefore the functions are called invariants of the tensor. Besides the Euclidean norm,
we introduce three other (fundamental) invariants of the second-order tensor.

1.5.6 FEuclidean norm

The first function presented here is the Euclidean norm of a tensor, which can be seen as a kind
of weight or length. A vector base is in fact not needed at all to calculate the Euclidean norm.
Only the length of a vector has to be measured. The Euclidean norm has some properties
that can be proved which is not done here. Besides the Euclidean norm other norms can be
defined.

m = ||| = max || A €| Ve with el =1
e
properties
1. || Al >0
2. laAll = al [|A]
3. |A- Bl < [[A]| [|B]|
4. 1A+ BJ| < ||A]| +|B]|

1.5.7 1st invariant

The first invariant is also called the trace of the tensor. It is a linear function. Calculation of
the trace is easily done using the matrix of the tensor w.r.t. an orthonormal vector basis.
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J1(A) = tr(A)

1 . .
=——[¢1+A-(Gyx )+ cycl]
1*C2°C3
1
= ————[e1-A- (& x¢€3)+ cycl.]
€1 k€eg- €3

properties

S O
el R R R

1.5.8 2nd invariant

The second invariant can be calculated as a function of the trace of the tensor and the trace
of the tensor squared. The second invariant is a quadratic function of the tensor.

Jo(A) = F{tr*(A) — tr(A%)}
1

= m[cl -(A-c)* (A-C3) + cycl]

properties

1.5.9 3rd invariant

The third invariant is also called the determinant of the tensor. It is easily calculated from
the matrix w.r.t. an orthonormal vector basis. The determinant is a third-order function of
the tensor. It is an important value when it comes to check whether a tensor is regular or
singular.

When a second-order tensor is regular, its determinant is not zero. If the inner product
of a regular tensor with a vector results in the null vector, it must be so that the former
vector is also a null vector. Considering the matrix of the tensor, this implies that its rows
and columns are independent.

A second-order tensor is singular, when its determinant equals zero. In that case the
inner product of the tensor with a vector, being not the null vector, may result in the null
vector. The rows and columns of the matrix of the singular tensor are dependent.
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J5(A) = det(A)

]- — — =
= m[(A'CI)' (A-G) * (A-c3)]
1 = = >
B [(A-e1)-(A-é) « (A-e3)]

= A1 A Azz + A19 A3 Az + Ax1 Azp A3
— (A13A20A31 + A1 A1 Azg + Az3A3p A1) = det(A)

properties

T = W N =
S

1.5.10 Eigenvalues and eigenvectors

Taking the inner product of a tensor with one of its eigenvectors results in a vector with
the same direction — better : working line — as the eigenvector, but not necessarily the same
length. It is standard procedure that an eigenvector is taken to be a unit vector. The length
of the new vector is the eigenvalue associated with the eigenvector.

A=\t with #@#£0

From its definition we can derive an equation from which the eigenvalues and the eigenvectors
can be determined. The coefficient tensor of this equation must be singular, as eigenvectors
are never the null vector. Demanding its determinant to be zero results in a third-order
equation, the characteristic equation, from which the eigenvalues can be solved.

After determining the eigenvalues, the associated eigenvectors can be determined from
the original equation. Because this set of equations is dependent, only the ratio of eigenvector
components can be calculated, which is what is needed as this defines its direction. The length
of an eigenvector is generally normalized to be one, which provides an extra equation.

It can be shown that the three eigenvectors are orthonormal when all three eigenvalues
have different values. When two eigenvalues are equal, the two associated eigenvectors can be
chosen perpendicular to each other, being both already perpendicular to the third eigenvector.
With all eigenvalues equal, each set of three orthonormal vectors are principal directions. The
tensor is then called ’isotropic’.

When the set of eigenvectors is used as a basis, the tensor A can be written in spectral
form.
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A-i=Xxi —  Ai-dMi=0 — Ad-M-i=0 -
(A-XI)-ii=0  with #A#0 —

A — A\ singular — det(A— M) =0 —

det(A—XI)=0 —  characteristic equation

characteristic equation : 3 roots D S PPV T
N (A—=XNl)n; =0 ) , ) —
ol =1 — njj +nj+niz=1 B

A = N7y + Aarienia + A37iaiis

1.5.11 Relations between invariants

The three principal invariants of a tensor are related through the Cayley-Hamilton theorem.
The lemma of Cayley-Hamilton states that every second-order tensor obeys its own charac-
teristic equation. This rule can be used to reduce tensor equations to maximum second-order.
The invariants of the inverse of a non-singular tensor are related. Any function of the principal
invariants of a tensor is invariant as well.

Cayley-Hamilton theorem A3 — J(A)A? + J,(A)A — (AT =0
relation between invariants of A~
_ Ja(A) _ J1(A) _ 1
Ji(ATh) = ;o h(ATh = ;o Js(ATh) =
1( ) Jg(A) 2( ) Jg(A) 3( ) Jg(A)

1.6 Special tensors

Physical phenomena and properties are commonly characterized by tensorial variables. In
derivations the inverse of a tensor is frequently needed and can be calculated uniquely when
the tensor is regular. In continuum mechanics the deviatoric and hydrostatic part of a tensor
are often used.

Tensors may have specific properties due to the nature of physical phenomena and quan-
tities. Many tensors are for instance symmetric, leading to special features concerning eigen-
values and eigenvectors. Rotation (rate) is associated with skew-symmetric and orthogonal
tensors.

inverse tensor Al At A=T

deviatoric part of a tensor Al = A - Ttr(A)T

symmetric tensor A=A

skew-symmetric tensor A=—-A

positive definite tensor a-A-@a>0 V a#0

orthogonal tensor (A-3)-(A-b)=a-b YV ab
adjugated tensor (A-@)*(A-b)=A%-(@xb) Y a,b
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1.6.1 Inverse tensor

The inverse A~! of a tensor A only exists if A is regular, i.e. if det(A) # 0. Inversion is
applied to solve Z from the equation A-Z = i giving £ = A~ . 4.

The inverse of a tensor product A - B equals B~ - A7, so the sequence of the tensors
is reversed.

The matrix A~" of tensor A~ ! is the inverse of the matrix A of A. Calculation of A™!

can be done with various algorithms.

det(A)#0 « JI A1 | AT A=T

property
(A-B)-i=b — a=(A-B)'-b
(A-B)-i=A-(B-@)=b — —
d=A"1b — a=B1'-A'%
(A-By'=B"1.47!
components (minor(A;j) = determinant of sub-matrix of A;;)
ATl = o (—1)"" minor(A;;)
7t det(A) "

1.6.2 Deviatoric part of a tensor

Each tensor can be written as the sum of a deviatoric and a hydrostatic part. In mechanics
this decomposition is often applied because both parts reflect a special aspect of deformation
or stress state.

Al =A— 2tr(A)T ; str(A)I = A" = hydrostatic or spherical part
properties

(A+B)l= A+ B¢
tr(A%) =0
eigenvalues (u;) and eigenvectors (1)

det(A% — uI) =0 —

det(A — {3tr(A) + pu}I) =0 — w=A—
(A= pul)-m=0  —
(A—{3tr(A) + p})-m=0  —
(A-XI)-m=0 —

tr(A)

Wl

m=1mn
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1.6.3 Symmetric tensor

A second order tensor is the sum of dyads. When each dyad is written in reversed order, the
conjugate tensor A€ results. The tensor is symmetric when each dyad in its sum is symmetric.

A very convenient property of a symmetric tensor is that all eigenvalues and associated
eigenvectors are real. The eigenvectors are or can be chosen to be orthonormal. They can be
used as an orthonormal vector base. Writing A in components w.r.t. this basis results in the
spectral representation of the tensor. The matrix A is a diagonal matrix with the eigenvalues
on the diagonal.

Scalar functions of a tensor A can be calculated using the spectral representation, con-
sidering the fact that the eigenvectors are not changed.

A=A
properties
1. eigenvalues and eigenvectors are real
2. A; different — ;L —
3. A; not different — 7; chosen L
eigenvectors span orthonormal basis {71, 7o, 73}
proof of 1 :
. _ . 1 _
on;, =o-n, — Nig=—0O-°*'N; —
0
R 1 . . . . L R
Ni=Nj=—MN;~0T; =—";~0-1; — Ti-0-1;=0 — n;-n;=0
o; 0
spectral representation of A A=A-1=A-(ri17 + 1ignla + 7i37l3)
= M 7171 + Aofiofls + A37igii
EET G Lo Lo
AT = —yTy + —Tefly + —Ti3fs +
A1 A2 A3

VA = /ity + v/ Aafaiia + v/ Asiisiia
In A = In \7i171 + In Aofiaiis + In A37istis
sin A = sin(\y)71711 + sin(\g)72fie + sin(A3)7sris
J1(A) =tr(A) = A1+ A2+ A3
Jo(A) = ${tr*(A) — tr(A- A)} = ${( M + Ao + X3)* — (AT + A3+ A3)}
Jo(A) = det(A) = \Aods
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1.6.4 Skew-symmetric tensor

The conjugate of a skew-symmetric tensor is the negative of the tensor.

The double dot product of a skew-symmetric and a symmetric tensor is zero. Because
the unity tensor is also a symmetric tensor, the trace of a skew-symmetric tensor must be
ZEro.

A skew-symmetric tensor has one unique azial vector.

A°=—A
properties

1. A:B=tr(A-B) =tr(A°-B°) = A°: B¢

A°=-A — A:B=-A:B°

B°=B — A:B=-A:B } - AB=
B=I — tr(A)=A:I1=0

AG= — §AG=7-AG=—§A] —
-A-G=0 — ¢ —

P
4 & suchthat A-J=p=0&

The components of the axial vector & associated with the skew-symmetric tensor A can be
expressed in the components of A. This involves the solution of a system of three equations.

A A Agg q . An1qr + Ar2qo + A13q3
A-G=¢" | An Axn A @ | =€ | Axnq + Axnge + Azqs
A3z Aszx Ass q3 Az1q1 + Az2q + Assqs
G*q= (wlé'l + woy + wgég) * (Q151 + g€ + Q353)
= w1q2(€3) + w1q3(— €2) + waq1(— €3) + wags(€1)+
w3q1(€2) + w3qa(—€1)
waqs — w3qa
=" | wsp —wigs | =¢&'q  —
wWi1q2 — wWaq1
0 — w3 w2
A = w3 0 — w1
—wy  wi 0

1.6.5 Positive definite tensor
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The diagonal matrix components of a positive definite tensor must all be positive numbers.
A positive definite tensor cannot be skew-symmetric. When it is symmetric, all eigenvalues
must be positive. In that case the tensor is automatically regular, because its inverse exists.

a-A-a>0 Vv a#0
properties
1. A cannot be skew-symmetric, because :
a-A-d=dad-A°-d —
a-(A—A%-a=0 — ad-A-d=0 V a
A skew-symm. — A°=-A
2. A=A — ﬁi'A'ﬁi:)\i>0 —

all eigenvalues positive — regular

1.6.6 Orthogonal tensor

When an orthogonal tensor is used to transform a vector, the length of that vector remains

the same.
The inverse of an orthogonal tensor equals the conjugate of the tensor. This implies that

the columns of its matrix are orthonormal, which also applies to the rows. This means that
an orthogonal tensor is either a rotation tensor or a mirror tensor.

The determinant of A has either the value 41, in which case A is a rotation tensor, or
—1, when A is a mirror tensor.

properties

l

(A 0)- (A7) =[|A-dP =7-T7= 7] — [lA-7]]= 7|
G-A°“A-b=a-b — A-A°=T1 — A°=A"
det(A-A°) = det(A)? =det(I) =1 —

):

):

det(A) =+1 — A regular

det(A) = 1 — rotation det(A) = —1 — mirroring

To conclude whether an orthogonal tensor A is a mirror or a rotation tensor, we consider a
right-handed orthonormal vector base {€7, &, €3} and observe the effect of the transformation
by A. Because the vector base is right-handed, the triple product equals 1.

If A is a rotation tensor, the new set of orthonormal vectors will be righthanded, resulting in
the value 1 for its triple product. If A is a mirror tensor, the new set of orthonormal vectors
will be left-handed with triple product -1

é’{*e_;é?;: (A-é’l)*(A-é’Q)-(A-é’g):(é’l*é’g-é’g)det(A):det(A)
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A rotation tensor @ can be used to rotate an orthonormal vector basis m to 7. It can be
shown that the matrix Q" of Q w.r.t. 7 is the same as the matrix QM w.r.t. m.

The column with the rotated base vectors 7 can be expressed_in the column with the
initial base vectors m as : 77 = QT m, so using the transpose of the rotation matrix Q.

i =Q-
e = Q-
3 = Q-
Q(n):
Q(m):

51 §1 S

3T

—_

il = (a-i yment =
e =it (mem?h)

We consider a rotation of the vector base {€7, €, €3} to {7, 5, €5}, which is the result of three
subsequent rotations : 1) rotation about the l-axis, 2) rotation about the new 2-axis and 3)
rotation about the new 3-axis.

For each individual rotation the rotation matrix can be determined.

= (1)

€3
= (2)
€1

= cWe, +sWey
= —sWey + Mey

_ 0(2)51(1) _ 5(2)53(1)

The total rotation matrix @ is the product of the individual rotation matrices.
A tensor A with matrix A w.r.t. {€1,é5,€3} has a matrix A* w.r.t. basis {&],&5,23}.
The matrix A* can be calculated from A by multiplication with @, the rotation matrix w.r.t.
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{€1, €, e5}.

The column A with the 9 components of A can be transformed to A* by multiplication
with the 9x9 transformation matrix T : A* = T A. When A is symmetric, the transformation
matrix 7' is 6x6. Note that T is not theNrepresefltation of a tensor.

The matrix 1" is not orthogonal, but its inverse can be calculated easily by reversing
the rotation angles : 71 = T(—aq,—ag,—ag). The use of the transformation matrix 7" is

described in detail in appendix ?7.

= T T T __ NT>»
2@ _ o Tz0) . £€=0,09,Q7¢=Q°¢
= T X S -
€=0Q¢
5(3) — Q3Tg (2) — g -
FEIE) _ @ 403) e

Q= | cWs® 4 sMs@eB) D) — D@6 g1
T s04B) i@ s 4 D@23 1)

1.6.7 Adjugated tensor

The definition of the adjugate tensor resembles that of the orthogonal tensor, only now the
scalar product is replaced by a vector product.

(A-@)* (A-b)= A" (@xb) YV a,b
property A°- A% =det(A)I

1.7 Fourth-order tensor

Transformation of second-order tensors are done by means of a fourth-order tensor. A second-
order tensor is mapped onto a different second-order tensor by means of the double inner
product with a fourth-order tensor. This mapping is linear.

A fourth-order tensor can be written as a finite sum of quadrades, being open products
of four vectors. When quadrades of three base vectors in three-dimensional space are used,
the number of independent terms is 81, which means that the fourth-order tensor has 81
components. In index notation this can be written very short. Use of matrix notation
requires the use of a 3 x 3 x 3 x 3 matrix.

1A-B=C
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tensor = linear projection 1A (aM +8N)=a'A: M +3*'A: N
representation 1A= al&’lglé’lcfl + a2625252d_; + a3635353652», + ..

finite and not unique

components YA = 6 Aijriné

1.7.1 Conjugated fourth-order tensor

Different types of conjugated tensors are associated with a fourth-order tensor. This also
implies that there are different types of symmetries involved.

A left or right symmetric fourth-order tensor has 54 independent components. A tensor
which is left and right symmetric has 36 independent components. A middle symmetric tensor
has 45 independent components. A total symmetric tensor is left, right and middle symmetric
and has 21 independent components.

fourth-order tensor : ‘A=abcd

total conjugate TA°=déeba

right conjugate ‘A =gGbde

left conjugate i —paed
middle conjugate 1A =Gebd

outer conjugate ‘A =bade
symmetries

total “tA=%A" . B:*A:C=C°:*A:B° VYV B,C
right “tA=4A" , “A.B="A4:B° V B
left ‘14=44" . B:4A=B°:%A Vv B
middle TA=14"

outer 1A=124"

1.7.2 Fourth-order unit tensor

The fourth-order unit tensor maps each second-order tensor onto itself. The symmetric fourth-
order unit tensor, which is total symmetric, maps a second-order tensor on its symmetric part.

‘1-B=B V B

components A= \€16,E + Er€1E1E + €3€1€1€3 + ...
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not left- or right symmetric ‘1:B=B+#B°=*I:B°
B:‘I=B+#B°=B°: "I

symmetric unity tensor irr=

1.7.3 Products

Inner and double inner products of fourth-order tensors with fourth- and second-order tensors,
result in new fourth-order or second-order tensors. Calculating such products requires that
some rules have to be followed.

‘A.-B="1C — AijkmBmi = Cijr

‘A:B=C — AijriBie = Cij
‘A:B+B: %A

‘A ‘B="1C — AijmnBrmit = Cijrl
‘A:*B#'B: %A

rules

‘A:(B-C)=('A-B):C
A-B+B-A°="'T":(A-B)=('I"-A): B

1.8 Column and matrix notation

Three-dimensional continuum mechanics is generally formulated initially without using a
coordinate system, using vectors and tensors. For solving real problems or programming,
we need to use components w.r.t. a vector basis. For a vector and a second-order tensor,
the components can be stored in a column and a matrix. In this section a more extended
column/matrix notation is introduced, which is especially useful, when things have to be
programmed.

1.8.1 Matrix/column notation for second-order tensor

The components of a tensor A can be stored in a matrix A. For later purposes it is very
convenient to store these components in a column. To distinguish this new column from the
normal column with components of a vector, we introduce a double "under-wave”. In this
new column A the components of A are located on specific places.
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As any other column, A can be transposed. Transposition of the individual column

clements is also possible. When this is the case we write : A .

3 x 3 matrix of a second-order tensor

A Ap Ais
A= ézAzjgj — A = A21 A22 A23
Az Az Ass

column notation

AT =[ An Ay Aszs Ap Ay Ass Az Az Agg |
AT =[ A Ay Ass An A Ay Ay Ay As |

conjugate tensor

A A Az
A — A — AT: Ag A9y Aso — ‘élt
A1z Azz Asg

Column notation for A : B

With the column of components of a second-order tensor, it is now very straightforward to
write the double product of two tensors as the product of their columns.

C=A:B
= €;A;j€j : e Byie) = Aijd0aBr = Ai;Bji
= A1 B11 + A19Bo1 + A13B31 + Ao1 B1o + A2 Bos + Aoz B +
A3z1B13 + AsaBas + As3Bss
=[ A Ay Az An A Asy Axs Az Az |

| Bi1 By Bss Bia Boy By Bsy Bsi Big ]T
=4, B=4"8B,
idem
C=A:B  ~  C=ATB=ATD
C=AB - C=ATB-ATB,
C-aB . C=ATB=ATB
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Matrix/column notation C =A-B

The inner product of two second-order tensors A and B is a new second-order tensor C.
The components of this new tensor can be stored in a 3x3 matrix C', but of course also in a
column C'.

A matrix representation will result when the components of A and B can be isolated.
We will store the components of B in a column B and the components of A in a matrix.

C = A-B = ¢ A€y -6 D€ = €Ay 0 Bje; = €, AuBrje; —

[ A11 B + A12B91 + A13B3; ]
A11B12 + A12Bog + A13B3»
A11B13 + A12Ba3 + A13B33
A21 By + AgaBoy + Ag3 B3y
C= Ao1Big + A9 Boy + A23 B3y
Ao B13 + Ao Bo3 + A3 B33
Az1B11 + A3z2Boy + A3z3B31
A31B13 + AzaBog + A33B32
X Az1B13 + A3z Bag + As3Bss |
[ C11 ] [ A1 B1y + A12Ba1 + A13Bsp ]
Ca2 A21B19 + A By + A3 B3a
Cs3 A31B13 + A32Bo3 + A33Bs3
Ci2 A11B12 + A12B2s + A13B32
C=| Co | = | AnBi1 + A»Bs + A3 B3
Ca3 A1 B3 + Ao Bog + A3 B33
C32 A31B12 + A32Bos + A33B3o
C31 Az1B11 + A3z2Boy + A3z3 B3
| C13 | A11B13 + A12B23 + A13Bs3 |

The column C can be written as the product of a matrix A and a column B which contain
the componeﬁts of the tensors A and B, respectively. To_distinguish the new matrix from
the normal 3x3 matrix A, which contains also the components of A, we have introduced a
double underline.

The matrix A can of course be transposed, giving A”. We have to introduce, however,
three new manipulations concerning the matrix A. First it will be obvious that the individual
matrix components can be transposed : A;; — Zji. When we do this the result is written as
t A o just as was done with a column C'.

Two manipulations concern the interchange of columns or rows and are denoted as ( ).
and ( ),. It can be easily seen that not each row and/or column is interchanged, but only :
(4 5), (6« 7) and (8 < 9).



idem

@)

[ A 0 0 0
0 Ay 0 Ay
0 0 A3 O
0 Ap 0 Ap
Aoy 0 0 0
0 0 Ay O
Az 0 0 0
0 0 A3 O
C=A-B —
C=A.-B° —
C=A°-B —
C=A° B —

Arg
0
0
0

Ao
0
0

A3z
0

nQ)

@)

@)

|2 =[5

~+

nQ)

ay ey

~

~

0 0 A3
0 Ao 0
Az 0 0
0 A3 0
0 0 Ao
Ago 0 0
0 Ass 0
0 0 Ass
Aqo 0 0
= éc =t )
t = éc@
B=AB,
B,-4,8

~+
(¢}

1.8.2 Matrix notation of fourth-order tensor

H
I

(S
ey
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The components of a fourth-order tensor can be stored in a 9 x 9 matrix. This matrix has
to be defined and subsequently used in the proper way. We denote the matrix of *A as A.
When the matrix representation of *A is A, it is easily seen that right- and left-conjugation
results in matrices with swapped columns ‘and rows, respectively.

[ES

[ A1
A1
Aszn
Ar211
Ain
Agz11
Aszami
Az

L A1311

C
—

Aq120
A2292
A3z320
A1222
Azi0
Ao322
A3zz20
A3122
Aq320

AT

4 oo oo
A = €€ A;jrere

Aq133
A2233
A3333
A1233
Azi33
Ao333
A333
Asz133
Aq3s3

A1112
A2212
A3312
A1212
As112
Ad312
A3z212
As112
A1312

rc

‘A

-
Aq1o1 Ar123
Ao Asoo3
Aszzor Assos
A1 A1223
Ag1o1 As123
Agzar  Assoz
Azzo1 Asooz
As121 Asi23
A1zo1 Ai323
- A b

Aq132
A2a32
A3332
A1232
Azi32
Ao332
A3z232
A3z132
A332

1A

Az Az
Agaz1 A3
Aszzzr Aszisz
A1231 A1213
Az131 Ao113
Agzzr Asziz
Azzz1 Az
Az131 Asiis
A1zzr A1z
le - A




Matrix/column notation

The double product of a fourth-order tensor *A and a second-order tensor B is a second-order
tensor, here denoted as C. The components of C' are stored in a column ¢, those of B in a
column B. The components of *A are stored in a 9 x 9 matrix. Using index-notation we can

C=%A:B

easily derive relations between the fore-mentioned columns.

CcC=%A:B —

€;Cy;€; = €;6;A
= &¢e;A
C=A B=AB

idem

ijmn€m€n : €pBpqey

€;Cij€; = € Bpe€y : €menAmnij€i€;

c'=B"A

ijmnénp(squpq = eieinjmanm -

= qudqmépnAmnijgiéj = BnmAngJézgj -

=r

Matrix notation iCc=1A.B

The inner product of a fourth-order tensor *A and a second-order tensor B is a new fourth-
order tensor, here denoted as *C. The components of all these tensors can be stored in
matrices. For a three-dimensional physical problem, these would be of size 9 x 9. Here we

only consider the 5 x 5 matrices, which would result in case of a two-dimensional problem.

ic=1%A.B =

[ A11pBp1 At12pBp2
A201pBp1 A2y B2

C = | Asz3pBp1 AszzpBp2
A121pBp1 A122p B2

| Ao11pBp1 A212p B2

[ Annn Anze Anss
A1 Asgzon Azass
= | Asz11 Aszze  Asssz
A1 Arzoa Al23z
| Aoiir Az Aziss

_ T
=54

Al l3po3
A223,B)p3
A3z33,B)p3
A123,Bp3
A213,Bp3

A2 Ao
A1z Agoor
Aszzla Aszol
Agz12 Ar201
Aoz Asz121

O :érécr:A

—yg

€i€; Ai11€1E] + EpBpg€y

eieinjkpolekel —

A111pBp2
A201pBp2
As31pBp2
A121pBp2
Ao11pBp2

By
0
0

€i€j Aijki€r0ip Bpe€q = €i€; A;ijri Bigerey

Av12pBp1
A222,Bp1
A3z30,Bp1
A122pBp1
A212,Bp1
0 0 Bio
Boy 0 0
0 B33 0
0 0 By
Bis 0 0
B



Matrix notation ‘C = B-*A
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The inner product of a second-order tensor and a fourth-order tensor can also be written as
the product of the appropriate matrices.

I

Matrix notation

1C = B-*A = ¢ B;jé; - 8,8, Apgrstrés
= éiBijéjpqupqrsgrgs = giéqBijqursgrgs
= €€ BipApjrieréi —
[ BipApiin BipApiz BipApiss BipApiiz BipApio
BopApo11 BopApoos  BopApozs BopApoia  BopApoan
BspApsi1 BspApsaz  BspApsszs BapApsiz  BspApsa
BipApi1 BipApaa BipApess BipApi2  BipApai
| BopApi11 BopApi22 BopApizz BapApriz BapApion
[ Bip 0 0 0 B Aninn Anze Anss A A
0 B 0 By 0 A1 Agooa Agazz Asoiz Agzeon
0 0 Bz 0 0 Aszzin Aszoa Asszzz Asziz Asza;
0 Bi2 0 By 0 Ao11 Ar22o Aiazz A2z Areon
| Bo1 O 0 0 Ba Agi11 Aoi22 Agizz Aotz Az
éézécé’r‘ - grzéréczécrzm“
iC=1%A4:'B

The double inner product of two fourth-order tensors, *A and *B, is again a fourth-order
tensor *C'. Its matrix, C, can be derived as the product of the matrices A and B.

I
I

Bi112
Baa12
Bs312
Ba112

4 44 . Ay o= Lo .
C = "A: "B = €;€jA;jnexe] : €peyBpgrs€res
= gingijkldlpquqursérés = éingijqupqrsgrgs
= €€} Aijqp Bpgki€i€i
Allqupqll Allqupq22 Allqupq33 Allqupql2 Allqupq?l
A22qupq11 A22qupq22 A22qupq33 A22qupq12 A22qupq21
A33qupqll A33qupq22 A33qupq33 A33qupq12 A33qupq21
A12qupqll A12qupq22 A12qupq33 A12qupq12 A12qupq21
A21qupq11 A21qupq22 A21qupq33 A21qupq12 A21qupq21
Ann Ane Anszs Az Ao Bi111 Biis2 Biiss
A1 Agoon Azazz Asoiz Agzeon Booi1 DBa2aa  Baass
Aszzin Aszoa Asszzz Asziz Asza; B3311 D332 Bsss3
Ao Arooe Arazz A2z Aron Bo111 Baia2  Boaiss
Agi11 Aoi22 Azizz Aotz Az Bi211 Bi2a2 Biass

Bi212

Bi121
Baaao1
Bsso1
Ba191
B2y
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Matrix notation fourth-order unit tensor

The fourth-order unit tensor *I can be written in matrix-notation. Following the definition
of the matrix representation of a fourth-order tensor, the matrix I may look a bit strange.
The matrix representation of A = *I : A is however consistently written as A=1 . 4. In

. . . . S .
some situations the symmetric fourth-order unit tensor *I° is used.

A = ¢e0udiene;  —

i:
1 0 0 0O OO 0 07
) - 01 000O0O0OGO0OO O
011011 012012 013013 012011 011012 O 01 0 0 0 O0UO0TDO0
021021 022022 023023 022021 021022 000 O0O1O0TO0O0OPO
031031 032032 033033 032031 031032 — 00 01 0 O0UO0TUO0TO0
511521 512522 513523 512521 511522 OO0 0 0 0 O0OT1TUO0TO0
(521(511 (522(512 (523(513 522511 521512 OO0 0 0O 01T 000
L : ’ ' - 000O0O0O0GO 0O 01
L0 00 0 0 00 1 0
2 0 0 0 0 -1
02 000
47s 4 4yrc S 00200
F=3(I+ ) o I=3(IL) =4 | g o1 g
0 0011

Matrix notation I

In some relations the dyadic product II of the second-order unit tensor with itself appears.
Its matrix representation can easily be written as the product of columns [ and its transposed.

I = é€b;;€jexop€] = €;€;0;;0eRe  —

1=

Il
OO OO OO =
OO OO OO =
OO OO OO =
(e e i en B en M s B e M s B o M @)
(s e B en B en B en B en B o B o i @]
(s e B en B en B en B en B o B o i @]
[en R e i en B en M e B e M o B oo N @)
(s e i en B en M e B e M o Bl e N @)
[es B e B en B en B en B en B o B o i @]

Il

e~

e~

~
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Matrix notation iB=141.A

The inner product of the fourth-order unit tensor *I and a second-order tensor A, can be
elaborated using their matrices.

‘B = T1-A=¢&010jxené - EpApfy = AT —

[ A11011 A1z Aigdiz Apdin Apdie o] [An 0 0 Ap 0 L]
Ag1091  Agadze  Agzloz  Azodar  Asida .. 0 Ap 0 0 Axn
B_ A31031 Aszdzy  Aszdzz Aszpdzi Asdz .. | | 0 0 Az 0 0
= Aq1021  A12022  Ag3de3  A12d21 Ar1da . 0 Ap 0 0 Anp
A21011 A0z Azzdiz Aednn A2idi . A 0 0 A 0

Summary and examples

Below the tensor/matrix transformation procedure is summarized and illustrated with a few
examples. The storage of matrix components in columns or "’blown-up’ matrices is easily done
with the Matlab .m-files m2cc.m and m2mm.m. (See appendix [Al)

z — x
A - A ;5 A A
1A — é
41’ N £
1 A A Agg
T = | x2 ;o A= | Ay A A
x3 Az1 Aszz Ass
[ Ay ] [ A 0 0 0 A ]
Ago 0 Ay 0 Ay 0
_ | Ass . | 0 0 A3 0 O
4= Aqg - 0 A 0 Ay 0
A21 A21 0 0 0 A22
[ A Az Anss Az A i 1 0 0 0 O i
Ago11 Agoon Aoz Agoia Aoon 01 000
A— | Assi Assoz Asssz Asziz Assn 7|00 100
= Ao Arooo Arazz A1z Aron T = 0 00 01
Aoi11 A212o Aoizz Aoiiz Ao 00010

In de Matlab programs the name of a column or matrix indicates its structure as is indicated
below. Some manipulations are introduced, which are easily done in Matlab.



A — A :3x 3 matrix — mA
A — A :column with components of 4 — cchA
A — A :’blown-up’ matrix — mmA
A° — AT : transpose — mAt
A — élt : transpose all components — ccAt
A — A , : transpose all components — mmAt
1ple A :interchange rows 4/5, 6/7, 8/9 — mmAr
A" — A :interchange columns 4/5, 6/7, 8/9 — mmAc

1.8.3 Gradients

m2cc(mA,9)
m2mm (mA, 9)
mA’
m2cc (mAt,9)
m2mm (mA’)
mmA([1 235476 98],:)
mmA(:,[1 2354769 8])
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Gradient operators are used to differentiate w.r.t. coordinates and are as such associated with
the coordinate system. The base vectors — unit tangent vectors to the coordinate axes — in

the Cartesian system, {€,,€y,€.}, are independent of the coordinates {z,y,2}. Two base

vectors in the cylindrical coordinate system with coordinates {r, 0, z}, are a function of the
coordinate 0 : {€.(0),¢e;(0),e.}. This dependency has ofcourse to be taken into account when
writing gradients of vectors and tensors in components w.r.t. the coordinate system, using

matrix/column notation.

The gradient of a vector is denoted as a conjugate tensor, whose components can be
stored in a matrix or in a column : L, = (Va)* — L, — L.

Cartesian \V/ :é’m% +é’y§y _1_52% _ [
o - 0 10 0
cylindrical vV = era +€t; 5 +€Z% _

Gradient of a vector in Cartesian coordinates

Vi =L = (@3 0

ox 0z

~ _ 0 - - -
+ eya_y + ez_> (arem + ayey + azez)

= €30g,2€x + €xQy €y + €20, €, + €yQy yEy +

®
4
|
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Eyly yEy + Eyly y€y + €205 €4 + €0y €y + €., L€

Qg Ay Qgz
L,= | aye ayy ay:

Az Qzy Gz

_[aafﬂf Oyy Qzz Ory OQyo Oyz Ozy Ozg az,z]

R
S}

Gradient of a vector in cylindrical coordinates

> 0 10 0
Vi=L¢ =& —+¢&-——— +¢e.— | (a,€ + ae; + a.e,
@ or r 00 0z ( )
O e T T T
= erar,rer + erat,ret + eraz,rez + et_ar,ter + et_at,tet + 6t_C'fz,tez + €t —Ar€t — € — €y
T T T r r
€20y 2Er + €20¢,2€¢ + €20z 26,

1 1
Qrye  2Qrt — 20t Qpz

_ 1 1
L,=| atr o+ a0 apz
1
Az Fazt Az 2
T __ 1 1 1 1 1
2. = [ Qrpyr Ot + 7ar Az oz 20t — Q¢ Gty Gtz 0zt Qzr Grz ]

Divergence of a tensor in cylindrical coordinates

V-A=¢-V(€Axe)
= €+ (Vi€)j) Ajiei + € - €j(ViAjr )€y + € - € Ajr(Viéy)

= & - (Vi€j)Ajrer + 6i5(ViAjr)ér + 0ij A (Vier)
. 1. 1,
Vi€; = 05201, 6= 0i202; S 6
. 1 1 . . 1 1
= €+ (0i201; e 0i202; - &) Ajier + 61 (ViAj)er + 055 Aji (8201 e di202k - er)
. 1 1 . . 1_ 1
= €+ (0i201; Se 0i202; - &) Ajrer + 6i(ViAjr)er + (9201 Se di202k - &) Ajidij

} 1. 1. B 1. 1.
=& - (0 6 b2, - ér)Ajrer + (VjiAjr)ek + (652015 S 2091, - &) Ajk

1 . . 1 1.
= (51]' ; Ajkek + (VjAjk)ek + (5]'25114 ; € — 5j252k ; er)Ajk
1 N . 1 . .
= ;Alkek + (VjAjL)er + . (Aoi€p — Asoél)
1 1 . 1 1 N 1 . o
= (=A11 — —Axp)el + (=Ap + —Agi)és + —Aszes + (VAj)ek
T T T T T

= gr€r + VjAjLeL
T T A\
=g e+ (V Ae

= (V'Ae+g'e with g¢' =

S| =

[ (A1 — A) (Aiz+ A21) Ass |






APPENDICES



A  m2cc and m2mm

The Matlab function files m2cc and m2mm put the components of a 3 X 3 matrix in a column
and a ”blown-up” matrix, respectively.

O sk sk ok sk ok ok ok sk ok ok ok sk ok ok ok sk ok ok sk sk ok ok sk o ok ok sk ok ok ok sk ok ok ok sk ok sk ok sk ok ok ok sk ok sk ok sk sk sk ok ok sk ok sk ok sk ok ok ok ok ok ok ok ok

function [C] = m2cc(m,s);
C = zeros(s,1);
if s==9

C = [m(1,1); m(2,2); m(3,3);
m(1,2); m(2,1); m(2,3); m(3,2); m(3,1); m(1,3)];

elseif s==

C = [m(1,1); m(2,2); m(3,3); m(1,2); m(2,1)];
elseif s==

C = [m(1,1); m(2,2); m(1,2); m(2,1)];
end;

O sk sk ok sk ok ok sk ok ok ok sk ok ok ok sk o ok ok sk sk ok ok sk ok ok sk ok ok ok sk ok ok ok sk ok ook sk ok ok ok sk ok sk ok sk ok sk ok ok sk ok sk ok sk ok ok ok ok ok ok ok ok



%**********************************************************************

function [M] = m2mm(m,s);
M = zeros(s);
if s==
M=1[m(,1) 0 0
0 m(2,2) 0
0 0 m(3,3)
0 m(1,2) 0
m(2,1) 0 0
0 0 m(2,3)
0 m(3,2) 0
m(3,1) 0 0
0 0 m(1,3)
elseif s==
M=[m(1,1)0 0
0 m(2,2) 0
0 0 m(3,3)
0 m(1,2) 0
m(2,1) 0 0
elseif s==
M=1[m(,1) 0 0
0 m(2,2) m(2,1)
0 m(1,2) m(1,1)
m(2,1) 0 0
end;

m(2,1)
0
m(1,1)
0

m(1,2)
0
0
m(2,2)

m(1,2) 0 0 m(1,3) 0

0 0 m(2,3) 0 0

0 m(3,2) 0 0 m(3,1)
0 0 m(1,3) 0 0
m(2,2) 0 0 m(2,3) 0

0 m(2,2) 0 0 m(2,1)
0 0 m(3,3) 0 0
m(3,2) 0 0 m(3,3) 0

0 m(1,2) 0 0 m(1,1) 1]
m(1,2)

0

0

0

m(2,2) 1;

1;

Of sk sk sk ok sk ok ok ok sk o ok ok sk ok ok ok sk o ok ok sk s ok ok sk ok ok sk ok ok ok sk ok ok ok sk ok sk ok sk ok ok ok sk ok sk ok sk sk ok ok sk ok sk ok sk ok ok ok ok ok ok ok
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