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STRUCTURAL ELEMENTS



structural elements
- equilibrium equation(s)
N - material behavior

Al - differential equation
- boundary conditions

material model needed for statistically undetermined problems
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Tension

No h N, N(x) N(x + dx)
— = i
g A up dx
N
d—-l—qh:O ; szch
dx
A
Hooke:G:EszE@ — N:EAﬂ
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d?u

(E, A uniform) EA s +qg,=0
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Pure bending

)
Y M(x) M(x + d)
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Wo wi
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d dd dw
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(E, I uniform) Elﬂ—l—qm—o
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Bending

)y D(x) D(x + dx)
: M(x M(x + dx
MoDo gn g, DuM " o ( )
EBEER* (|| D |])
bo A oL dx
Wo wi
d dD
e m D= y e v =
d +qm+ e +q
/\/I:—J(rydA , D:JTdA
A A
o do db d?w
. d3¢  dgm
(E, I uniform) EI? il 0
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Torsion

T(x + dx)

T(x)
«TO_} _»qt@_»_»‘ mt X 9t
90 A GL dX
T
d——i—qt:O ; T:J'TrdA
dx
A

T:Gy:Grﬁ — T:GKﬁ

dx dx

i d?0
(G, K uniform) GKW—I—qtzo
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3D DEFORMATION



Coordinate systems

x =rcos(0) ; y =rsin(0) ; z=1z

r=+x2+y% Gzarctan(§> ; z=2z
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Global deformation
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Local deformation

-~
L

total deformation =
1. elongation ~—  stretch
2. rotation —  shear
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Elongation — stretch

y
Io =|'
Pg 75 X A = x
°° 14 dXo
PR lf/\ X A _ﬂ
L] o yy
dyo
z/ / =|| )\ZZ:_Z
1y y dzo
dyo A>0
p o x P d);( A<l Vo A>1
// dZo dz
z/ aXp z/ dx

Piet Schreurs (TU/e) 12 / 109



Rotation — shear

Yxy = sin (% - exy) (ﬂ\) ) Yyz = sin (% - eyz) 5 Yzx = sin (% - ezx)
Yyx =Yxy 5 Yzy =Yyz 5  VYxz =Vax
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Total deformation

<
Il

[?\xx Ay Az Yy Yz Vax
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Principal directions of deformation

to
t
to
\2 t ds, 1
y SN2 O
-~ ds3
p dso3 ds;
z O x P
d501 3 /
3/
ds ds ds:
M=t Ap=—2 3= — ; Y2 =Y23=7Y31 =0
dso1 dsoo - dso3

U:[Al A A3 0 O o}

dv N d51 d52 d53

— = ——— = MMA3 =
dVo d501d502d503 17273 J

volume change

incompressible  —  AjAA3 =1
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Strains

strain definitions e="F(A)

with @ f(A=1)=0 AN =Ar-1

lim f
A—1

)

T T
éz{sel e, €, 0 0 o} Z{?\l—l Aa—1 A3—1 0 0 ol

-
A:{Eml €y, €my 0 0 0] :{In(?\l) In(A2) In(Az3) 0 O 0]

T T
E={sg,1 €gh € 0 0 o} ={5(7\§—1) IA—-1) IA2-1) 0 0 o}
no deformation . E=A=E=0
small deformations : A=A =A3 =~ - E~ARE
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STRESS



Forces

forces : - volume forces

- boundary forces
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Axial stress

O [ Oxx
Pl X
z/'
axial tensile force N = J odA = 0A
A
N
true or Cauchy stress o= i Osex
. . N
engineering stress Oop = —
Ao
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Hydrostatic stress

— Oxx = P
: g Oy =P
<fe-- ’ %—E Ozz =P
Pl X
z / ;
y
T ip Oxx = —Pp
I Oy =—P
U A Y - O, =—p
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Shear stress

Piet Schreurs (TU/e)

torsion moment
T =1TR2nRt

shear stress

. T
T 2mR?t

21 /109



Stress cube : Cartesian

Oxx Oxy Oxz

la
Il
)
X
)
3
q
N

Ozx Ozy Oz

T
0= [ Oxx Oyy Ozz Ox, Oy Oz ]
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Stress cube : cylindrical

Orr Ort Oz
0= Oy O O
Ozr Ozt Ozz

Piet Schreurs (TU/e) 23 /109



Principal stresses and directions

Sy

01 0 0 T
o=| 0 o, O : o=[o1 02 03 0 0 O]
0 0 03
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CONSTITUTIVE EQUATION(S)



Constitutive equation(s)

constitutive equation(s) o oo(t) =f(o(1),e(1),é(T) | T<LH)
linear behavior . o0=Cze — e=Clo=So
stiffness matrix . C
compliance matrix . S
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Isotropic linear material
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Isotropic material behavior in principal directions

01

2 (o)
\ \ -

1
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One-dimensional material behavior

2 o
\ 2 -
1 \
/s /s
02 = 03 = 0 ; 01 =
€r = €3 = &4 ) €1 =¢
o(t) =f(o(1),e(T),é(t) | T<t)
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HOMOGENEOUS TRUSS



Homogeneous truss

y
h A
y ’ ] X
| IO | ’; .........................9—)
] 1 e o X
v e B
z,” 0 z J
b — I 5 A — A ; A I _b+al_ 1 Al
A d 1A ’ o o
=4/ — = = A2
" Ao ( do) ' loAo
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Strains

€ 1 —-1)
A—1
In(A)
e=¢g=A—1
e=c¢,p=In(A)
0 A e=¢eg=3(N-1)
1

Poisson's ratio / contraction strain / volume change
e=f(A) — eg="Ff(u)=—ve

J=(e+1)(—ve+ 12 =283 +v(v—-2)e2 + (1 —2v)e +1
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Linear strain

Al
E=¢ = —1—/— €d =p—1=—vg

L= \/’_1_ A—1) — A=Afl—v(A—1)p2

restriction of elongation

1
W0 = vA-1) <1 — A-1<i o | A< Y
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Logarithmic strain

In(A) &g =In(uw) =—vep, =—vinA

e Ve — gV In(A) [eln(?\)]_v =AY _)

E=¢&n

A= Ao}\fzv

&>

u:

NO restriction of elongation
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Addition of strains

0 1 2
— [ ] [
N N
01 12
lo—h e/(01) = Ak
em(01) = In(%)
h—h g/(12) = &4
em(12) = In()
lo— €1(02) = b £ (01) + ¢/(12)

ein(02) = (, ) =In(##) = en(01) + £5n(12)
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Stresses

y
j —p —
x ——
D f) % NN N
X
A — D—p - D [
e N/u N
z z
axial force N(x)=N :J' o(y,z)dA :J' ocdA=0A
A A
. N
engineering stress Op = ——
Ao
N A N 1
true stress 0=—=——=-—0,
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Stiffness

B

Piet Schreurs (TU/e)

0
Oall
lo
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" Qe oA

c——=GCGA

AN 1
T A AN I

a1
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Mechanical power

€ lo, Ao
Doy e
P=Fi
s Uz I, A F
! §>Q ................................. S
linear strain g=r—1 = G =A=

logarithmic strain em =In(A)

— =
Green-Lagrange strain g4 = %(?\2 1) = ég= A= ?\,i =2 §

mechanical power using various strain rates

. F F .
P=Fl= Fl¢ = A—OAofoél = A—OVO?—I = = = Voong

. ) F . F . . . .
P=Fl= Fi, = ZAE&,,, = ZVS/H = Vo&, = W(Jo)é, = Voorén

p . F f0 . F —1- —1y - N .
P=Fi= Flo¢ = ZAKYEI = ZW\ &= V(oA )é = Wo(Jor e = Voopiéy

. F .
P=Fl=FI\ 2y = %Aer%g, =2 VAT2eg = V(oA 2)ég = Vo(JoA2) e = VoOpaiy
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Specific mechanical power
P=VWy=VW —

WO = O-nél =0k éIn = Op1 él = O-p2égl

W = = 0¢n :0.)\71‘;:,:0.7\72& /
8l
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Equilibrium

o, Ao P
bo
u
A
D A
LA fi fPg
D e
external force f.

internal force fi = fi(u)
equilibrium of point P fi(u) = £,
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Linear deformation

lo, Ao P
b a
u
I =~ lh, A= Ag f.
D’ éjé"e
I~ I, A= Ao . fP*f
Ds e
fl—f;(u):GnAO — f fi
EA
Eerz—Ou:Ku fe
lo
fi=Ku="~f —
_ . _f /_Of
Y==K T EA "
0

proportionality & superposition
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Nonlinear deformation

fi(u) fi(u) fi(u)
N fe K fe re* fe
r A
r f*
fi fi du ' du |
u* Uexact U ut ot Uexact U ut ut u

fi=0A="fi(u) ="
f;(u) non-linear —  iterative solution process needed
exact 50|Uti0n : Uexact — f;'(uexact) = fe — fe - f;'(uexact) =0

approximation : v* — fo—f(u*)=r(u*)#0
residual r* = r(u*)
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Newton-Raphson iteration procedure

known approximation u*

b

f;’(uexact) = fe
Uexact = U™ + du

tangential stiffness

new approximate solution
error smaller —

convergence control :
convergence control :

Piet Schreurs (TU/e)

unknown error du

df;
Flur +8u) = flu') + 22| su=*f
du

u*

Kr=4|. — f+Kdu=»f—
Kdu=fo—f*=r" — 5u:%r*

ut* = u* +du ; error  Uegacr — U™
convergence

[ <e¢ —
bul<c, —

stop iteration
stop iteration
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Tangential stiffness

internal nodal force

tangential stiffness

geometry

tangential stiffness

Piet Schreurs (TU/e)

£ = N() = Ao

. _ Ofil  _ONA)| _ dN| A
T du u*_ ou u*_ dA A+ ou
Al 1 oA 1
A +/o +/0u — 30 &
ke dN| A _dN| 1 dNIT 1
TN, 9u dA|y. kb dA| T
1d 1 dol* 1 . dAl"
= —_—— = — — A* —of —
L an A=A bC dh
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Converging iteration

fi(u)
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Non-converging iterations

:
' fi(u)
|
f
fi(u)
u
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Modified Newton-Raphson
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Incremental loading

Piet Schreurs (TU/e)
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MATERIAL MODELS



Time-dependency

(e}
t to t1 tr
o
t1 t t to
) K
t1 t t to
(0}
Kg__
t to t1 tr

Piet Schreurs (TU/e)
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Elastic behavior

e Linear or non-linear

o o o

e metal versus polymer

o

Piet Schreurs (TU/e) 51 / 109



Viscoelastic behavior

time dependency
strain rate dependency
phase difference  —  hysteresis
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Elastoplastic behavior

e permanent deformation
e hardening
o) o
€
o o
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Viscoplastic behavior

e time & strain rate dependency
e permanent deformation

e softening & hardening

o
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Damage

e softening
e different response for tensile and compression

o
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Discrete material models

e spring, dashpot, friction element

-

[e]
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ELASTIC BEHAVIOR



Elastic behavior

e no permanent deformation after unloading
e no path- or time dependency
e no energy dissipation

discrete elastic model

%__/\/\/W o constitutive eqn o =0o(A)
¢ stiffness G\ = 90 _ 900¢ C %

T 9N dcon o
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Small strain elastic behavior

. d . d
E = ||m;\_>1 d—;— = ||m£_>0 d_(ay
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Large strain elastic behavior

hypo-elastic models

e fit on experiments
e no thermodyn. basis
e exc. 3.8

hyper-elastic models

energy function W= W(I, bk, )
invariants h=N+MN+2A
b = NA3 4+ 373 + N3]
I3 = A1A2A3

specific elas. energy dW = o1de, + o2de, + 03den,
uni-ax..  dW =ode,, (exc. 3.1)
bi-ax..  dW =20de, (exc. 3.17)
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Mooney models

1,11
AONON

energy function W = Z Z G (1173)'. (1273)1. with  Coo =0
i

incompressible B=AMA3=1 — b

Neo-Hookean W = Cgo(h—3)

Mooney-Rivlin W = Cio (h —3)+ Co1 (b —3)
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Ogden models

slightly compressible
N
W = —|\J-
.Z b; [
i=1
highly compressible

N N

i (b bi bj i i

w=>3 E(?\1+?\2+7\3—3)+§ s
i=1 i=1

w|z

(Ab FAb Al )—3} +45K<J%—1>2
2 3
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Neo-Hookean one-dimensional models

W = Cio <)\2+§—3>

2 1
o= Cpo (2}\— ﬁ) A=2Cyo (?\2 — X)

oo 1
CA:5:2C10 <2)\+ﬁ> N

. 0o
E:?\Im)qla =6Cw0

1 1
F =0A= (TXAO = 2C10A0 ()\— F)

exc. 3.11

spherical balloon : exc. 3.17
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Mooney-Rivlin one-dimensional

2 1
W = Cpo )\2+——3>+C01 (7\—+2)\—3

hy 2
6 =2Cio (N2 — %) 2Cn (7\2_ %) !
= 2—; =2Cyo (27\+ %) +2Co1 <1+ %)
EZ&%%%ZMCm+Qﬂ

1 1 1 1\ 1
F:GA:GXAO:AOX [2C10 (AZ—X>+2C01 <)\2—X> X]

exc. 3.12
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ELASTOPLASTIC BEHAVIOR



Uniaxial tensile/compression test with small strains

e linear strain

e=¢ [l
p— l pr—
lo

e engineering stress

F
0O=0,=—
Ao
op
0 = Oyo
0y0
€50
€0.2

— g2 _ g2 —
f=0"—0,,=0

Piet Schreurs (TU/e)

Al
=

o
Oyo.
€
T O—yO

proportional limit
yield
initial yield stress
strain at 0,9 @ £,0 = 0y0/E
0.2-strain  : ¢, =0.2% = 0.002

yield function
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Interupted tensile test

o
S -
Oyot-
Bl :
L L ]ea e
€p L e
£E=¢€x total strain
€p plastic strain
€e elastic strain (springback)
A—B elastic trajectory elastic parameters constant Ao = EAe = EAe,
0y, =04 current yield stress
0, > 0y0 hardening
oy, ~¢&p hardening model €p : history parameter
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Total tensile test

On T
R F
L e =0.002 &0
oT tensile strength
OF fracture strength
EF fracture strain (~ 5% = 0.05)

(for metals : small strain)
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Hardening

isotropic hardening

kinematic hardening

Piet Schreurs (TU/e)

A/

elastic area : increasing & symmetric w.r.t. 0 =0

tensile :0=o0
. Y S f=02—02=0
compression: 0 = —0,, Y

elastic area : constant & symmetric w.r.t. 0 =gq
shift stress : g — shift elastic area

Bauschinger effect
tens. :0=qg+ 0y

2 a2
comp.:cr:q—cyo}_)f_(c q)" =0y =0
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Effective plastic strain

D
€ A D ol c
E A
C
B
| t Z/ e
B
E
Oyc > 0ya 5 €pc <€pa — effective plastic strain : £, =3 | [Ag)]
. . . |A£p|
effective plastic strain rate Ep = Z |Aey| = Z

:J |£p|dT—J €pdt
=0 T=0
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Linear hardening

€ U €

isotropic h. oycan not decrease —  effective plastic strain
hardening o, =0,0+HE,
yield criterion f=02—03() =0
kinematic h. g can decrease = — no effective plastic strain
hardening g=Kegp
yield criterion f={o—qlep))* — 05 =
isotr.-kinem. h.  hardening o,=0,0+tHE, : qg=Kg
yield criterion f={o—qlep) —02(5) =0

other models
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cyclic load

Hi

01

i

exc. 4.8

Piet Schreurs (TU/e)

exc. 4.4, 4.9
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Model

Oy
E o
H hal
€p €e

f:(c—q)z—(rf,

f<0 | f=0Af<0 — elastic

F=0Af=0 —  elastoplastic
o, = 0,(0y0,&p) ; qg=qlep)
Ae = Aee + Ag,

o= Ee¢,

&= |Ag
€
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Monotonuous tensile test : isotropic hardening

o B
A_— _éi,AG
+ é E
Ae J"_'L\ A£e
Aep
A A
Ac = EAe, = E(Ae — Ae,) = E(Ae—%) - E(A —{)
L . EH
constitutive equation Ao = ErH Ae = SAe
change plastic strain Ae Ao E Ae
i i =— =
gep P~ H "E+H
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Monotonuous tensile test : kinematic hardening

o B
A_— _fi,AG
€
: Ae J"_'L\ A£e
Aep
A A
Ac = EAe, = E(Ae — Ae,) = E <A£ _ 7") —E (Ae— 7“)
L . EK
constitutive equation Ao = ErK Ae = SAe
han lastic strain Ae—g—iAa
change plastic strai =K " ETK
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Monotonuous tensile test

inhomogeneous deformation, residual stresses exc. 4.19, 4.23
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VISCOELASTIC BEHAVIOR



Linear elastic material behavior

o € o
to tp t to tp t €
5:%0 — o=Ee — N:GA:EAeng/:kA/
e constant Young's modulus : Hooke's law E
e linear spring : spring stiffness k = E—IA
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Linear elastic material behavior

t th t t1 th t
to to £

e no dissipation : no area under (0, ¢)-curve

ty ty t1 ty
Ud:J' O'dE+J' crda:J Eeda—i—J' Eede
to t1 to ty
= LEl} — 3+ e3¢

=0
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Linear viscous material behavior

N N
-————————
(o) €
to tp t to t1 t
o o
€ €

1 A .
=o o omme o N:cA:nAé:nTA/:bA/

e constant viscosity : Newtonian fluid i
bp=14

e linear dashpot : damping constant -
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Linear viscous material behavior

t1 trh t

to

e dissipated energy ~ area

ty t ty ty t ta
Ud:J O'd&—I—J Gd&ZJ néde—l—J néd£:J ncde—J ncde

to ty to t to 5]
=ncle; —eo — &2 +€1]
=2nca
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Viscoelastic material behavior

ot

0o

¢

€0

Piet Schreurs (TU/e)

¢

€0
€0
?
to t to t -
o4
0---
_t, 00
to t to t ?

small deformations
spring-dashpot models
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Proportionality

e uniaxial tensile stress step loading

t3
t
t1

A\

fot1 o t3 ¢ toty to t3 ¢ toty to t3 ¢ Aohoho, Ao

e linear isochrones — proportionality
=  ¢(t) =AoD(t — tg) for V t>t

D(t — tg) is no function of the stresses
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Superposition

AO'O IAO’l

.............

to t1 t to t t

separate excitations
to : Aog — €(t) = AogD(t — tp) for t > tg
tp : Aoy = e(t) =Ao1D(t—ty) fort >ty

subsequent excitations

to : Aog — €(t) =AogD(t—ty) fortg <t <ty
t1 1 Ao =Aocg+ Aoy — g(t) =AogD(t —tg) + Ao D(t —t1) for t > t;
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Boltzmann integral

AO’O
o t1 b t to Tt
e(t) = AogD(t — tg) + Ao1D(t — t1) + Ao D(t — t) + ZAG, t;)
limit n—o0 (t—7)

:Jt D(t—T)dG(T):Jt D(t—T)dG(T)dTZJt D(t — 1)6(1) d

T=t, T=ty dT T=t,
t
idem : o(t) :J E(t—T1)é(T)dT
=t
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Step excitation

Heaviside function

H
t<th: H(tt") =
]. ------------- H(t,t*) < ( ) ) O
t>t*: H(t,t*) =1
0 £ t
Dirac function
d
5(t, t*) = — {H(t, t*
(t,6%) = — (H(t,t"))
5 f(T) t>t*
J S(t,t")dt=1
=0
t>t*
0 - : J F()5(t, £*) dt = F(t")
=0
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Creep (retardation)

° 1

0o

o(t) = ogH(t,0) — &(t) = 000(t,0)
e(t) :J D(t —T1)o(T) dt
T=0—

creep function . D(t)

Piet Schreurs (TU/e)

€0

D(t —T)0gd(T,0) dT = 00D(t)
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Relaxation

0o

€0

e(t) = eoH(t,0) — &(t) = €9d(t,0)
o(t) :J E(t—T)é(T) dT:J E(t —T)epd(T,0) dT = g9E (1)
T=0—

T=0"
relaxation function o E(b)
E(t)<0 vV t>0 ; E(t)>0 vV t>0
J E(t)dt>0 — lim E(t)=0
=0 t—ro0
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Harmonic strain excitation

-

€0 s

e(t) = ggsin(wt) —  &(t) = ggw cos(wt)

amplitude €0
angular frequency w [rad s71]
period and frequency T=2Z[1 ; f=1
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Harmonic stress response to strain excitation

t

o(t) = sowJ E(t—&)cos(wé&) d&

E=—0
t—€&f=s5s — E=t—s — d&=—ds
= gow f_:io E(s)cos{w(t —s)}ds
cos(wt — ws) = cos(wt) cos(ws) + sin(wt) sin(ws)

=g {w JOO E(s)sin(ws) ds] sin(wt) + € {wJ E(s)cos(ws) ds| cos(wt)
s=0 s=0

= goE’'sin(wt) + egE” cos(wt)

storage modulus E'(w) ~E(t)

loss modulus E"(w)~ E(t)
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Phase difference

27 1
e dissipated energy per unit of volume in one period 0<t< yr T = 3
e(T) T
Ud:J 0d£:J o¢ dt
e(0) t=0
= ftT:O {e0E’sin(wt) + egE” cos(wt)}{eow cos(wt)} dt
=nelE”" >0 = E">0 —
o(t=0)=¢eE">0
e  phase difference between stress and strain
e phase energy dissipation — heat
syl. p. 68
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Phase difference

A\

qm

o(t) = opsin(wt + 8) = og cos(d) sin(wt) + ogsin(d) cos(wt)

= goE’sin(wt) + egE” cos(wt)

E//
E' = ?cos(é) = tan(d) —
" OQO . - E”
E" = E—sm(é) d = arctan £
0

amplitude  0p = g/ (E")2 + (E")2

Piet Schreurs (TU/e)
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Measured E’, E” and tan(0)

El
El/

tan(0)
E/
E/I

w w
10~210° 102 10* 10° 10~210° 102 10* 10°

measurement of E’ and E” can be done accurately

E'(w),E”(w) — E(t) via fitting procedure

range w  — temperature — DMTA

measurement of E(t) in relaxation test is difficult — fit is inaccurate

o(t) = Eggsin(wt) = ggE'sin(wt) -
E'—E:E"=0:86=0

o(t) =né(t) =nwe, cos(wt) = ggE” cos(wt) —
E'=0; E'"=nw; =%

spring
dashpot

Piet Schreurs (TU/e) 93 / 109



Harmonic stress excitation and strain response

o(t) = ogsin(wt) —  &(t) = ogw cos(wt)

t

e(t) :J't_ D(t —1)6(7) dT:J' - D(t — t)opw cos(wT) dt

= 0p [w Joio D(s) sin(ws) ds} sin(wt) + og [w J B D(s) cos(ws) ds| cos(wt)

= 09 D’ sin(wt) — 09 D" cos(wt)

storage compliance D'(w) ~ D(t)

loss compliance D" (w) ~ Dt
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Phase difference

e(t) = ggsin(wt — &) = ggcos(d) sin(wt) — g sin(d) cos(wt)

= 09D’ sin(wt) — ogD” cos(wt)
storage and loss compliance

p' = cos(d)

DII DII

0o I - -

o isin(é) — { D7 tan(d) — & = arctan ( D’)
0o

amplitude €9 = og+/(D’)2 4 (D")2
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Measured D’ and D”

D’
D"
00 = €0/ (E')2 + (E")?
D’ —
€0 = 00/ (D)2 + (D)2
D!
[(E"2+ (E"P?] [(D"2 + (D" =1 (1)
107210° 10% 10* 10° w
D" E” E"
ﬁ = F — D/I = DI F (2)
E' E"
1 2 DI — . DII —
( ) & ( ) - (E')2 _EgE//)Z ) (E')2 _EglE//)Z
. E/ — . EII —
idem _(D/)‘z T (D”)2 ) (D/)2 + (DI/)2
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Complex variables

e(t) = egsin(wt) = gg cos(wt — Z) = Re {aoef"%e"“’t} = Re [e*e'“"]

o(t) = opsin(wt 4 8) = og cos(wt — § +8) = Re [er"(‘f’_%)e"“’t} = Re [0*e'®t]

*

Er=L — 205 00 o5) +i 20 sin(5) = E/ + iE”
a’: €0 €0 €0
D* = E—* = S0 gmio = 20 cos(5) — i < sin(s) = D' — iD”
(o) (o)) (o)) (o))
Eo = |E" = VEP+(E"P = 2
0
Dy = D*| = /(D' + (D7) = =
0o
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Maxwell

o

E=EE+ &y —

E=fptEg= S+

3la
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Step excitations

stress o(t) = ogH(t,0) — o(t) = 0gd(

strain e(t) = e¢ogH(t,0
ot €

oo oL

€t

£ EEO

Piet Schreurs (TU/e)

"'II

l"nl'—‘

99 / 109



Boltzmann integrals




Kelvin-Voigt

Piet Schreurs (TU/e)

E
WM

H

1
il
n

0=0g+0oq=Ee+né



Step excitations
stress o(t) = ogH(t,0) —» DV —

E
né(t) + Ee(t) = ooH(t,0) — e(t) = ep(t) +ep=Ce 1 '+ %

E
f(t=0=0-C=—2 —e(t)=5 {1—e_ﬁt} = 0oD(t)
strain e(t) = eoH(t,0) —

é(t) = €06(t,0)0 — DV —
o(t) = EegH(t,0) +negd(t,0) = g0 [E +M6(t,0)] = o0

o1 T

0o

mi= ™

Oo

Piet Schreurs (TU/e)
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Boltzmann integral

T=—00
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Standard Solid

o

€y €e

0=0c + Ove = Exxe +Mé,
Ove
E

=Eoe+mn(é —ée) = Exe+méi—n
:Eooa—l—né—%((r—Eooé) -

E+E
o+%d=5ms+“7( ’;‘”)é
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Step excitations

o | e |
£
0o 4
E,+E; §
T L+g t
e | o 1 (E, + Es)eo
€0
Ep{io \
© o ©

Piet Schreurs (TU/e)
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Boltzmann integrals

‘ 1 E EwE (1
= — N (Eco +E)
o= [ e T (x) dt
ot)=[1_ {EOOJFEe 0 e () dt
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Generalized Maxwell

gk = [
Tnl Tnz T T
|
t .
E(t):Eoo—I—;E,-e T ; T,-:%
equilibrium modulus E, = thoo E(t)
glass modulus E; = tli_n)10 E(t)=Ex + Z E;
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Generalized Kelvin

E1 E2
Eg
-} -l I
M1 T2
B . _ni -
_—+Z (1—e T: ; Ti—E—Dg+ZDi(1_e )
| i D, = = = lim D(¢)
glass compliance s = = Jim
equilibrium compliance Do = lim D(t) = Dg + Z Di
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Examples

Piet Schreurs (TU/e)

harmonic excitation Maxwell :

Mentat/MARC

exc. 5.12
exc. 5.18
exc. 5.20

example



