
GOVERNING EQUATIONS



1 Governing equations

In this chapter we will recall the equations, which have to be solved to determine the defor-
mation of a three-dimensional linear elastic material body under the influence of an external
load. The equations will be written in component notation w.r.t. a Cartesian and a cylindri-
cal vector base and simplified for plane strain, plane stress and axi-symmetry. The material
behavior is assumed to be isotropic.

1.1 Vector/tensor equations

The deformed (current) state is determined by 12 state variables : 3 displacement components
and 9 stress components. These unknown quantities must be solved from 12 equations : 6
equilibrium equations and 6 constitutive equations.

With proper boundary (and initial) conditions the equations can be solved, which, for
practical problems, must generally be done numerically. The compatibility equations are
generally satisfied for the chosen strain-displacement relation. In some solution approaches
they are used instead of the equilibrium equations.

gradient operator : ~∇ = ∇
˜

T~e
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˜
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stress : σ = ~e
˜
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˜
balance laws : ~∇ ·σ

T + ρ~q = ρ~̈u ; σ = σ
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material law : σ = 4
C : ε ; ε = 4

C
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1.2 Three-dimensional deformation

The vectors and tensors can be written in components with respect to a three-dimensional
vector basis. For various problems in mechanics, it will be suitable to choose either a Cartesian
coordinate system or a cylindrical coordinate system.

1.2.1 Cartesian components

The governing equations are written in components w.r.t. a Cartesian vector base {~ex, ~ey, ~ez}.
The stresses can be represented with a Cartesian stress cube.
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Fig. 1.1 : Cartesian coordinate system and stress cube
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2εxy,xy − εxx,yy − εyy,xx = 0 → cyc. 2x
εxx,yz + εyz,xx − εzx,xy − εxy,xz = 0 → cyc. 2x

ε
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1.2.2 Cylindrical components

The governing equations are written in components w.r.t. a cylindrical vector base {~er(θ), ~et(θ), ~ez},
with :

d~er

dθ
= ~et and

d~et

dθ
= −~er

The stress components can be represented with a cylindrical stress cube.
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Fig. 1.2 : Cylindrical coordinate system and stress cube
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2εrt,rt − εrr,tt − εtt,rr = 0 → cyc. 2x
εrr,tz + εtz,rr − εzr,rt − εrt,rz = 0 → cyc. 2x
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1.3 Material law

When deformations are small, every material will show linear elastic behavior. For orthotropic
material there are 9 independent material constants. When there is more material symmetry,
this number decreases. Finally, isotropic material can be characterized with only two material
constants.

Be aware that we use now the strain components εij and not the shear components γij .
In an earlier chapter, the parameters for orthotropic, transversally isotropic and isotropic



material were rewritten in terms of engineering parameters: Young’s moduli and Poisson’s
ratio’s.
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quadratic B = A ; S = R ; M = L;

transversal isotropic B = A ; S = R ; M = L ; K = 1
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cubic C = B = A ; S = R = Q ; M = L = K 6= 1
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1.4 Planar deformation

In many applications the loading and deformation is in one plane. The result is that the
material body is in a state of plane strain or plane stress. The governing equations can than
be simplified considerably.

1.4.1 Cartesian components

In a plane strain situation, deformation in one direction – here the z-direction – is suppressed.
In a plane stress situation, stresses on one plane – here the plane with normal in z-direction
– are zero.

Eliminating σzz for plane strain and εzz for plane stress leads to a simplified Hooke’s
law. Also the equilibrium equation in the z-direction is automatically satisfied and has become
obsolete.

plane strain : εzz = εxz = εyz = 0
plane stress : σzz = σxz = σyz = 0
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1.4.2 Cylindrical components

In a plane strain situation, deformation in one direction – here the z-direction – is suppressed.
In a plane stress situation, stresses on one plane – here the plane with normal in z-direction
– are zero.

Eliminating σzz for plane strain and εzz for plane stress leads to a simplified Hooke’s
law. Also the equilibrium equation in the z-direction is automatically satisfied and has become
obsolete.

plane strain : εzz = εrz = εtz = 0
plane stress : σzz = σrz = σtz = 0
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Axi-symmetric + ut = 0

When geometry and boundary conditions are such that we have
∂( )

∂θ
= ( )t = 0 the situation

is referred to as being axi-symmetric.
In many cases boundary conditions are such that there is no displacement of material

points in tangential direction (ut = 0). In that case we have εrt = 0 → σrt = 0

plane strain : εzz = εrz = εtz = 0
plane stress : σzz = σrz = σtz = 0
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1.5 Inconsistency of plane stress

Although for plane stress the out-of-plane shear stresses must be zero, they are not, when
calculated afterwards from the strains. This inconsistency is inherent to the plane stress
assumption. Deviations must be small to render the assumption of plane stress valid.

σxz = 2Kεxz = 2Kuz,x 6= 0

σyz = 2Kεyz = 2Kuz,y 6= 0


	One-dimensional material models
	Material behavior
	Tensile curve : elastic behavior
	Tensile curve : viscoelastic behavior
	Tensile curve : elastoplastic behavior
	Tensile curve : viscoplastic behavior
	Tensile curve : damage
	Discrete material models

	Elastic material behavior
	Small strain elastic behavior
	Large strain elastic behavior
	Elasticity models

	Hyper-elastic models
	Mooney models
	Ogden models
	One-dimensional models
	Examples
	Limitations of axial stretch
	Instability and localisation
	Inflating a spherical balloon
	Stress update
	Stiffness
	Implementation
	Examples

	Elastoplastic material behavior
	Tensile test
	Compression test
	Interrupted tensile test
	Resumed tensile test
	Hardening
	Effective plastic strain
	Hardening laws
	Cyclic load
	Examples
	Reversed plasticity in a tensile bar
	Parallel truss structure
	Serial truss structure
	Elastoplastic model
	Constitutive equations
	Linear isotropic hardening
	Kinematic hardening
	Stress update
	Elastic stress predictor
	Elastic increment
	Elastoplastic increment
	Implicit solution procedure
	Stiffness
	Explicit solution procedure
	Implementation
	Examples
	Cyclic loading
	Clamped truss
	Truss structure

	Linear viscoelastic material behavior
	Linear elastic material behavior
	Linear viscous material behavior
	Viscoelastic material behavior
	Proportionality
	Superposition
	Boltzmann integral
	Step excitations
	Creep  (retardation)
	Relaxation
	Harmonic strain excitation
	Stress response
	Energy dissipation
	Relation between E', E'' and 
	Measured E', E'' and tan()
	Harmonic stress excitation
	Relation between D', D'' and 
	Measured D' and D''
	Relation between (D', D'') and (E', E'')
	Complex variables
	Viscoelastic models
	Maxwell model
	Maxwell : step excitations
	Maxwell : Boltzmann integrals
	Maxwell : harmonic stress excitation
	Maxwell : harmonic strain excitation
	Kelvin-Voigt model
	Kelvin-Voigt : step excitations
	Kelvin-Voigt : Boltzmann integral
	Kelvin-Voigt : harmonic stress excitation
	Standard Solid model
	Standard Solid : step excitations
	Standard Solid : Boltzmann integrals
	Generalized Maxwell model
	Generalized Kelvin model
	Stress update
	Time discretization
	Linear incremental strain
	Stress
	Stiffness
	Implementation
	Viscoelastic : differential formulation
	Examples
	Strain step
	Linear viscoelastic models
	Multi-mode model response

	Creep behavior
	Primary creep
	Secondary creep
	Tertiary creep
	Stress functions
	Temperature functions
	Time functions
	Creep model
	Stress update
	Implicit stress update
	Explicit stress update
	Stiffness
	Implementation
	Examples
	Creep versus viscoelasticity
	General creep model for SnAg-solder
	Special creep model for SnAg-solder

	Viscoplastic material behavior
	Viscoplastic (Perzyna) model
	Hardening laws
	Constitutive equations
	Stress update
	Elastic stress predictor
	Elastic increment
	Elastoviscoplastic increment
	Implicit stress update
	Explicit stress update
	Stiffness
	Implementation
	Examples
	Tensile test at various strain rates

	Nonlinear viscoelastic material behavior
	Nonlinear viscoelastic model
	Linear viscoelastic behavior
	Nonlinear viscoelastic behavior
	Creep
	Softening
	Hardening
	Aging and hardening
	Viscosity
	Nonlinear viscoelastic model
	Stress update
	Implicit stress update
	Explicit stress update
	Stiffness
	Implementation
	Examples
	Tensile test at various strain rates
	Tensile test for various polymers


