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Preface

These lecture notes present the theory of ” Applied Elasticity”. The first word of the title indi-
cates that the theory can be applied to study, analyze and, hopefully, solve practical problems
in engineering. It is obvious that we mean Mechanical Engineering, where the mechanical
behavior of structures and materials is the subject of our studies. We do not consider the
dynamical behavior, which is typically the subject of dynamics, so the loading of the material
is static and vibrations are assumed to be of no importance.

The second word of the title of this lecture notes indicates that the material must always
be elastic. Although there are materials, which stay elastic even when their deformation is
very large — e.g. elastomers or rubber materials — this is not what we will look at. We confine
ourselves to small deformations. When deformations in such materials become larger than a
certain threshold, the elastic behavior is lost and permanent or plastic deformation will occur.
We will not study plastic deformation in this course, but what we certainly have to do is to
search for and formulate the limits of the elastic regime.

The theory in these notes is formulated with vectors and tensors, so the first chapter
explains what we need to know of this mathematical language.

In the second chapter, much attention is devoted to the mathematical description of the
deformation. The small deformation theory is derived as a special case of the general defor-
mation theory. It is important to understand the assumptions and simplifications, which are
introduced in this procedure.

Deformation is provoked by external loads, leading to stresses in the material. These
stresses have to satisfy some general laws of physics: the balance laws for momentum and
moment of momentum. The momentum balance appears to result in a vectorial partial dif-
ferential equation, which has to be solved to determine the stresses. Only for very simple
statically determinate problems, this can be done directly. Most problems in mechanics,
however, are statically indeterminate and in that case the deformation has to be taken into
account.

Deformation and stresses are obviously related by the properties of the material. The
material behavior is modeled mathematically with stress-strain relations, also referred to as
constitutive relations. For small elastic deformation, these relations are linear.

Combining balance laws and stress-strain relations leads to equations, from which the
deformation can be solved. However, only for simple problems in terms of geometry and
loading conditions. an analytical solution can be determined. For more practical problems
we have to search for approximate solutions, which can be found by using numerical approx-
imations.

Numerical solutions of mechanical problems are routinely determined with the Finite
Element Method (FEM). In this course, we will use the commercial FEM package MSC.Marc.
Making a model and observing the analysis results is done by the graphical interface MSC.Men-



tat. First we will analyze problems for which an analytical solution can be determined. The
differences between analytical and numerical solutions, however small these may be, will help
us to understand the FEM procedures. Obviously, the numerical method can be used for
problems for which an analytical solution can not be determined.



Chapter 1

Vectors and tensors

In mechanics and other fields of physics, quantities are represented by vectors and tensors.
Essential manipulations with these quantities will be summarized in this appendix. For
quantitative calculations and programming, components of vectors and tensors are needed,
which can be determined in a coordinate system with respect to a vector basis.

1.1 Vector

A vector represents a physical quantity which is characterized by its direction and its magni-
tude. The length of the vector represents the magnitude, while its direction is denoted with
a unit vector along its axis, also called the working line. The zero vector is a special vector
having zero length.

ST

Fig. 1.1 : A vector @ and its working line

a=|lal| &
length : |||
direction vector : 2 ; el =1
zero vector 0
unit vector 2 ; el =1



1.1.1 Scalar multiplication

A vector can be multiplied with a scalar, which results in a new vector with the same axis.
A negative scalar multiplier reverses the vector’s direction.

S

Fig. 1.2 : Scalar multiplication of a vector d

SH
I
Q
Sy

1.1.2 Sum of two vectors

Adding two vectors results in a new vector, which is the diagonal of the parallelogram, spanned
by the two original vectors.

Fig. 1.3 : Addition of two vectors
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1.1.3 Scalar product

The scalar or inner product of two vectors is the product of their lengths and the cosine of
the smallest angle between them. The result is a scalar, which explains its name. Because the
product is generally denoted with a dot between the vectors, it is also called the dot product.

The scalar product is commutative and linear. According to the definition it is zero for

two perpendicular vectors.

Fig. 1.4 : Scalar product of two vectors d and b

a-b=|lal| ||bl| cos(¢)
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1.1.4 Vector product

The vector product of two vectors results in a new vector, who’s axis is perpendicular to the
plane of the two original vectors. Its direction is determined by the right-hand rule. Its length
equals the area of the parallelogram, spanned by the original vectors.

Because the vector product is often denoted with a cross between the vectors, it is also
referred to as the cross product. Instead of the cross other symbols are used however, e.g.:

axb ; axb

The vector product is linear but not commutative.

Fig. 1.5 : Vector product of two vectors @ and b
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¢=axb={||dll||b]| sin(¢)}

= [area parallelogram] 7@

1.1.5 Triple product

The triple product of three vectors is a combination of a vector product and a scalar product,
where the first one has to be calculated first because otherwise we would have to take the
vector product of a vector and a scalar, which is meaningless.

The triple product is a scalar, which is positive for a right-handed set of vectors and
negative for a left-handed set. Its absolute value equals the volume of the parallelepiped,
spanned by the three vectors. When the vectors are in one plane, the spanned volume and
thus the triple product is zero. In that case the vectors are not independent.

Fig. 1.6 : Triple product of three vectors d, b and &

axb-c={||dl| IIZEII sin(¢) }{7 - ¢}
= {llafl [[b]] sin(¢)H{||e]] cos(¢)}

= |volume parallelepiped|

>0 — @b ¢ right handed
<0 — a, g, ¢ left handed
= — a, g, ¢ dependent



1.1.6 Tensor product

The tensor product of two vectors represents a dyad, which is a linear vector transformation.
A dyad is a special tensor — to be discussed later —, which explains the name of this product.
Because it is often denoted without a symbol between the two vectors, it is also referred to
as the open product.

The tensor product is not commutative. Swapping the vectors results in the conjugate
or transposed or adjoint dyad. In the special case that it is commutative, the dyad is called
symmetric.

A conjugate dyad is denoted with the index ( )¢ or the index ( )7 (transpose). Both
indices are used in these notes.

5
5

Fig. 1.7 : A dyad is a linear vector transformation

@b = dyad = linear vector transformation

conjugated dyad (&'5)6 = ba # ab
symmetric dyad (a@ a

1.1.7 Vector basis

A vector basis in a three-dimensional space is a set of three vectors not in one plane. These
vectors are referred to as independent. Each fourth vector can be expressed in the three base

vectors.
When the vectors are mutually perpendicular, the basis is called orthogonal. If the basis

consists of mutually perpendicular unit vectors, it is called orthonormal.

Fig. 1.8 : A random and an orthonormal vector basis in three-dimensional space



random basis

orthonormal basis

right-handed basis

{517 527 53}
{517 527 53}
& = 0y

— — —

1*€2 =¢€3

9

—

I

51*52'53#0

(0i; = Kronecker delta)

&€ =0

— — —

2%€3 =¢€]

I

i#Ej 5 €eei=1

—

€3 % €] = €2

1.1.8 Matrix representation of a vector

In every point of a three-dimensional space three independent vectors exist. Here we assume
that these base vectors {€1, €3, €3} are orthonormal, i.e. orthogonal (= perpendicular) and
having length 1. A fourth vector @ can be written as a weighted sum of these base vectors.
The coefficients are the components of @ with relation to {é},é5,é3}. The component a;
represents the length of the projection of the vector @ on the line with direction €;.

We can denote this in several ways. In index notation a short version of the above
mentioned summation is based on the Einstein summation convention. In column notation,
(transposed) columns are used to store the components of @ and the base vectors and the
usual rules for the manipulation of columns apply.

3 €1
S o . oL N _ To T
d=a16) +axr+azf3 =Y a;€i=a;€i=[a1 az az || & | =a' €=¢éa
i=1 €3
as
a
€3
€y a2
el '

Fig. 1.9 : A vector represented with components w.r.t. an orthonormal vector basis



1.1.9 Components

The components of a vector @ with respect to an orthonormal basis can be determined directly.
All components, stored in column a, can then be calculated as the inner product of vector a

and the column € containing the base vectors.

!

ai:c?-éi i:1,2,3

a

[y
[y

a9 =
as

D Sl ®
Il
ST

Dy S’l ®
Il
I
e

ISTRESTRRST]
w

w

1.2 Coordinate systems

1.2.1 Cartesian coordinate system

A point in a Cartesian coordinate system is identified by three independent Cartesian co-
ordinates, which measure distances along three perpendicular coordinate axes in a reference

point, the origin.

In each point three coordinate axes exist which are parallel to the original coordinate
axes. Base vectors are unit vectors tangential to the coordinate axes. They are orthogonal

and independent of the Cartesian coordinates.

T3

€3
T2
&
51 B
xry ot
Fig. 1.10 : Cartesian coordinate system
Cartesian coordinates : (1,2, 23) or (z,y,2)

Cartesian basis : {€1, 8,3} or {€x, €y, €}
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1.2.2 Cylindrical coordinate system

A point in a cylindrical coordinate system is identified by three independent cylindrical coor-
dinates. Two of these measure a distance, respectively from (1) and along (z) a reference axis
in a reference point, the origin. The third coordinate measures an angle (6), rotating from a
reference plane around the reference axis.

In each point three coordinate axes exist, two linear and one circular. Base vectors are
unit vectors tangential to these coordinate axes. They are orthonormal and two of them
depend on the angular coordinate.

The cylindrical coordinates can be transformed into Cartesian coordinates :

x1=rcos(d) ; wxe=rsin(f) ; x3=2
Z2
r=/o?+2% ; Gzarctan[—} ; z=2a3
x1

The unit tangential vectors to the coordinate axes constitute an orthonormal vector base
{€, €, €.}. The derivatives of these base vectors can be calculated.

T3
z .
WA

............... =

€3

€y x2
€1
0 )

x1

Fig. 1.11 : Cylindrical coordinate system

cylindrical coordinates : (r,0,2)
cylindrical basis : {€.(0),é.(0),e.}
é-(0) = cos(f)ey +sin(0)é ; €(0) = —sin(f)é1 + cos(0)éa ; €. =¢é3
o¢, = —sin(0)e) + cos(f)ea =& ; 9é, = —cos(f)ée; — sin(0)é = —é,

a0 00

1.2.3 Spherical coordinate system

A point in a spherical coordinate system is identified by three independent spherical coor-
dinates. One measures a distance (r) from a reference point, the origin. The two other
coordinates measure angles (6 and ¢) w.r.t. two reference planes.
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In each point three coordinate axes exist, one linear and two circular. Base vectors are
unit vectors tangential to these coordinate axes. They are orthonormal and depend on the
angular coordinates.

The spherical coordinates can be translated to Cartesian coordinates and vice versa :

x1 =rcos(f)sin(¢) ; xo =rsin(f)sin(¢d) ; x3=rcos(d)
A Ll I x2
r=/x{+x5+x5 ; ¢ = arccos [ " ] ;0 =arctan [m]

The unit tangential vectors to the coordinate axes constitute an orthonormal vector base
{€:, €}, €y}. The derivatives of these base vectors can be calculated.

T3

I

Fig. 1.12 : Spherical coordinate system

spherical coordinates : (r,0,9)
spherical basis : {er(0,¢),e(0),e5(0,¢)}

é-(0,¢) = cos(0) sin(¢p)éey + sin(0) sin(p)es + cos(¢p)és
é;(0) = —sin(#)éy + cos(6)es
€5(0,¢) = cos(f) cos(p)ér + sin(f) cos(¢)ea — sin(p)és

oe,
00
oe,
99
dé}
do

% = —sin(#) cos(¢)é1 + cos(#) cos(¢p)éa = cos(¢)é;

aa—if = —cos(0) sin(¢)é1 — sin(0) sin(p)ez — cos(p)es = —é,

= —sin(#) sin(¢p)e; + cos() sin(¢)és = sin(¢p)é;

= cos(f) cos(¢)er + sin(f) cos(¢)er — sin(p)ez = €,

—

= —cos(f)e) —sin(f)ex = —sin(¢p)é, — cos(¢P)éy
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1.2.4 Polar coordinates

In two dimensions the cylindrical coordinates are often referred to as polar coordinates.

Z2

Fig. 1.13 : Polar coordinates

polar coordinates ; (r,0)
polar basis : {€.(0),é(0)}

é-(6) = cos(0)é + sin(f)eér

a(0) = 0

= —sin(0)é] + cos(0)és

1.3 Position vector

A point in a three-dimensional space can be identified with a position vector Z, originating

from the fixed origin.

1.3.1 Position vector and Cartesian components

In a Cartesian coordinate system the components of this vector & w.r.t. the Cartesian basis

are the Cartesian coordinates of the considered point.

The incremental position vector dZ points from one point to a neighbor point and has

its components w.r.t. the local Cartesian vector base.
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€3 4
T3 dx
€2
€1
€3 T
62 ) IIJ‘Q
€ ‘
X

Fig. 1.14 : Position vector

T = x1€1 + 128 + 363
T+ d¥ = (:El + d$1)€1 + (332 + dl‘g)é& + (:Eg + d$3)53

di = dx1€) + dxoés + drsés

incremental position vector
dxlzdf-él N d$2:df'€2 N dl‘gzdf'éé

components of dZ

1.3.2 Position vector and cylindrical components

In a cylindrical coordinate system the position vector £ has two components.
The incremental position vector dZ has three components w.r.t. the local cylindrical

vector base.

T3
z dz
€,
€t
L g,
€, B
€3 z
€9 . €2
€1 €y
0
T

T

Fig. 1.15 : Position vector
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Z+d¥ = (r+dr)é.(0+do) + (z + dz)e,
= (r+4dr) {a(e) + Cf;g d@} + (2 + dz)e,
= 1€,(0) + z€, + rey(0)dd + dre,.(0) + €,(0)drdf + dzée,
incremental position vector d¥ =dré,(0) +rdféf) + dz e,
components of dT dr=dz-e, ; d@z%di-é} i dz=dx-e,

1.3.3 Position vector and spherical components

In a spherical coordinate system the position vector & has only one component, which is its

length.
The incremental position vector d has three components w.r.t. the local spherical vector

base.

F4dE = (r+dr)é. (0 + db, ¢ + do)

= (r+dr) {e?(@, ¢) + O6r do + O6r qu}

00 ¢
=& (0,9) + rsin(¢)& (0)db + réy(0, ¢)dg + dre. (0, ¢)
incremental position vector di = dré.(0,¢) + rsin(¢) df €(6) + rdpey(0, ¢)

1
components of dT dr=dz-e. ; df= dr-e; ; d¢=—dT-ey
T

~ rsin(¢)

1.4 Gradient operator

In mechanics (and physics in general) it is necessary to determine changes of scalars, vec-
tors and tensors w.r.t. the spatial position. This means that derivatives w.r.t. the spatial
coordinates have to be determined. An important operator, used to determine these spatial
derivatives is the gradient operator.

1.4.1 Variation of a scalar function

Consider a scalar function f of the scalar variable x. The variation of the function value
between two neighboring values of x can be expressed with a Taylor series expansion. If the
variation is very small, this series can be linearized, which implies that only the first-order
derivative of the function is taken into account.
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f(z + dz)

% dx df

z r+dz

Fig. 1.16 : Variation of a scalar function of one variable

df = f(x+dr) - f(z)

_ df L Pf o

= f(z) + dw'xdzn—l-z 102 xdl‘ +..— f(x)
daf

T dx md‘r

Consider a scalar function f of two independent variables x and y. The variation of the func-
tion value between two neighboring points can be expressed with a Taylor series expansion.
If the variation is very small, this series can be linearized, which implies that only first-order
derivatives of the function are taken into account.

0 0
df:f(a:+dw,y+dy)+a—f dx—i—a—f dy+ .. — f(z,y)
L l(2,y) Yl(ay)
~ ? dx + % dy
L l(ay) Yl(ay)

A function of three independent variables x, y and z can be differentiated likewise to give the
variation.
of

df%a—x

of
dl’"i‘ 8_y

(z,y,z2,) (z,y,2,) (z,y,2,)

Spatial variation of a Cartesian scalar function

Consider a scalar function of three Cartesian coordinates x, y and z. The variation of the
function value between two neighboring points can be expressed with a linearized Taylor series
expansion. The variation in the coordinates can be expressed in the incremental position
vector between the two points. This leads to the gradient operator.

The gradient (or nabla or del) operator V is not a vector, because it has no length or
direction. The gradient of a scalar a is a vector : Va
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Oa 8(1 8(1 L . .0a L _.0a L _.0a
., da 4aa q(‘)a R
=dT- exa +eya 5} =dZ-(Va)
. = 0 L0  _0 q .
gradient operator V= [ew%—l—eya—y—l— 5, =y =V'e

Spatial variation of a cylindrical scalar function

Consider a scalar function of three cylindrical coordinates r, 8 and z. The variation of the
function value between two neighboring points can be expressed with a linearized Taylor series
expansion. The variation in the coordinates can be expressed in the incremental position
vector between the two points. This leads to the gradient operator.

da da aa _,qaa 1q48a L L. 0a
. _,aa 1_0a _ Oa
—d$' ETE—F;&&%—FEZ& —dZE (V(I)
_ e R A R R
gradient operator V—erE—l— t;%+e a——g V=V'e¢

Spatial variation of a spherical scalar function

Consider a scalar function of three spherical coordinates r, 8 and ¢. The variation of the
function value between two neighboring points can be expressed with a linearized Taylor
series expansion. The variation in the coordinates can be expressed in the incremental position
vector between the two points. This leads to the gradient operator.

8 Ja 1 da 1 da

5 Ji. @ I »
. qaa 1 _0a 1_ Oa -
=dr. GTE—I_T‘ST@QOH_‘_ €¢a¢ =dx- (Va)
| a1 010 ag org
gradlent Operator V—era—l—etm@—l—e ;8—¢ =€ v V e

1.4.2 Spatial derivatives of a vector function

For a vector function @(Z) the variation can be expressed as the inner product of the difference
vector d and the gradient of the vector @. The latter entity is a dyad. The inner product of
the gradient operator V and @ is called the divergence of @. The outer product is referred to
as the rotation or curl.

When cylindrical or spherical coordinates are used, the base vectors are (partly) functions
of coordinates. Differentiation must than be done with care.
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The gradient, divergence and rotation can be written in components w.r.t. a vector basis.
The rather straightforward algebraic notation can be easily elaborated. However, the use of
column/matrix notation results in shorter and more transparent expressions.

-

grad(@) =Va ; div(@=V-ad ; rot(@=V=xa

Cartesian components

The gradient of a vector @ can be written in components w.r.t. the Cartesian vector basis
{€z,€y,€-}. The base vectors are independent of the coordinates, so only the components of
the vector need to be differentiated. The divergence is the inner product of V and @ and thus
results in a scalar value. The curl results in a vector.

0z

L 0 L . .
<ex— + eya +ée.— | (az€y + ayey + a.e)
= €uly 4€p + €Uy 1€y + €10, 2€, + EyQy o€ +

€yQy, yey + eyaz yez + e,a, Zew + ezay zey + ezaz 2€5

% c.
:[gr €y 52] a% [ar ay “2] €y :gT(V@T)Q
0 €

G (62 e e it ad 4 ai)
@= €y eyay €5, Az €y + Qy€y + Q€
_ vay _ Ty _ =
= + By + 5 tr(Y@ ) tr(Va)

- L0 L0 . . .
Vxd= ex—x—i—ey——i—eza * (ap€y + ay€y + a€;)

Cylindrical components

The gradient of a vector @ can be written in components w.r.t. the cylindrical vector basis
{€r,€;,€,}. The base vectors &, and €; depend on the coordinate €, so they have to be
differentiated together with the components of the vector. The result is a 3x3 matrix.

.9 10 0
Va={eq +eig5 T 5t
1

o T O L Lt
= erar,rer + erat,ret + eraz,rez + et;ar,ter + et;at,tet + et;az,tez + et;aret - et;ater

{a,€, + a1y + a.€,}

€20y €p + €,0¢4 € + €,0, L€,
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0 0 0 O
T T\ = 1 1, T T 1 1
=e€ (Va )e—l— —éa, ——€ay |} p=¢€ (Yg )e+ ——a; —a, O
r T
0 0 0 O

<
oy
I
—+
=
<
Q
~
S~—
_l_
(=
-~

1 1
(h) = Gry + ; att + az, + ; Qp

€£+€12+€2 * (ar€r + ar€y + az€)
raT tT80 Z(‘?z rCr tCt A

- - ~ ~ L1 - - - - -
= €p % {ar,rer + agr€r + az,rez} + € * ; {ar,ter + are; + ag e — ager + az,tez} +

<l
*
oL
Il

€z X {ar,zer + a6 + az,zez}
- L 1 - - - - -
= at,rez - az,ret + ; - ar,tez + at€y + az,ter + ar,zet - at,zer

1 - _ 1 .
= |:;az,t —Qtz| €+ [Qry — Qypp| €+ |Qrp — ;ar,t + ;at €z

Laplace operator

The Laplace operator appears in many equations. It is the inner product of the gradient
operator with itself.

Laplace operator Vi=V-.V
0? 0? 0?
Cartesian components Vie 4 24—
I P Ox? * 0y? * 072

92 10 18 0?

o 9
cylindrical components V* = 52 + B + 558 + 57

spherical components V2 —82 +2 9 + _ i _82 + 1 _82 + 1 0

] g _ — J— -

P P or? r or \rsin(¢)) 0602 r2 942 r?tan(¢p) 0¢

1.5 2nd-order tensor

A scalar function f takes a scalar variable, e.g. p as input and produces another scalar variable,
say ¢, as output, so we have :

q=f(p) or P —— q

Such a function is also called a projection.
Instead of input and output being a scalar, they can also be a vector. A tensor is
the equivalent of a function f in this case. What makes tensors special is that they are
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linear functions, a very important property. A tensor is written here in bold face character.
The tensors which are introduced first and will be used most of the time are second-order
tensors. KEach second-order tensor can be written as a summation of a number of dyads.
Such a representation is not unique, in fact the number of variations is infinite. With this
representation in mind we can accept that the tensor relates input and output vectors with
an inner product :

A

§=A-p or Po— q
tensor = linear projection A-(am+ pi) =aA-m+ [A-7
representation A = a1d1by + andoby + agdisbs + ..

1.5.1 Components of a tensor

As said before, a second-order tensor can be represented as a summation of dyads and this
can be done in an infinite number of variations. When we write each vector of the dyadic
products in components w.r.t. a three-dimensional vector basis {€1, €, €3} it is immediately
clear that all possible representations result in the same unique sum of nine independent
dyadic products of the base vectors. The coefficients of these dyads are the components of
the tensor w.r.t. the vector basis {€1, €2, €3}.

The components of the tensor A can be stored in a 3 x 3 matrix A. The components
can also be stored in a column. In that case the sequence of these columns must be always
chosen the same. This latter column notation of a tensor is especially convenient for certain
mathematical elaborations and also for the manipulations with fourth-order tensors, which
will be introduced later.

A = a1d1by + andoby + agdsbs + ..

each vector in components w.r.t. {€1,€3,€3} —

A= al(a11€1 + a12€9 + a13€3)(b11€1 + b12€5 + b13€3) +
ag(a21€1 + ag99€9 + a23€3)(b21€1 + b9 €y + b23€3) + ...
= Apne1é + Ajpe1és + Aj3éi€3 +
A21€2€1 + A28 + Agzéaés +

A3z1€3€1 + Aza€36s + Aszezes

matrix notation

A A Agg €1 .
A=[é& & & || An A A e | =¢ A€
Az1 Az Ass €3

column notation

A — A — A=[An Ay Ay A Axn Axp Ay Az A
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1.5.2 Spatial derivatives of a tensor function

For a tensor function A(Z) the gradient, divergence and rotation or curl can be calculated.
When cylindrical or spherical coordinates are used, the base vectors are (partly) functions of
coordinates. Differentiation must than be done with care.

The gradient, divergence and rotation can be written in components w.r.t. a vector basis.
The rather straightforward algebraic notation can be easily elaborated. However, the use of
column/matrix notation results in shorter and more transparent expressions.

Only the divergence w.r.t. a cylindrical vector basis is elaborate here.

grad(A)=VA ; div(A)=V-A ; rot(A)=VxA

Divergence of a tensor in cylindrical components

The divergence of a second order tensor can be written in components w.r.t. a cylindrical
coordinate system. Index notation is used as an intermediate in this derivation. The indices
i, 7,k take the "values” 1 =72 =t(=0),3 = z.

<

CA=2¢- Vi(ngjkék)
i+ (Vi€j)Ajiey + € - €5(ViAjr)ek + € - € Ajr(Viél)
= ¢+ (Vi€j)Ajrer + 0ij(ViAjr)er + 0ij A (Vier)

!

Il
o

. 1, 1
Vi€ = 03201, = 05202 e

. 1 1 . . 1 1
= €; - (6;201; e = di202; . er)Ajrer + 6:(ViAjk)ek + 6 Aji(0i201k e di202k . €r)

. 1 1 . . 1 1
= €+ (0i201; e = di202; . &) Ajrer + 61 (ViAjr)er + (0201 e di0ok . &) Ajdij

. 1. 1 N N 1 1
= €+ (01 Se - 02 - ér)Ajrer + (ViAjL)er + (05201k Se - 0200k, - ) Ajp,

1 . . 1 1,

= 0y; - Ajrer + (VA i)er + (05201% - € — 04202k - er)Ajk

1 . N 1 . .
= ;Alkek + (VjAjr)er + . (Agi€; — Agoél)

1 1 N 1 1 . 1 - o

- ;All — ;A22)61 + (;A12 - ;A21)€2 + ;A1363 + (VjAjr)ek
LEL + VjAjkgk
Te+ (vhA)e

=49
9

=(Y'Ae+g"¢  with  ¢"=

S|

[ (A1 — Az) (A +Ay) Ass |
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1.5.3 Special tensors

Some second-order tensors are considered special with regard to their results and/or their
representation.

The dyad is generally considered to be a special second-order tensor. The null or zero
tensor projects each vector onto the null vector which has zero length and undefined direction.
The unit tensor projects each vector onto itself. Conjugating (or transposing) a second-order
tensor implies conjugating each of its dyads. We could also say that the front- and back-end
of the tensor are interchanged.

Matrix representation of special tensors, e.g. the null tensor, the unity tensor and the
conjugate of a tensor, result in obvious matrices.

dyad ab
null tensor o — O-7=0
unit tensor I — I.p=p
conjugated A° — A¢-p=p-A
null tensor —  null matrix

0 0O

O=¢-0-d"=100 0
0 00

unity tensor —  unity matrix

s
Il
Wy
>
[Q)
4
1
S
Il
Wy
>
)
ey
4

1.5.4 Manipulations

We already saw that we can conjugate a second-order tensor, which is an obvious manipu-
lation, taking in mind its representation as the sum of dyads. This also leads automatically
to multiplication of a tensor with a scalar, summation and taking the inner product of two
tensors. The result of all these basic manipulations is a new second-order tensor.

When we take the double inner product of two second-order tensors, the result is a scalar
value, which is easily understood when both tensors are considered as the sum of dyads again.

scalar multiplication B=aA
summation C=A+1B
inner product C=A-B



22

double inner product A:B = A°: B° = scalar

NB : A-B+B-A
A’=A-A : AP=A-A-A : etc.

1.5.5 Scalar functions of a tensor

Scalar functions of a tensor exist, which play an important role in physics and mechanics. As
their name indicates, the functions result in a scalar value. This value is independent of the
matrix representation of the tensor. In practice, components w.r.t. a chosen vector basis are
used to calculate this value. However, the resulting value is independent of the chosen base
and therefore the functions are called invariants of the tensor. Besides the Euclidean norm,
we introduce three other (fundamental) invariants of the second-order tensor.

1.5.6 FEuclidean norm

The first function presented here is the Euclidean norm of a tensor, which can be seen as a kind
of weight or length. A vector base is in fact not needed at all to calculate the Euclidean norm.
Only the length of a vector has to be measured. The Euclidean norm has some properties
that can be proved which is not done here. Besides the Euclidean norm other norms can be
defined.

m = ||A|| = max ||A - €] vV & with |le]]=1
properties
1. || Al >0
2. Al = [af [|A]l
3. |A-BJ| <||A]l [|B]|
4. |A+ Bl <||A][ +[|B]|

1.5.7 1st invariant

The first invariant is also called the trace of the tensor. It is a linear function. Calculation of
the trace is easily done using the matrix of the tensor w.r.t. an orthonormal vector basis.

J1(A) =tr(A)
1
= ————[¢1-A-(Cy* )+ cycl]
1%C2+C3
properties

1 J1(A) = J1(A9)
2 Ji(I)=3
3 Jl(OéA) = OéJl(A)
4 Ji(A+ B) = Ji(A) + Ji(B)
5 JI(A-B)=A:B — JiI(A)=A:1
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1.5.8 2nd invariant

The second invariant can be calculated as a function of the trace of the tensor and the trace
of the tensor squared. The second invariant is a quadratic function of the tensor.

Jo(A) = ${tr*(A) — tr(A*)}
1 C p=g —
= m[Cl . (A-CQ) * (A'C3) +CyC|]
properties

Jo(A) = Jo(AC)
Jo(I) =
Jg(()éA)

w

o?Jo(A)

1.5.9 3rd invariant

The third invariant is also called the determinant of the tensor. It is easily calculated from
the matrix w.r.t. an orthonormal vector basis. The determinant is a third-order function of
the tensor. It is an important value when it comes to check whether a tensor is regular or
singular.

J5(A) = det(A)
L ((AeE) (A-) 5 (4-E)
Cl1 *Cg+C3

properties

A W NN =
oo

1.5.10 Invariants w.r.t. an orthonormal basis

From the matrix of a tensor w.r.t. an orthonormal basis, the three invariants can be calculated
straightforwardly.

A Ap Ais
A — A= | Ay Az A
Az Az Ass
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Ti(A) = tr(A) = tr(A)
= Ay + A + Asg

Jo(A) = 3{tr*(A) — tr(A?)}

J3(A) = det A = det(A)
= A1 Ay Azz + A19 A3 A3 + A1 AzpAss
— (A13A22A31 + A12A21 Agg + Ag3 Az Arr)

1.5.11 Regular ~ singular tensor

When a second-order tensor is regular, its determinant is not zero. If the inner product of a
regular tensor with a vector results in the null vector, it must be so that the former vector
is also a null vector. Considering the matrix of the tensor, this implies that its rows and
columns are independent.

A second-order tensor is singular, when its determinant equals zero. In that case the
inner product of the tensor with a vector, being not the null vector, may result in the null
vector. The rows and columns of the matrix of the singular tensor are dependent.

det(A)#£0 < A regular — [A-@=0 < da=0
det(A)=0 < A singular «— [A.-G=0 : a#0

1.5.12 Eigenvalues and eigenvectors

Taking the inner product of a tensor with one of its eigenvectors results in a vector with
the same direction — better : working line — as the eigenvector, but not necessarily the same
length. It is standard procedure that an eigenvector is taken to be a unit vector. The length
of the new vector is the eigenvalue associated with the eigenvector.

A-f=\ii  with A#0

From its definition we can derive an equation from which the eigenvalues and the eigenvectors
can be determined. The coefficient tensor of this equation must be singular, as eigenvectors
are never the null vector. Demanding its determinant to be zero results in a third-order
equation, the characteristic equation, from which the eigenvalues can be solved.

A-i=Xxi  —  Ai-di=0 - A-di-M-i=0 -
(A-XD)-7i=0  with @#0 —

A — M\ singular — det(A—XI)=0 —
det(A—XI)=0 —  characteristic equation

characteristic equation : 3 roots DAL A9, A3
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After determining the eigenvalues, the associated eigenvectors can be determined from the
original equation.

eigenvector to \;, ¢ € {1,2,3} : (A= X\I)-7; =0 or (A—XI)n; =0
dependent set of equations — only ratio nj : no : n3 can be calculated
components ni,n9,ng calculation —  extra equation necessary

normalize eigenvectors — |lAll=1 — ni+nd+ni=1

It can be shown that the three eigenvectors are orthonormal when all three eigenvalues have
different values. When two eigenvalues are equal, the two associated eigenvectors can be
chosen perpendicular to each other, being both already perpendicular to the third eigenvector.
With all eigenvalues equal, each set of three orthonormal vectors are principal directions. The
tensor is then called ’isotropic’.

1.5.13 Relations between invariants

The three principal invariants of a tensor are related through the Cayley-Hamilton theorem.
The lemma of Cayley-Hamilton states that every second-order tensor obeys its own charac-
teristic equation. This rule can be used to reduce tensor equations to maximum second-order.
The invariants of the inverse of a non-singular tensor are related. Any function of the principal
invariants of a tensor is invariant as well.

Cayley-Hamilton theorem A3 — J1(A)A® + L(A)A — (AT =0

relation between invariants of A~}

1.6 Special tensors

Physical phenomena and properties are commonly characterized by tensorial variables. In
derivations the inverse of a tensor is frequently needed and can be calculated uniquely when
the tensor is regular. In continuum mechanics the deviatoric and hydrostatic part of a tensor
are often used.

Tensors may have specific properties due to the nature of physical phenomena and quan-
tities. Many tensors are for instance symmetric, leading to special features concerning eigen-
values and eigenvectors. Rotation (rate) is associated with skew-symmetric and orthogonal
tensors.
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inverse tensor Al Al A=T

deviatoric part of a tensor A=A — %tr(A)I

symmetric tensor A=A

skew-symmetric tensor A°=—-A

positive definite tensor a-A-@a>0 V a#0

orthogonal tensor (A-@)-(A-b)=a-b vV ab
adjugated tensor (A-@)* (A-b)=A"-(@xb) YV a,b

1.6.1 Inverse tensor

The inverse A™! of a tensor A only exists if A is regular, i.e. if det(A) # 0. Inversion is
applied to solve Z from the equation A -# = ¢ giving £ = A~'- 7.

The inverse of a tensor product A - B equals B™'- A7, so the sequence of the tensors
is reversed.

The matrix A~" of tensor A~! is the inverse of the matrix A of A. Calculation of A~

can be done with various algorithms.

det(A)#0 « JI A1 | A A=T

property
(A-B)-i=b — a=(A-B)'-b
(A-B)-a=A-(B-@)=b — —
d=A"1b — @a=B'.A'.p
(A-B)'=B7!.A!
components (minor(A;;) = determinant of sub-matrix of A;;)
ATl = L (—1)""7 minor(A;;)
Tt det(A) 7

1.6.2 Deviatoric part of a tensor

Each tensor can be written as the sum of a deviatoric and a hydrostatic part. In mechanics
this decomposition is often applied because both parts reflect a special aspect of deformation

or stress state.

Al =A— Ttr(A)I ; 2tr(A)I = A" = hydrostatic or spherical part
properties
1. (A+ B)?= A+ B?
2, tr(A%) =0

3. eigenvalues (u;) and eigenvectors (17;)
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det(A% — uI) =0 —
det(A — {3tr(A) + p}I
(A? — puI) - =0 —

0 — p=X—itr(A)

(A—{3tr(A) +p}I)-m=0  —
(A-XI)-m=0 —  m=q

1.6.3 Symmetric tensor

A second order tensor is the sum of dyads. When each dyad is written in reversed order, the
conjugate tensor A results. The tensor is symmetric when each dyad in its sum is symmetric.

A very convenient property of a symmetric tensor is that all eigenvalues and associated
eigenvectors are real. The eigenvectors are or can be chosen to be orthonormal. They can be
used as an orthonormal vector base. Writing A in components w.r.t. this basis results in the
spectral representation of the tensor. The matrix A is a diagonal matrix with the eigenvalues
on the diagonal.

Scalar functions of a tensor A can be calculated using the spectral representation, con-
sidering the fact that the eigenvectors are not changed.

A=A
properties
1. eigenvalues and eigenvectors are real
2. A;  different — 7; L —
3. X; not different — 7; chosen L
eigenvectors span orthonormal basis {71, 7o, 73}
proof of L :
S _ S 1 _
on;, =o-n;, — Njg=—0O-°*'N; —
0
ﬁlﬁ]:—ﬁ]UﬁZ:—ﬁZUﬁj — ﬁZUﬁJZO — ﬁZﬁJZO
o; 0j
spectral representation of A A=A-T=A- (17 + 7fafiy + Tiiis)
= \1711781 + AaTiaflo + A37i37i3
functions
IR D B .
AT = —yny + —Tofly + —Tisfis +
Al Ao A3

VA = /Nty 4+ haftaits + / Asiisiis
In A = In \7i171 + In Ag7iaris + In Agrisiis
sin A = sin(\y)7171 + sin(\g)fi2fie + sin(A3)7is7is
Ji1(A) =tr(A) = A1+ A2+ A3
Ja(A) = ${tr?(A) —tr(A- A)} = 3{(0 + Ao+ X3)” — (AT + A3+ A9)}
Jo(A) = det(A) = M Aads
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1.6.4 Skew-symmetric tensor

The conjugate of a skew-symmetric tensor is the negative of the tensor.

The double dot product of a skew-symmetric and a symmetric tensor is zero. Because
the unity tensor is also a symmetric tensor, the trace of a skew-symmetric tensor must be
Zero.

A skew-symmetric tensor has one unique azial vector.

A°=—A
properties

1. A:B=1tr(A-B)=1tr(A°-B°) = A°: B¢
A°=-A —- A:B=-A:B°
B°=B — A:B=-A:B
B=1 — tr(A)=A:1=0
Aq=F — AG=0-AT=—7-A-] —
T-A-7=0 — ¢ -
3 & suchthat A.-g=p=0J

!

The components of the axial vector & associated with the skew-symmetric tensor A can be
expressed in the components of A. This involves the solution of a system of three equations.

. A A Ags qQ . Anqr + Ar2ge + Ai13qs
A-g=¢ | Ay Axp A @ | =¢ | Aaq + Asge + A2zqs
Az Aszy Ass q3 Asz1qn + A3z2q2 + A3sq3

G*q= (wlél + woly + wgég,) * (q1€1 + go2€5 + Q3€3)

= w1q2(€3) + w1q3(— €2) + waq1(— €3) + waqs(€1)+
w3q1(€2) + w3qa(—€1)

waq3 — w3q2 0 —w3 wo
=& | waq —wigs — A= w3 0 —w
w1g2 — waqi —wy Wi 0

1.6.5 Positive definite tensor

The diagonal matrix components of a positive definite tensor must all be positive numbers.
A positive definite tensor cannot be skew-symmetric. When it is symmetric, all eigenvalues
must be positive. In that case the tensor is automatically regular, because its inverse exists.
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a-A-@>0 V a#0
properties
1. A cannot be skew-symmetric, because :
a-A-d=ad-A°-d —
i-(A—A%-a=0 — ad-A-a=0 V da
A skew-symm. — A°=-A

all eigenvalues positive —  regular

1.6.6 Orthogonal tensor

When an orthogonal tensor is used to transform a vector, the length of that vector remains

the same.

The inverse of an orthogonal tensor equals the conjugate of the tensor. This implies that
the columns of its matrix are orthonormal, which also applies to the rows. This means that
an orthogonal tensor is either a rotation tensor or a mirror tensor.

The determinant of A has either the value 41, in which case A is a rotation tensor, or

—1, when A is a mirror tensor.

properties

(A-0)-(A-0)=0-0 — [A-9]] =]
i-A°“Ab=a-b — A-A°=1 — A°=A"!
det(A-A°) =det(A)? =det(I) =1 —

det(A)=+1 — A regular

Rotation of a vector base

A rotation tensor @ can be used to rotate an orthonormal vector basis m to 7. It can be
shown that the matrix Q™ of Q w.r.t. ii is the same as the matrix Q"™ w.r.t. 1.

The column with the rotated base vectors 7 can be expressed in the column with the
initial base vectors m as : 77 = QT m, so using the transpose of the rotation matrix Q.

1 = Q- my nymy = Q- mymy

Mg = Q - 1Mo —  Tigmg = Q- Mamo - Q=7'm

N3 = Q- ms3 ni3ms = @ - m3ms

QW =7.Q-i" = @-a"m-a’ =m-i" QM = Qm —

& . & &

QM =m-Q-m" =i (m-m') =i m=Qi — 7=Q"m
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We consider a rotation of the vector base {€7, €, €3} to {&1, 5, €5}, which is the result of three
subsequent rotations : 1) rotation about the 1-axis, 2) rotation about the new 2-axis and 3)
rotation about the new 3-axis.

For each individual rotation the rotation matrix can be determined.

3
1

=) _ g, (1 0 0 ]
=0 = Mg, + sV, Q,=]0 M —sO
£ = Mg, 1 Mg, L0 s W
51(2) _ 0(2)51(1) _ @z [ @ 0 @7
- (2 - (1
&) =& 9= 0(2) 1 (02)
g2 = @z 4 20 | =5 0 7 ]
&% = g 45052 C 5™ 0]
52(3) _ _8(3)512) 1 e® 52(2) Q, = s@ B 9
206 _ 22 0 0 1

3 3 )

23 243 e
Q= | Vs 4 M@ M) _ D2)463) g1
- sB) _ @) 0B 4 (D@3 )2

A tensor A with matrix A w.r.t. {€1,€5,€3} has a matrix A* w.r.t. basis {£1,&3,83}. The
matrix A* can be calculated from A by multiplication with @, the rotation matrix w.r.t.
{€1,ées,¢3}.

The column A with the 9 components of A can be transformed to A* by multiplication
with the 9x9 transformation matrix T : A*=TA. When A is Symmetric: the transformation
matrix T is 6x6. Note that T is not theNrepreseiltation of a tensor.

The matrix 71" is not orthogonal, but its inverse can be calculated easily by reversing
the rotation angles : I_l = T(—ay, —ag,—ag). The use of the transformation matrix T is

described in detail in appendix B.
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1.6.7 Adjugated tensor

The definition of the adjugate tensor resembles that of the orthogonal tensor, only now the
scalar product is replaced by a vector product.

(A-3)«(A-b)=A*-(@xb) Y ab
property A°- A =det(A)I

1.7 Fourth-order tensor

Transformation of second-order tensors are done by means of a fourth-order tensor. A second-
order tensor is mapped onto a different second-order tensor by means of the double inner
product with a fourth-order tensor. This mapping is linear.

A fourth-order tensor can be written as a finite sum of quadrades, being open products
of four vectors. When quadrades of three base vectors in three-dimensional space are used,
the number of independent terms is 81, which means that the fourth-order tensor has 81
components. In index notation this can be written very short. Use of matrix notation
requires the use of a 3 x 3 x 3 x 3 matrix.

‘A:B=C
tensor = linear transformation ‘A (aM +3N)=a'A: M+ 3%A: N
representation 1A = a161l;151cf1 + a26252526Z2 + a3635353d?) + ..
components 1A= €;€; Aijr1€LEl

1.7.1 Conjugated fourth-order tensor

Different types of conjugated tensors are associated with a fourth-order tensor. This also
implies that there are different types of symmetries involved.

A left or right symmetric fourth-order tensor has 54 independent components. A tensor
which is left and right symmetric has 36 independent components. A middle symmetric tensor
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has 45 independent components. A total symmetric tensor is left, right and middle symmetric

and has 21 independent components.

fourth-order tensor ‘A=gbed

total conjugate : tA°=deba

right conjugate : ‘A =gGbde

left conjugate 1 —paed

middle conjugate A" =Gebd

symmetries

left 1g=44" . B.:%A=B°:*A Vv B

right ‘A=14" , ‘A.B=%A:B° V B

middle 1A =14"

total ‘A=14° ; B:%A:C=C°:"A:B° VYV B,C

1.7.2 Fourth-order unit tensor

The fourth-order unit tensor maps each second-order tensor onto itself. The symmetric fourth-
order unit tensor, which is total symmetric, maps a second-order tensor on its symmetric part.

‘1-B=B vV B

components i1 =

4T not left- or right symmetric ‘I : B= B # B = ‘I : B¢
B:‘I=B+#B°=B°: I

symmetric fourth-order tensor i = % (1 + 4ITC) = %é}éj(&ﬁjk + dindj1)€Rel

1.7.3 Products

Inner and double inner products of fourth-order tensors with fourth- and second-order tensors,
result in new fourth-order or second-order tensors. Calculating such products requires that

some rules have to be followed.

‘A.-B="4C — Aijem Bt = Cijrl

‘A:B=C - AijriBi = Cij
‘A:B#+B: %A



rules

‘A ‘B ="1C — AijmnBrmit = Cijil
‘A:'B#'B: A

‘A:(B-C)=('A-B):C
A-B+B°-A°="'T":(A-B)=('T""A): B

33
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Chapter 2

Kinematics

The motion and deformation of a three-dimensional continuum is studied in continuum me-
chanics. A continuum is an ideal material body, where the neighborhood of a material point
is assumed to be dense and fully occupied with other material points. The real microstructure
of the material (molecules, crystals, particles, ...) is not considered. The deformation is also
continuous, which implies that the neighborhood of a material point always consists of the
same collection of material points.

Kinematics describes the transformation of a material body from its undeformed to its
deformed state without paying attention to the cause of deformation. In the mathematical
formulation of kinematics a Lagrangian or an Eulerian approach can be chosen. (It is also
possible to follow a so-called Arbitrary-Lagrange-Euler approach.)

The undeformed state is indicated as the state at time ¢ty and the deformed state as the
state at the current time ¢. When the deformation process is time- or rate-independent, the
time variable must be considered to be a fictitious time, only used to indicate subsequent
moments in the deformation process.

)

Fig. 2.1 : Deformation of continuum

35
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2.1 Identification of points

Describing the deformation of a material body cannot be done without a proper identification
of the individual material points.

2.1.1 Material coordinates

Each point of the material can be identified by or labeled with material coordinates. In a
three-dimensional space three coordinates {£1,&2,£3} are needed and sufficient to identify a
point uniquely. The material coordinates of a material point do never change. They can be
stored in a column § : gT = [ & & &3 ] .

to 13
P

Fig. 2.2 : Material coordinates

2.1.2 Position vectors

A point of the material can also be identified with its position in space. Two position vectors
can be chosen for this purpose : the position vector in the undeformed state, T, or the posi-
tion vector in the current, deformed state, . Both position vectors can be considered to be
a function of the material coordinates &.

Each point is always identified with one position vector. One spatial position is always
occupied by one material point. For a continuum the position vector is a continuous differ-
entiable function.

Using a vector base {€}, 5, €3}, components of the position vectors can be determined
and stored in columns.

Fig. 2.3 : Position vector



37

—

undeformed configuration (tg) Zo = X(&,to) = x01€1 + 0282 + T03€3

deformed configuration (t) T=x(&t) = x1€1 + 1265 + x3€3

2.1.3 Lagrange - Euler

When a Lagrangian formulation is used to describe state transformation, all variables are
determined in material points which are identified in the undeformed state with their initial
position vector Zy. When an Fulerian formulation is used, all variables are determined in
material points which are identified in the deformed state with their current position vector .
For a scalar quantity a, this can be formally written with a function Ay, or Ag, respectively.

Lagrange : a = Ar(Zo,t)
Euler : a= Ag(Z,t)

The difference da of a scalar quantity a in two adjacent points P and () can be calculated in
both the Lagrangian and the Eulerian framework.
Lagrange : da =ag — ap = Ar(Zo + dZo,t) — AL(Zo,t) = dZp - (ﬁoa)‘t

Euler da = ag — ap = Ap(& + dF,t) — Ap(i,t) = d - (%)L

This leads to the definition of two gradient operators, 60 and ﬁ, respectively.

For a vectorial quantity a@, the spatial difference da in two adjacent points, can also be
calculated, using either V or V. For the position vectors, the gradients result in the unity
tensor I.

<L
8y
I
~

VoZo =1

2.2 Deformation

Upon deformation, a material point changes position from #y to Z. This is denoted with a
displacement vector . In three-dimensional space this vector has three components : wuq, us
and ug.
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The deformation of the material can be described by the displacement vector of all
the material points. This, however, is not a feasible procedure. Instead, we consider the
deformation of an infinitesimal material volume in each point, which can be described with a
deformation tensor.

Fig. 2.4 . Deformation of a continuum

—

U =& — Ty = u1€1 + ug€s + u3€3

2.2.1 Deformation tensor

To introduce the deformation tensor, we first consider the deformation of an infinitesimal
material line element, between two adjacent material points. The vector between these points
in the undeformed state is dZy. Deformation results in a transformation of this vector to dz,
which can be denoted with a tensor, the deformation tensor F'. Using the gradient operator
with respect to the undeformed state, the deformation tensor can be written as a gradient,
which explains its much used name : deformation gradient tensor.

47 = F - dZ,
= X:(_‘o—i-dx(),t) —X((Zo,t) = dfo- (ﬁof)
- (“Of ‘. diy = F - di,

In the undeformed configuration, an infinitesimal material volume is uniquely defined by
three material line elements or material vectors dZo1, dZpe and dZpz. Using the deformation
tensor F', these vectors are transformed to the deformed state to become d¥7, d¥s and dZr3.
These vectors span the deformed volume element, containing the same material points as in
the initial volume element. It is thus obvious that F' describes the transformation of the
material.
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tO F t
dZo3 — T

I WA

Fig. 2.5 : Deformation tensor

A

di, = F -dry ) diy = F - d¥po ; d¥s = F - dos

Volume change

The three vectors which span the material element, can be combined in a triple product. The
resulting scalar value is positive when the vectors are right-handed and represents the volume
of the material element. In the undeformed state this volume is dV{ and after deformation the
volume is dV. Using the deformation tensor F' and the definition of the determinant (third
invariant) of a second-order tensor, the relation between dV and dV{) can be derived.

to 7 t
dTo3 —

<[> v‘

Fig. 2.6 : Volume change
undeformed configuration dVy = dZo1 * dZos - dZo3

current configuration dV = d¥q * dZy - dis
= (F - dZo1) = (F - dZp2) - (F - dZo3)
= det(F)(df()l * dZoa * d.’z()g)
= det(F)dVj
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volume change factor J =det(F) = %
0

Area change

The vector product of two vectors along two material line elements represents a vector, the

length of which equals the area of the parallelogram spanned by the vectors.

deformation tensor F', the change of area during deformation can be calculated.

dA7 = diy * dEy = (F - dZg) * (F - dZo)
dAfi - (F - dZy3) = (F-dZo) * (F - dZyy) - (F - dZp3)
= det(F)(dZo; * dZog) - dZos YV diyy —
det(F)(dZo1 * dZg2)
det(F)(dZo; * dZgs) - F*
et(F)dAg 7y F~!
Agiig+ (F~' det(F))

dAn-F
An

I
&Q

Inverse deformation

Using the

The determinant of the deformation tensor, being the quotient of two volumes, is always a
positive number. This implies that the deformation tensor is regular and that the inverse
F~! exists. It represents the transformation of the deformed state to the undeformed state.

The gradient operators V and Vj are related by the (inverse) deformation tensor.

det(F)=J>0 — F regular — inverse F!

inverse deformation : dZo = F~°dx

I=F°F — VZ=F"° (Vi) —

<

=F .V,

Homogeneous deformation

The deformation tensor describes the deformation of an infinitesimal material volume, ini-
tially located at position Zy. The deformation tensor is generally a function of the position

Zo.

When F' is not a function of position Zy, the deformation is referred to as being homo-
geneous. In that case, each infinitesimal material volume shows the same deformation. The
current position vector & can be related to the initial position vector Zy and an unknown rigid

body translation .
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/&

N

Fig. 2.7 : Homogeneous deformation

ﬁof: F°¢ = uniform tensor — &= (Zy-F°) +t=F-Zy+1

2.2.2 Elongation and shear

During deformation a material line element dZ is transformed to the line element dZ. The
elongation factor or stretch ratio A of the line element, is defined as the ratio of its length
after and before deformation. The elongation factor can be expressed in F' and éy, the unity
direction vector of dZy. It follows that the elongation is calculated from the product F€- F,
which is known as the right Cauchy-Green stretch tensor C'.

F
—a dx

4o /
S ]
€0 e

Fig. 2.8 : Elongation of material line element

R ||d|| VdZ - dT VdZy- F-F-dZy ||dZ|| s—m———=
)\(eo) = = = = = = — = = = eO.F .F.eo
l|[dZo]|  /dZy - dZg VdZo - dTy ||dZol|
=& -F°-F.-& =+/&-C-&

We consider two material vectors in the undeformed state, dzy; and dZpe, which are perpen-
dicular. The shear deformation ~ is defined as the cosine of 6, the angle between the two
material vectors in the deformed state. The shear deformation can be expressed in F' and €y
and €po, the unit direction vectors of dZy; and dZge. Again the shear is calculated from the
right Cauchy-Green stretch tensor C' = F¢- F'.
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v(€o1, €n2) = Sin(g —0) = cos(0)

dZo2

2.2.3 Strains

F
- =
dZ
dZo1 €2
0
€01
dxry
€1

Fig. 2.9 : Shear of two material line elements

dzy - dZy

€ F°-F-epp  €y-C-ep

~ Az [[[dZ2]] ~  A(@or) AEos)

~ M€o1) M€o2)

The elongation of a material line element is completely described by the stretch ratio A. When
there is no deformation, we have A = 1. It is often convenient to describe the elongation with a
so-called elongational strain, which is zero when there is no deformation. A strain ¢ is defined
as a function of A, which has to satisfy certain requirements. Much used strain definitions
are the linear, the logarithmic, the Green-Lagrange and the Euler-Almansi strain. One of the
requirements of a strain definition is that it must linearize toward the linear strain, which is
illustrated in the figure below.

linear

Green-Lagrange

)

eE=

g=x—-1
Egl:%(/\2—1)

logarithmic e = In(A)

1
Euler-Almansi Eea = % <1 — ﬁ)

15 2 25 3
A

Strain definitions
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2.2.4 Strain tensor

The Green-Lagrange strain of a line element with a known direction éy in the undeformed
state, can be calculated straightforwardly from the so-called Green-Lagrange strain tensor FE.
Also the shear v can be expressed in this tensor. For other strain definitions, different strain
tensors are used, which are not descussed here.

2 {N(e) -1} =éy-[3(F-F—1I)]-é=é-E-é

(Go1.00) €1+ [F°-F —1]-ép 2 _—
€01,€02) = = e E-é€
Green-Lagrange strain tensor  : E = %(FC .F 1)

2.3 Principal directions of deformation

In each point P there is exactly one orthogonal material volume, which will not show any
shear during deformation from ¢y to ¢t. Rigid rotation may occur, although this is not shown
in the figure.

The directions {1,2,3} of the sides of the initial orthogonal volume are called principal
directions of deformation and associated with them are the three principal elongation factors
A1, A9 and A3. For this material volume the three principal elongation factors characterize
the deformation uniquely. Be aware of the fact that the principal directions change when the
deformation proceeds. They are a function of the time .

The relative volume change J is the product of the three principal elongation factors.
For incompressible material there is no volume change, so the above product will have value
one.

to
L to
2 t d82 1
d802 /
Yy ng
d803 dsy
z O

5 / dso1 3

Fig. 2.11 : Deformation of material cube with sides in principal directions

dSl dsg ds3
)\ N A - 5 A = — N = g —
YT B 2 T B T s Y2 =723 =731 =0
dv d31d82d33
J=—=—"—""""= A1 oA
dV() d801d802d$03 17243



44

2.4 Linear deformation

In linear elasticity theory deformations are very small. All kind of relations from general
continuum mechanics theory may be linearized, resulting for instance in the linear strain
tensor &, which is then fully expressed in the gradient of the displacement. The deformations
are in fact so small that the geometry of the material body in the deformed state approximately
equals that of the undeformed state.

Not only straining and shearing must be small to allow the use of linear strains, also the rigid
body rotation must be small. This is immediately clear, when we consider the rigid rotation of
a material line element P(Q) around the fixed point P. The z- and y-displacement of point @,
u and v respectively, are expressed in the rotation angle ¢ and the length of the line element
dzxg. The nonlinear Green-Lagrange strain is always zero. The linear strain, however, is only
zero for very small rotations.

¢
P_ . Q
i) dx()

Fig. 2.13 : Rigid rotation of a line element
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u = [cos(¢) —1]dzo ; v = [sin(¢)]do
ou ov

Fre cos(¢p) —1 Fre sin(¢)
. Cou o (ouN, (o)
Green-Lagrange strain Eql = . + 3 <8—3:0> +3 <8_$0>

= cos(¢) — 1+ 3 [cos(¢) — 1%+ %Sinz(qS) =0

Y =cos(¢p) —1#0

N 8ZEO
small rotation — ¢ =0

linear strain €l

Elongational strain, shear strain volumetric strain

For small deformations and rotations the elongational and shear strain can be linearized and
expressed in the linear strain tensor €. The volume change ratio J can be expressed in linear
strain components and also linearized.

elongational strain % ()\2(501) — 1) = éy - F-ép
1
A€p) =1 = éoi-e-én
shear strain (€01, €2) = sin (E — 9) = 2z €o1+ E - €y
’ 2 )\(501) )\(ébQ)
1
%—9 = 2501-6-502
dVv d81d82d83
| h =87 ON9505s s = 1 1 1
volume change AV~ dsordsondson 12223 = (€1 +1)(e2 +1)(e2 + 1)
1
J = e1+testes+1l=trle)+1
volume strain J—1 = tr(e)

2.4.1 Linear strain matrix

With respect to an orthogonal basis, the linear strain tensor can be written in components,
resulting in the linear strain matrix.

€11 €12 €13 €21 = €12
e=| €1 €22 €23 with €32 = €23
€31 €32 €33 €31 = €13
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2.4.2 Cartesian components

The linear strain components w.r.t. a Cartesian coordinate system are easily derived using the
component expressions for the gradient operator and the displacement vector. For derivatives

. o( );
a short notation is used : ( )” = ( )Z.
8:Ej
. - 0 L, 0 0
gradient operator V=6 +6 — +6 —
ox oy 0z
displacement vector U = Ug €y + Uy€y + U E,
linear strain tensor e=1 {(Vﬁ)c + (Vﬁ)} =élece
€xx Exy Exz 2ux,x Ugy T Uyz Ugz+ Uzg
E= | &yz Eyy Eyz | = Uy, + Uz,y 2uy,y Uy,z T Uzy
Ezx Ezy Ezz Uz g T Uz Uzy + Uy » 2uz,z

Compatibility conditions

The six independent strain components are related to only three displacement components.
Therefore the strain components cannot be independent. Six relations can be derived, which
are referred to as the compatibility conditions.

0%e 826yy 8269@ 0%e 825yz 0%e,., 8269@
= + = +

0y? Ox? Ox0y Oyoz Ox? 0x0y 010z

826yy N 0%, _y 82€yz 82Eyy N 0%c,y B 82€yx 82Eyz

022 oy2 T Oyoz 020x oy2  Oydz  Oyox

e, ey _o D%e.,, D%, n 8269@ B 8262y n e,

Ox? 022 T 020z Ox0y 022 020 020y

2.4.3 Cylindrical components

The linear strain components w.r.t. a cylindrical coordinate system are derived straight-
forwardly using the component expressions for the gradient operator and the displacement
vector.

radient operator V=¢ 8+q18+€ 0
& P T or Y * 0z
displacement vector U= up€,.(0) + uey(0) + u,é,
linear strain tensor e=1 {(ﬁﬁ)c + (ﬁﬁ)} =élece
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1
Err Ert Erz 1 2ur,r F(ur,t - ut) + Uty Upy+ Uy
— _ 1 1 1
E=| € Eu €z | = B (wr — ug) + ugy 2 (uy + ugt) FUzt T Utz
1
Ezr Ezt Ezz Uz p + Up 2 7 Uzt + Ut 2 2uz,z

Compatibility condition

In the rf-plane there is one compatibility relation.

1 6267«7« 6261515 2 6267«15 1 667«7« 2 851&1‘, 2 867«15

292 o2 rordd ror Tror 2o9

2.4.4 Principal strains and directions

Because the linear strain tensor is symmetric, it has three real-valued eigenvalues {e1,e2,¢3}
and associated eigenvectors {7, M2, 7i3}. The eigenvectors are normalized to have unit length
and they are mutually perpendicular, so they constitute an orthonormal vector base. The
strain matrix w.r.t. this vector base is diagonal.

The eigenvalues are referred to as the principal strains and the eigenvectors as the prin-
cipal strain directions. They are equivalent to the principal directions of deformatieon. Line
elements along these directions in the undeformed state ty do not show any shear during
deformation towards the current state t.

spectral form € = €117 + €97iafig + €37Ti3M3
&1 0 0

principal strain matrix e=| 0 e 0
0 0 £3

2.5 Special deformations

2.5.1 Planar deformation

It often happens that (part of) a structure is loaded in one plane. Moreover the load is often
such that no bending out of that plane takes place. The resulting deformation is referred to
as being planar.

Here it is assumed that the plane of deformation is the zjxo-plane. Note that in this
planar deformation there still can be displacement perpendicular to the plane of deformation,
which results in change of thickness.

The in-plane displacement components uq and ug are only a function of 1 and xo. The
out-of-plane displacement ug may be a function of z3 as well.

ur =w(z1,22) ;5 ug =wus(xr,x2) ;  usz =us(xr,x2,x3)
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2.5.2 Plane strain

When the boundary conditions and the material behavior are such that displacement of
material points are only in the zjxo-plane, the deformation is referred to as plane strain in
the x1xo-plane. Only three relevant strain components remain.

up =up(z1,22) 5 uz =wug(xy,x2) 3 uz=0

e3=0 ;5 73=723=0

2.5.3 Axi-symmetric deformation

Many man-made and natural structures have an axi-symmetric geometry, which means that
their shape and volume can be constructed by virtually rotating a cross section around the
axis of revolution. Points are indicated with cylindrical coordinates {r,6, z}. When material
properties and loading are also independent of the coordinate #, the deformation and resulting
stresses will be also independent of §. With the additional assumption that no rotation around
the z-axis takes place (u; = 0), all state variables can be studied in one half of the cross section
through the z-axis.

Fig. 2.14 : Axi-symmetric deformation

% =0 — U = up(r,2)€,.(0) + uy(r, 2)ér(0) + u.(r, 2)e,
9 =0and uy =0 — U = up(r, 2)€,(0) + uy(r, 2)é,

00

The strain-displacement relations are simplified considerably.
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2’LL7«77« 0 Upz + Uz p
=3 0 2%(ur) 0 when u; =0
Uz p + Up 2 0 2u

)

Axi-symmetric plane strain

When boundary conditions and material behavior are such that displacement of material
points are only in the r-plane, the deformation is referred to as plane strain in the rf-plane.

plane strain deformation

Up = uT(h 9)

Ut = ut(ra 9) —  Eup = Yrz =Ytz =0
u, =0
linear strain matrix
1 2ur,7’ Ut r — %(ut) 0
E=g | Utr— T (uy) 2 (u,) 0
0 0 0

plane strain deformation with u; =0

0
up = up(r) 1 2
u, =0 } T ET ) 0 Fur) 8
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2.6 Examples

Inhomogeneous deformation

A rectangular block of material is deformed, as shown in the figure. The basis {€7, &, €5} is
orthonormal. The position vector of an arbitrary material point in undeformed and deformed
state, respectively is :

—

To = To1€1 + To2€s + To3€3 ; T = x1€1 + T9€y + To3€3

There is no deformation in és-direction. Deformation in the 12-plane is such that straight
lines remain straight during deformation.

The deformation tensor can be calculated from the relation between the coordinates
of the material point in undeformed and deformed state.

ho ho h
€2 €2
(L (Lo
lo l

l — hg

T1 =01 ; T2=To2+ To1To2 3 X3 = T3
lo holo

FC— (vof)
.0 0 . . .
=\|ep=—— +€epp=— + wlel + x9€5 + wgeg)
83501 8950

— (a2 a2 S+
-\ 63:0 602 8 61’03
|:<l_ x01> el + <w02 +

l h—h
=|—)éner + 2o ) €néa+ ( 1+ 201 ) E026s + s
lo holo hOZO

36019002> € + (x03) 53}

Strain ~ displacement

The strain-displacement relations for the elongation of line elements can be derived by
considering the elongational deformation of an infinitesimal cube of material e.g. in a tensile
test.
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d dr —d —
Eq:x:)\xa:_l _1'_1: i wO:uQ up

- dx() dwo dx()
_u(wg +dxg) —u(xze)  Ou  Ou
B dxg " Ory Oz
Y oy ’ =0z

Strain ~ displacement

The strain-displacement relations for the shear of two line elements can be derived by
considering the shear deformation of an infinitesimal cube of material e.g. in a torsion test.
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Yoy = 5 — Ozy = a + B =~ sin(a) + sin(B)
Av AU_UQ—UP+UR—UP

dro ' dyo  dxo dyo
v(zo + dxo) —v(x0) | u(yo + dyo) — u(yo)
= +
d:L'(] dy(]

o oo, o
Org  Oyg Ox Oy

_Ow v _ou_ ouw
WSy Te: 0 T e T e

Strain ~ displacement

Strain-displacement relations can be derived geometrically in the cylindrical coordinate sys-
tem, as we did in the Cartesian coordinate system.

We consider the deformation of an infinitesimal part in the rf-plane and determine

the elongational and shear strain components. The dimensions of the material volume in
undeformed state are dr x rdf x dz.

U + ut,,ndr

u (4 dr)

tr 20 Uy + Uy pdr
U + ut,th
- Uppdr u
rr = dr = Upr
_(rtup)dd —rdd (up +ugedd) —up w1
= rdf + rdf oy + T Ut

Strain gages

Strain gages are used to measure strains on the surface of a thin walled pressure vessel.
Three gages are glued on the surface, the second perpendicular to the first one and the
third at an angle of 45° between those two. Measured strains have values 41,42 and £43.
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The linear strain tensor is written in components w.r.t. the Cartesian coordinate system
with its z-axis along the first strain gage. The components €;,,¢,, and €,, have to be
determined from the measured values.

To do this, we use the expression which gives us the strain in a specific direction,
indicated by the unit vector 7.

Ep =T €1

Because we have three different directions, where the strain is known, we can write this
equation three times.

= — T _ Exx 5my 1 _
g1 = Tlg1 €71 =Ny = [ 1 0 ] [ N I
S —[o0 1]]| %= S 0] _
F92 = Tlg2 7 €7 Mg2 = WgaE g2 = fir e | 1] W
= — _ T 1 Exx 5wy 1 1
593—7193'5'"93—%3@7}93—5[ 11 ] [ c c 1 = 5(Caw + 260y +eyy)
yr  Eyy |

The first two equations immediately lead to values for ,, and e,, and the remaining
unknown, e, can be solved from the last equation.

Exx = &gl
Eyy = €42 e €g1 2643 — €g1 — €g2
Exy = 2693 — Exz — Eyy - 2493 — €91 — €g2 €g2

= 2693 — &gl —Eg2

The three gages can be oriented at various angles with respect to each other and with
respect to the coordinate system. However, the three strain components can always be
solved from a set of three independent equations.
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Chapter 3

Stresses

Kinematics describes the motion and deformation of a set of material points, considered here
to be a continuous body. The cause of this deformation is not considered in kinematics.
Motion and deformation may have various causes, which are collectively considered here to
be external forces and moments.

Deformation of the material — not its motion alone — results in internal stresses. It is
very important to calculate them accurately, because they may cause irreversible structural
changes and even unallowable damage of the material.

3.1 Stress vector

Consider a material body in the deformed state, with edge and volume forces. The body is
divided in two parts, where the cutting plane passes through the material point P. An edge
load is introduced on both sides of the cutting plane to prevent separation of the two parts.
In two associated points (= coinciding before the cut was made) in the cutting plane of both
parts, these loads are of opposite sign, but have equal absolute value.

The resulting force on an area AA of the cutting plane in point P is Ak. The resulting
force per unit of area is the ratio of Ak and AA. The stress vector P in point P is defined as
the limit value of this ratio for AA — 0. So, obviously, the stress vector is associated to both
poin P and the cutting plane through this point.

Ty

3

Fig. 3.1 : Cross-sectional stresses and stress vector on a plane
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P= % AA

3.1.1 Normal stress and shear stress

The stress vector p can be written as the sum of two other vectors. The first is the normal
stress vector pyp in the direction of the unity normal vector 77 on AA. The second vector is in
the plane and is called the shear stress vector ps.

The length of the normal stress vector is the normal stress p,, and the length of the shear
stress vector is the shear stress ps.

Fig. 3.2 : Decomposition of stress vector in normal and shear stress

normal stress : Pp =P 7
tensile stress : positive (¢ < F)
compression stress : negative (¢ > %)
normal stress vector : Dp = Pnil
shear stress vector : Ps =D — Pn
shear stress : ps = |55l = VI[1P11* — p3

3.2 Cauchy stress tensor

The stress vector can be calculated, using the stress tensor o, which represents the stress
state in point P. The plane is identified by its unity normal vector 7i. The stress vector is
calculated according to Cauchy’s theorem, which states that in each material point such a
stress tensor must uniquely exist. (3! : there exists only one.)

STl
Il
q
3t

Theorem of Cauchy : d!' tensor o such that




o7

3.2.1 Cauchy stress matrix

With respect to an orthogonal basis, the Cauchy stress tensor o can be written in compo-
nents, resulting in the Cauchy stress matrix g, which stores the components of the Cauchy
stress tensor w.r.t. an orthonormal vector base {€},é5,€3}. The components of the Cauchy
stress matrix are components of stress vectors on the planes with unit normal vectors in the
coordinate directions.

With our definition, the first index of a stress component indicates the direction of the
stress vector and the second index indicates the normal of the plane where it is loaded. As
an example, the stress vector on the plane with 7 = €] is considered.

Ty

b3

b1

Fig. 3.3 : Components of stress vector on a plane

p=0-6 — p=¢cp=¢o-é1=¢(cé)éi=céé
D1 011 012 013 1 o1
D2 | = | 001 099 0O93 0| =1 on
P3 031 032 033 0 031

The components of the Cauchy stress matrix can be represented as normal and shear stresses
on the side planes of a stress cube.
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033

: 023

5213

. 032

'031 099 011 012 013

€3 ool = g=| 021 022 023
[0 g g
. / o1 31 032 033
€9 72 R I
. 011

Fig. 3.4 : Stress cube

3.2.2 Cartesian components

In the Cartesian coordinate system the stress cube sides are parallel to the Cartesian coordi-
nate axes. Stress components are indicated with the indices x, y and z.

02z

Ozx Ozy Ozxz
g= | Oyz Oyy Oyz

Fig. 3.5 : Cartesian stress cube

3.2.3 Cylindrical components

In the cylindrical coordinate system the stress ’cube’ sides are parallel to the cylindrical
coordinate axes. Stress components are indicated with the indices r, t and z.
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Fig. 3.6 : Cylindrical stress "cube”

3.3 Principal stresses and directions

99

Orz
Otz
02z

It will be shown later that the stress tensor is symmetric. This means that it has three real-
valued eigenvalues {01, 02,03} and associated eigenvectors {7, 72, 7i3}. The eigenvectors are
normalized to have unit length and they are mutually perpendicular, so they constitute an

orthonormal vector base. The stress matrix w.r.t. this vector base is diagonal.

The eigenvalues are referred to as the principal stresses and the eigenvectors as the
principal stress directions. The stress cube with the normal principal stresses is referred to

as the principal stress cube.

to , 5
o
/"—> ’ 01
Y . 1
z O = / 7

3

Fig. 3.7 : Principal stress cube with principal stresses

spectral form O = 011171 + O9fiafy + 03TigMs
01 0 0
principal stress matrix ogp=| 0 o9 O

0 0 g3
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Stress transformation

We consider the two-dimensional plane with principal stress directions coinciding with the
unity vectors €1 and €>. The principal stresses are o; and o9. On a plane which is rotated
anti-clockwise from €] over an angle a < § the stress vector p and its normal and shear
components can be calculated. They are indicated as o, and 7, respectively.

area 1

<
] A

€2 .
/f area sin
$ 09 area cos

Fig. 3.8 : Normal and shear stress on a plane

7i = —sin(«)é + cos(a)és
p=o-i=—o0psin(a)é + o9 cos(a)és
*(a

)

Ta = (02 — 01) sin(«@) cos(«)

0 = o1 sin?(a) 4 o3 cos

Mohr’s circles of stress

From the relations for the normal and shear stress on a plane in between two principal stress
planes, a relation between these two stresses and the principal stresses can be derived. The
resulting relation is the equation of a circle in the o,7,-plane, referred to as Mohr’s circle for
stress. The radius of the circle is (0 — 02). The coordinates of its center are {1 (o1 +02), 0}.

Stresses on a plane, which is rotated over o w.r.t. a principal stress plane, can be found
in the circle by rotation over 2.

0o = o1 5in%(a) 4 o9 cos?(a)
= 013 — 5 c08(2a)) + 02(5 + 5 cos(2a))
= 3(01+02) — §(01 — 02) cos(2a)  —

{oa — (o1 + 02)}2 ={3(01 — 02)}2 cos?(2a)

Ta = (09 — 071) sin(a) cos(@) = (02 — 1) sin(2a) —
2 {% 2—01)}2Sin2(2a)

add equations — {O‘a — % (o1 + 02)}2 + Tg = {%(0’1 — 02)}2
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\ 2c o

Ta

Fig. 3.9 : Mohr's circles

Because there are three principal stresses and principal stress planes, there are also three
stress circles. It can be proven that each stress state is located on one of the circles or in the
shaded area.

3.4 Special stress states

Some special stress states are illustrated here. Stress components are considered in the Carte-
sian coordinate system.

3.4.1 Uni-axial stress

An unidirectional stress state is what we have in a tensile bar or truss. The axial load N
in a cross-section (area A in the deformed state) is the integral of the axial stress o over A.
For homogeneous material the stress is uniform in the cross-section and is called the true or
Cauchy stress. When it is assumed to be uniform in the cross-section, it is the ratio of N
and A. The engineering stress is the ratio of IV and the initial cross-sectional area Ag, which
makes calculation easy, because A does not have to be known. For small deformations it is
obvious that A ~ Ay and thus that o ~ o,,.
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Oz Oz

Fig. 3.10 : Stresses on a small material volume in a tensile bar

N i

true or Cauchy stress 0=F =0w — O = 035CuCr
: . N
engineering stress Op = —
Ao

3.4.2 Hydrostatic stress

A hydrostatic loading of the material body results in a hydrostatic stress state in each material
point P. This can again be indicated by stresses (either tensile or compressive) on a stress
cube. The three stress variables, with the same value, are normal to the faces of the stress
cube.

Y1
ot e
: 77 Oyy =P

p - o = p(Gals + 8,2, + )
— Ozz =P

0 = —p(Crly + €8, + 7.¢.)

Y]
: p Ogz = —P
: Oyy = —P

Ozz = —P

[

2

Fig. 3.11 : Stresses on a material volume under hydrostatic loading
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3.4.3 Shear stress

The axial torsion of a thin-walled tube (radius R, wall thickness t) is the result of an axial
torsional moment (torque) 7. This load causes a shear stress 7 in the cross-sectional wall.
Although this shear stress has the same value in each point of the cross-section, the stress
cube looks differently in each point because of the circumferential direction of 7.

T 2w R2t

Fig. 3.12 : Stresses on a small material volume in the wall of a tube under shear loading

3.4.4 Plane stress

When stresses on a plane perpendicular to the 3-direction are zero, the stress state is referred
to as plane stress w.r.t. the 12-plane. Only three stress components are relevant in this case.

N : 022
€3 o921

Fig. 3.13 : Stress cube for plane stress in 12-plane

o33 =013 =093 =0 — o-é3 = 6 —  relevant stresses : 011,099,019
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3.5 Resulting force on arbitrary material volume

A material body with volume V and surface area A is loaded with a volume load ¢ per unit of
mass and by a surface load p per unit of area. Taking a random part of the continuum with
volume V and edge A, the resulting force can be written as an integral over the volume, using
Gauss’ theorem. The load pqg is a volume load per unit of volume, where p is the density of
the material.

Dy

N

Fig. 3.14 : Forces on a random section of a material body

resulting force on V [?: /pcde—i-/ﬁdA: /p(de—i—/ﬁ-ach
v A v A
Gauss' theorem — K = / (PCT-FV'O'C) dv
\%

3.6 Resulting moment on arbitrary material volume

The resulting moment about a fixed point of the forces working in volume and edge points of
a random part of the continuum body can be calculated by integration.



@)

Fig. 3.15 : Moments of forces on a random section of a material body

resulting moment about O Mo = /x *pqdV + /x *pdA

\% A
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3.7 Example

Principal stresses and stress directions

The stress state in a material point P is characterized by the stress tensor o, which is given
in comonents with respect to an orthonormal basis {é7, €5, €3} :

o =101 €1 + 6(€1€2 + é2€71) + 10€2e5 + €363

The principal stresses are the eigenvalues of the tensor, which can be calculated as follows :

10-0 6 0
det 6 10 —o 0 =0 —
0 0 1-0

(10 —0)*(1 —0) —36(1 —0) =0
(1—0){(10 —0)* =36} =0
(1-0)(16—-0)(4—0)=0 —
o1=16 ; o09=4 ; o03=1

The eigenvectors are the principal stress directions.

—6 6 0 oy 0
o1 =16 — 6 -6 0 ay | =10 —
0 0 -—15 Qs 0
ap=ay ; az3=0 o 1 Jae 1. /5e
= 128, + 12
a%+a%+a§:1 } — N1 3 €1+2 €2
idem : ﬁgz—%\/?_l—l-%\/i_é ; T3 = €3

The deviatoric stress is

ol=0— tr(o)I
= {101 e + 6(

—

= 3e1€1 + 6(é;

—

1) + 10ese5 + €33} — 71

€1€2 + €26
€y + €9 ) + 3€569 — 6€3€3

€2
€1



Chapter 4

Balance or conservation laws

In every physical process, so also during deformation of continuum bodies, some general ac-
cepted physical laws have to be obeyed : the conservation laws. During deformation the total
mass has to be preserved and also the total momentum and moment of momentum. Because
we do not consider dissipation and thermal effects, we will not discuss the conservation law
for total energy.

4.1 Mass balance

The mass of each finite, randomly chosen volume of material points in the continuum body
must remain the same during the deformation process. Because we consider here a finite
volume, this is the so-called global version of the mass conservation law.

From the requirement that this global law must hold for every randomly chosen volume,
the local version of the conservation law can be derived. This derivation uses an integral
transformation, where the integral over the volume V in the deformed state is transformed
into an integral over the volume V; in the undeformed state. From the requirement that the
resulting integral equation has to be satisfied for each volume V{, the local version of the mass
balance results.

to t

Fig. 4.1 : Random volume in undeformed and deformed state
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[oav=[mai v v~ [fermai=0 v %
\% Vo Vo

pJ = po vV ZeV(t)

The local version, which is also referred to as the continuity equation, can also be derived
directly by considering the mass dM of the infinitesimal volume dV of material points.

The time derivative of the mass conservation law is also used frequently. Because we
focus attention on the same material particles, a so-called material time derivative is used,
which is indicated as (*).

dM = dM — pdV = podVy -
pJ = po V ZeV(it) —
pJ+pJ =0

4.2 Balance of momentum

According to the balance of momentum law, a point mass m which has a velocity ¢, will change
its momentum i = m@ under the action of a force K. Analogously, the total force working
on a randomly chosen volume of material points equals the change of the total momentum of
the material points inside the volume. In the balance law, again a material time derivative
is used, because we consider the same material points. The total force can be written as a
volume integral of volume forces and the divergence of the stress tensor.

t

Fig. 4.2 : Forces on random section of a material body

. Di D _
K:FQZE pi dV vV Vo
\%
D [ D _
— 5 [ av = [ 5 (o0 dvi v T
Vo VO
— / (paJJr péj+pﬁj> vy VAR A

Vo
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mass balance : pJ+pJ=0 —
:/pf[_)’JdVo:/p’[_)’dV VoV
Vo Vv
/(pcﬂﬁ-cﬁ) dvz/pwv v oV
Vv 1%

From the requirement that the global balance law must hold for every randomly chosen volume
of material points, the local version of the balance of momentum can be derived, which must
hold in every material point. In the derivation an integral transformation is used.

The local balance of momentum law is also called the equation of motion. For a stationary
process, where the material velocity ¢ in a fixed spatial point does not change, the equation
is simplified. For a static process, where there is no acceleration of masses, the equilibrium
equation results.

. . . = L 0T o S
local version : equation of motion V-0 + pd= pt = Pt + pvU- <Vv) VZeV(t)
. 0T = T A=
stationary ((5_1) = 0> V.o+pg=pv- (Vv)
static : equilibrium equation V-4 pi=0

4.2.1 Cartesian components

The equilibrium equation can be written in components w.r.t. a Cartesian vector basis. This
results in three partial differential equations, one for each coordinate direction.

Ozt Oxyy + Ozz2 + Pz = 0
Oyzx + Oyyy + 0yzz + pgy =0

Orgxt Ozyy + 0222+ pq = 0

4.2.2 Cylindrical components

Writing tensor and vectors in components w.r.t. a cylindrical vector basis is more elaborative
because the cylindrical base vectors €, and €; are a function of the coordinate 6, so they have
to be differentiated, when expanding the divergence term.

1 1

Opryr + ;Urt,t + ;(UT’T’ - Utt) + Oz + P = 0
1 1

Otry + SOttt + ;(Utr +0pt) + 0tz +pg =0

1 1
Ozrp + ;Uzt,t + ;O'zr + 0222+ pPq = 0
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4.3 Balance of moment of momentum

The balance of moment of momentum states that the total moment about a fixed point of
all forces working on a randomly chosen volume of material points (Mo), equals the change
of the total moment of momentum of the material points inside the volume, taken w.r.t. the
same fixed point (Lo).

@)

Fig. 4.3 : Moment of forces on a random section of a material body

vi._DLo _ D

0= "5 =i TxpvdV v Vv
Vv
D [, (D, . _
—E/x*pdeVo—/E(az*pvJ)dVo vV W
‘_/() VO
:/(f*pﬁJ+f*p’ﬁJ~l—f*pi7J~l—a?*pﬁj) avi VAT
Vo
massbalance : pJ+pS=0 .
ExT=0x0=0
:/a?’*pi‘)’JdVo:/a?*pdeV v oV
Vo Vv
/a?*pcjdV—l—/a?*ﬁdA:/:f*pdeV VoV
Vv A 1%

To derive a local version, the integral over the area A has to be transformed to an integral
over the enclosed volume V. In this derivation, the Levi-Civita tensor % is used, which is
defined such that

oy
*
Sl
I
moo
oy
Sl

holds for all vectors @ and b.
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3e:(fﬁ)dA:/3e:(fa-ﬁ)dA:/ﬁ-{3e:(fa)}ch
A A
V- {%: (Zo)}dV with %" =% —

V. {(Fo) YV = —/ﬁ {(o°F) %y AV

\%

[(ﬁ 09T % +o- (VD) : 366] av

Substitution in the global version and using the local balance of momentum, leads to the local
version of the balance of moment of momentum.

/f*p(jdv+/3e:UCdv+/f*(€-UC)dvz/f*pmv vV V-
Vv

\%4 %4

a‘c’*[pq’—k(ﬁ-ac)—pé’] dV+/3e:0'CdV:6 vV Vo o—
Vv

Because the components of % equal 1 for permutation {i,j, k} = {123,312,231} , -1 for
{i,j,k} = {321,132,213} , and 0 if indices are repeated, it can be derived that

032 — 023 0
oi3—o31 | = |0
0921 — 012 0

So the local version states that the Cauchy stress tensor is symmetric.

=0 vV o ZeV(t)

4.3.1 Cartesian and cylindrical components

With respect to a Cartesian or cylindrical basis the symmetry of the stress tensor results in
three equations.
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Q:QT

Cartesian

cylindrical

Ogzy = Oyx

Ort = Otr

9

9

Oyz = Ozy

Otz = Ozt

9

I

Ozx = Oz

Ozr = Opz
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4.4 Examples

Equilibrium of forces : Cartesian

The equilibrium equations in the three coordinate directions can be derived by considering
the force equilibrium of the Cartesian stress cube.

Ozz + sz,zdz

Oyz + 0y dz

Ozz + Uzz,zdz

/ Oz

Uy:c
Ozx

N Oay o+ Oayydy
Oyy + Oyy,ydy
Ozy t Oy ydY

Uyz
Ozz

(Opa + Opg 2d2)dydz + (O4y + Opy ydy)dedz + (042 + 04 .dz)dxdy —
(022)dydz — (04y)dxdz — (04,)dxdy + pgydrdydz = 0

Equilibrium of moments : Cartesian

The forces, working on the Cartesian stress cube, have a moment w.r.t. a certain point in
space. The sum of all the moments must be zero. We consider the moments of forces in
the zy-plane w.r.t. the z-axis through the center of the cube. Anti-clockwise moments are
positive.

oyy(y + dy)
Oay(y + dy)
Ope() Ozz(x + dx)
O'yx(l') O'yx(l'—FdiL')
Oy (y)

Uyy(y)
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oyzdydz %dl’ + oydydz %dm + ayx,wdxdydz%dm
— ogydrdz %dy — opydxdz %dy — Oy odrdydz %dy =0

Oyz — Ogy = 0 —  Oyz = Ouy

Equilibrium of forces : cylindrical

The equilibrium equations in the three coordinate directions can be derived by considering
the force equilibrium of the cylindrical stress 'cube’. Here only the equilibrium in r-direction
is considered. The stress components are a function of the three cylindrical coordinates 7,

6 and z, but only the relevant (changing) ones are indicated.

O_tt(e + de)

<(9 + d6)

—0pp (r)rdfdz — o, (2)rdrdf — o, (0)drdz — o4(0)dridfdz
+ opp(r+dr)(r +dr)dfdz + o,.(z + dz)rdrdf

+ 0.4(0 + df)drdz — o (0 + d0)dr%d0dz + pgyrdrdfdz = 0

Oprprdrdddz 4 oppdrdfdz + oy, ,rdrdfdz + oy drdfdz
— o (0)drdfdz + pg,drdfdz = 0

1
Oprpr + ; Opr + Opzz + ; Ortt — ; o+ pgr =0

Equilibrium of moments : cylindrical

The forces, working on the cylindrical stress cube, have a moment w.r.t. a certain point in
space. The sum of all the moments mus be zero. We consider the moments of forces in

the rf-plane w.r.t. the z-axis through the center of the cube.



o (r)rdfdz 3dr + oy (r + dr)(r + dr)dfdz 3dr
— on(0)drdz 3rdf — o,4(0 + df)drdz $rdf = 0

oprdrdfdz — oprdrdfdz = 0 — Otr = Opt
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Chapter 5

Linear elastic material

For linear elastic material behavior the stress tensor o is related to the linear strain tensor €
by the constant fourth-order stiffness tensor 4C' :

oc=1C:¢

The relevant components of o and € w.r.t. an orthonormal vector basis {€}, €, €3} are stored
in columns ¢ and €. Note that we use double ”waves” to indicate that the columns contain
components of a second-order tensor.

T
g = [0’11 022 033 012 021 023 032 031 0’13]
T
g = [611 €22 €33 €12 €21 €23 €32 €31 613]
The relation between these columns is given by the 9 x 9 matrix C, which stores the compo-

nents of *C and is referred to as the material stiffness matrix. Note again the use of double
underscore to indicate that the matrix contains components of a fourth-order tensor.

[ o011 ] [ Ciii1 Criz2 Crzz Crizr Criiz Crsze Criez Cinis Cust | [ e
022 Coo11 C22220 Cogzz U221 Coziz O3z Cozeg Ca013 Ca3n €22
033 Cs311 C3322 Cszzz Csz21 Csziz Cszzz Czzes Csz13 C3ssy €33
012 Cro11 Ci222 Crazz Ciao1 Cr2i2 Craza Cizez Cro1z3 Crasn €12
o1 | = | Cor1r Corzz C213z3 Co121 Coriz Co1zz Co1z Coniz Coian €21
023 Co311 Ca3zn Cazzz Ca3a1 Coziz Ca3za Cozag Caz1z Caszsy €23
032 C3211 C3200 (3233 (3201 C3212 C3232 C3203 U213 C3231 €32
031 Cs111 C3122 Cs133 C3121 Cs112 C3132 C3123 C3113 C3131 €31

L 013 | L C1311 Ci322 Ci3z3 Cizo1 Ciziz Cizzz Cizez Ciziz Cizsi ] L €1z |

The stored energy per unit of volume is :

W:%E: iC:e= [%6: 4025}62%62 ict e
which implies that 4C' is total-symmetric : *C = *C° or equivalently C= QT.
As the stress tensor is symmetric, o = o¢, the tensor *C must be left-symmetric :

10 = 40" or equivalently C' = gLT. As also the strain tensor is symmetric, € = &¢, the
constitutive relation can be written with a 6 x 6 stiffness matrix.

7
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o11 [ Ci111 Crize Cuszs [Cri2r + Cinz]  [Cris2 + Criez]  [Cris + Chisil €11 |
022 Coa11 O Ca3z  [Cozo1 + Coziz]  [Ca32 + Cozo3]  [Co213 + C231] €22
o33 | | Cszi1 Czz22 C3333 [Cs321 + Csz12] [Cszzz + Cs323]  [Cs313 + C3331] €33
o2 | | Cizir Ciazz Cuazs [Crzo1 + Ci212] [Chraze + Ci2e3]  [Chr213 + Chasi) €12
023 Caz11 Cazga Cazzz  [Casa1 + Caziz]  [Caszz + Cases]  [Cas13 + Cosai) €23

| 031 | C3111 C3122 C3133 [Cz121 + Cs112] [Ca132 + Cs123]  [C3113 + Ca131] | | em

The components of C' must be determined experimentally, by prescribing strains and measur-
ing stresses and vice versa. It is clear that only the summation of the components in the 4th,
5th and 6th columns can be determined and for that reason, it is assumed that the stiffness
tensor is right-symmetric : *C = *C" or equivalently C= gRT.

[ o1 ] [ Cii11 Ciize Crzz 2C121 2C132 2Ci3 | [ en |
022 Co211 Ca222 Ca3zz 209201 202232 209213 €22
o33 | _ | C3311 Cs322 Cs33z3 203321 2C3332 2073313 €33
o2 | | Ciain Ciazz Cuazs 2C1221 2Ci232 2Ch213 €12
023 Co311 Cazza Caszz 209321 202332 200313 €23

| 031 | Cs111 Cs122 Cs133 203121 203132 203113 | | €31

To restore the symmetry of the stiffness matrix, the factor 2 in the last three columns is
swapped to the column with the strain components. The shear components are replaced
by the shear strains : 2e;; = 7;;. This leads to a symmetric stiffness matrix C with 21
independent components. N

o11 [ Ci111 Criz2 Crzz Crnazi Cusze Cris €11
0922 C2211 C2220 C2233 C2221 2232 C2213 €92
o33 | _ | Cssir Csszn Cszs Cszzr Csszz Cssig €33
o12 Ci211 Ci222 Ch23z Ciz21 Chizzz Chois 712
023 Cao311 Ca3za Cozzz Cazar Cozzz (Ch313 V23

| 031 | C3111 Cs122 Cs133 C3121 Cs132 Cs11z | [ v31

5.1 DMaterial symmetry

Almost all materials have some material symmetry, originating from the micro structure,
which implies that the number of independent material parameters is reduced. The following
names refer to increasing material symmetry and thus to decreasing number of material
parameters :

monoclinic — orthotropic — quadratic — transversal isotropic — cubic — isotropic

5.1.1 Monoclinic

In each material point of a monoclinic material there is one symmetry plane, which we take
here to be the 12-plane. Strain components w.r.t. two vector bases € = [¢] & ¢&3]7 and
e = (¢ & — &]7 must result in the same stresses. It can be proved that all components of
the stiffness matrix, with an odd total of the index 3, must be zero. This implies :




Ca311 = Cazaa = Ca333 = Caz21 = C3111 = C3122 = C3133 = C3121 =0
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A monoclinic material is characterized by 13 material parameters. In the figure the directions
with equal properties are indicated with an equal number of lines.
Monoclinic symmetry is found in e.g. gypsum (CaSO42H50).

L

Fig. 5.1 : One symmetry plane for
monoclinic material symmetry

5.1.2 Orthotropic

3
[ Ciinn Cniz2 Cuzs Ciiiz 0 0
Co211 C2202 C2233 (212 0 0
- Cs3311 (3322 C3333 (3312 0 0
= Ci211 Cra22 Chazz Ciaiz 0 0
2 0 0 0 0 Ca323 Cazan
0 0 0 0 C3123 Cs131 |

In a point of an orthotropic material there are three symmetry planes which are perpendicular.
We choose them here to coincide with the Cartesian coordinate planes. In addition to the
implications for monoclinic symmetry, we can add the requirements

Ci112 = Ca212 = C3312 = C3123 = 0

An orthotropic material is characterized by 9 material parameters. In the stiffness matrix,
they are now indicated as A, B,C,Q, R, S, K, L and M.

Orthotropic symmetry is found in orthorhombic crystals (e.g. cementite, FesC) and in
composites with fibers in three perpendicular directions.
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L

Fig. 5.2 : Three symmetry planes for
orthotropic material symmetry

5.1.3 Quadratic

If in an orthotropic material the properties in two of the three symmetry planes are the same,
the material is referred to as quadratic. Here we assume the behavior to be identical in the
€1- and the é5-directions, however there is no isotropy in the 12-plane. This implies : A = B,
S = R and M = L. Only 6 material parameters are needed to describe the mechanical
material behavior.

Quadratic symmetry is found in tetragonal crystals e.g. TiO9 and white tin Sng.

3

I
Il

coomOn
cooIeO
cooc Q=
coxXooo

oNOo o oo
Noocoocoo

L

Fig. 5.3 : Quadratic material

5.1.4 Transversal isotropic

When the material behavior in the 12-plane is isotropic, an additional relation between pa-
rameters can be deduced. To do this, we consider a pure shear deformation in the 12-plane,
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where a shear stress 7 leads to a shear . The principal stress and strain directions coincide
due to the isotropic behavior in the plane. In the principal directions the relation between
principal stresses and strains follow from the material stiffness matrix.

g] —  det(c —0ol)=0
~

1 -1
E:[eu 612]:[1 2 ] — det(e—el)=0 — 1737
- €21 €22 37 O -7 €

0'1:|:|:A Q:||:81:| . 01 =Ae1+Qso= 7= Krv
g

|: 2 Q A €2 02:Q€1—|—A62:—T:_K7
o) 2 ) 1

K=2(A—
612%7 ; 612—%7 - 2 ( Q)

Examples of transversal isotropy are found in hexagonal crystals (CHP, Zn, Mg, Ti) and
honeycomb composites. The material behavior of these materials can be described with 5
material parameters.

I
I

coomOn
coord
coocQx

with K =1(4-Q)

L

Fig. 5.4 : Transversal material

5.1.5 Cubic

In the three perpendicular material directions the material properties are the same. In the
symmetry planes there is no isotropic behavior. Only 3 material parameters remain.

Examples of cubic symmetry are found in BCC and FCC crystals (e.g. in Ag, Cu, Au,
Fe, NaCl).
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3
(A Q Q 0 0 07
Q A Q 0 0 0
C,_QQAOOO
2 = 0 0 0 L 0 0
et 0 0 00 L O
= L0 0 0 0 0 L |

1L

Fig. 5.5 : Cubic material

5.1.6 Isotropic

In all three directions the properties are the same and in each plane the properties are
isotropic. Only 2 material parameters remain.

Isotropic material behavior is found for materials having a microstructure, which is suffi-
ciently randomly oriented and distributed on a very small scale. This applies to metals with a
randomly oriented polycrystalline structure, ceramics with a random granular structure and
composites with random fiber /particle orientation.

(@)
I

CoolO
SESRE
coo O
oS o NO OO

o with L=1(4-Q)

Fig. 5.6 : Isotropic material

5.2 Engineering parameters

In engineering practice the linear elastic material behavior is characterized by Young’s moduli,
shear moduli and Poisson ratios. They have to be measured in tensile and shear experiments.
In this section these parameters are introduced for an isotropic material.
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For orthotropic and transversal isotropic material, the stiffness and compliance matrices,
expressed in engineering parameters, can be found in appendix A.

5.2.1 Isotropic

For isotropic materials the material properties are the same in each direction. The mechani-
cal behavior is characterized by two independent material parameters : Young’s modulus F,
which characterizes the tensile stiffness and Poisson’s ratio v, which determines the contrac-
tion. The shear modulus G describes the shear behavior and is not independent but related
to F and v. To express the material constants A, Q and L in the parameters F, v and G, two
simple tests are considered : a tensile test along the 1-axis and a shear test in the 13-plane.

011 A Q Q 0O 0 O €11
09292 Q A Q 0 0 O €92
033 N Q Q A 0O 0 O £33 . 1 _
o | =10 0 0 L 0 0] e with L =3(A-Q)
0923 0 0 0 0O L O Y23

| 031 | | 0 0 0 0 0 L 1 L 7731 |

In a tensile test the contraction strain ¢; and the axial stress o are related to the axial strain
e. The expressions for A, @ and L result after some simple mathematics.

e'=]c g e 000] ; ¢"'=[c 0000 0]
o = Ae 4+ 2Q¢gy
Q -

0=Qe+(A+Q)eqg — EdZ—A+Q€=—V€
0= Aec —2Que = (A —2Qu)e = Ee

Q(l—v)=Av . (1-vE
A-2Qv=F } - A_(1+V)(1—2V) -
vE E
C=aroa—mw | | P @y

When we analyze a shear test, the relation between the shear strain v and the shear stress
T is given by the shear modulus G. For isotropic material G is a function of £ and v. For
non-isotropic materials, the shear moduli are independent parameters.

e'=[00000~] ; ¢"=[00000 7]

e T R

For an isotropic material, a hydrostatic stress will only result in volume change. The relation

between the volume strain and the hydrostatic stress is given by the bulk modulus K, which
is a function of E and v.
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J —1 = A1 A33 ~ €11 + €22 + €33

1-—2v 1
= I (0'11 + 099 + 0'33) = ? %tr(g)

Besides Young’s modulus, shear modulus, bulk modulus and Poisson ratio in some formula-
tions the so-called Lamé coefficients A and p are used, where p = G and A is a function of £
and v. The next tables list the relations between all these parameters.

E,v AG K, G E.G E K
2G+30)G IKG
B B ( A+G) 3K+G b b
u v A 3K—2G E—2G 3K—E
20+G) | 2BK+G) 2G 6K
E 3KE
G 2(1+v) G G G 9K—E
E 3A4+2G EG
K 3(1—2v) Jg K 3(3G—E) K
| Bv A 3K-2G | G(E—2G) | 3K(3K—E)
(I4v)(1—2v) 3 3G—E 9K—E
EJ A G, 14 )\, 14 MK K, 14
M1+0)(1=20) | 9K (K—X
E E 2G(1 + v) | AUZ2) | IKUER) | 35 (1 — 20)
—E-M/(E+X)248)2
v X v v 3K)\—)\ v
G —3A+E++/(BA—E)2+8)\E G A(1—2v) 3(K—\) 3K(1-2v)
4 2v 2 2(1+v)
E-3\/(E=3)2—120E | 2G(14v) M14v)
K 6 3(1-2v) 3v K K
2Gv 3Kv
A A 19, A A T+v

5.3 Isotropic material tensors

Isotropic linear elastic material behavior is characterized by only two independent material
constants, for which we can choose Young’s modulus E and Poisson’s ratio v. The isotropic
material law can be written in tensorial form, where o is related to € with a fourth-order
material stiffness tensor 4C.

In column/matrix notation the strain components are related to the stress components by a
6 x 6 compliance matrix. Inversion leads to the 6 x 6 stiffness matrix, which relates strain
components to stress components. It should be noted that shear strains are denoted as ¢;;
and not as ;;, as was done before.



€11
€22
€33

€12
€23
€31

011
022
033
012
023
031

1 —v —v 0 0 0
-v 1 —-v 0 0 0
1| = 1 0 0 0
“E| 0 0 0 1+v 0 0
0 0 0 0 1+v 0
| 0 0 0 0 0 1+v
[ (1—-v) v v
. (I1-2v) (1-2v) (1-2v)
v (1—-v) v 0
1-2v) (1-2v) (1-2v)
__F v v (1—-v)
O+ | A=y G-2) (-2 °
0 0 0 1
- 0 0 0 0
0 0 0 0

The stiffness matrix is written as the sum of two matrices,
tensorial form.

o11
022
033
012
023
031

(1+v)

OO O ==
OO O+~ =
SO O O O O
O O O O O O
OO O O O O

—~
—_
+
X
~—
—~
—_
|
[\]
S
SN—
O OO ===

Tensorial notation

o11
022
033
012
023
031

o= O O
— o o O

which can

OO OO O
OO O O+~ O
OO O = OO

um
Il

€11
€22
€33
€12
€23
€31

lea)

nQ
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nQ
Il

1Y

um

then be written in

OO R OO O

O =R OO OO

_ o oo oo

€11
€22
€33
€12
€23
€31

The first matrix is the matrix representation of the fourth-order tensor I1. The second matrix
is the representation of the symmetric fourth-order tensor *I°. The resulting fourth-order
material stiffness tensor *C contains two material constants ¢y and ¢;. It is observed that
co = X and ¢y = 2u, where A and p are the Lamé coefficients introduced earlier.

o=lcoll +c'I']:e="C:¢

with =31+ T)
Ev )

(1+v)(1—-2v)

and cy =

c1 =

1+v
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Hydrostatic and deviatoric strain/stress

h

The strain and stress tensors can both be written as the sum of an hydrostatic - (.)" - and a

deviatoric - (.)¢ - part. Doing so, the stress-strain relation can be easily inverted.

o="Cie=[cII+c'T"] : ¢
= cotr(e)I + c1e = cotr(e)I + ¢4 {sd + %tr(s)I}
= (Co + %cl)tr(s)I + clsd = (360 + cl)%tr(s)I + clsd = (360 + Cl)Eh + clsd

:Gh—l—ad —

szsh—I—sd
1 A 1 1 1
= —ol=——lt(o) I+ = {o - itr(o)I
3Co—|—cla +610' 3Co—|—cl3r(a) +Cl {U 3r(0')}
Co 1 Co 143
= trle)J+—0=|—-————"—II+—"°1T | :0
(3co + 1)1 (o) c1 (3co+ 1)1 c1
=180

5.4 Planar deformation

In many cases the state of strain or stress is planar. Both for plane strain and for plane stress,
only strains and stresses in a plane are related by the material law. Here we assume that
this plane is the 12-plane. For plane strain we than have £33 = 793 = 31 = 0, and for plane
stress o33 = 093 = 031 = 0. The material law for these planar situations can be derived from
the three-dimensional stress-strain relations. In the following sections the result is shown
for orthotropic material. For cases with more material symmetry, the planar stress-strain
relations can be simplified accordingly. The corresponding stiffness and compliance matrices
can be found in appendix A.

The planar stress-strain laws can be derived either from the stiffness matrix C or from
the compliance matrix S.

I

Il
coco O~
cCoownWO
cocoo O Wnw

!

[ltn

Il

IIQ|

Il
O -~ O O O O

coxo oo
S oocococo

coXooo
oMo oo o
Socoocoococo
cocoo=sa o
cCo o w o-Q
cocooo »w =
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5.4.1 Plane strain and plane stress

For a plane strain state with €33 = 723 = 731 = 0, the stress o33 can be expressed in the
planar strains €17 and €99. The material stiffness matrix ge can be extracted directly from
C. The material compliance matrix ée has to be derived by inversion.

r S
033 = Reyy + Sexp = — — o011 — — 022
c c
A: Q: 0 A Q 0O
QE: Qe . 0 =1 Q@ B 0
0 0 K 0 0 K
a: g 0 1 -5 Q 0
S =|g b 0|=C"=— @ -4 0
=e 0 0 k = Q? - BA 0 Q°— BA
K
ac—1r> qc—rs 0
=< | qe—rs bc—s2 0

0 0 ke

For the plane stress state, with o33 = 093 = 031 = 0, the two-dimensional material law can
be easily derived from the three-dimensional compliance matrix ée. The strain £33 can be
directly expressed in 011 and g95. The material stiffness matrix has to be derived by inversion.

R S
€33 = 1011 + S022 = 611— 522
ac qo 0O a q 0
éa— qo b, 0O g b 0
k 0 0 k
-b q 0
AO’ (o
c o0 |—so ¢ —a 0
_0__ QO’ ag _:0_ _q2—ba qz—ba
0 0 K 0
k
1 AC—-R?> QC—RS 0
=0 QC—RS BC-S5% 0

0 0 KC

In general we can write the stiffness and compliance matrix for planar deformation as a 3 x 3
matrix with components, which are specified for plane strain (p = €) or plane stress (p = o).

A, Q 0 a ¢qp 0
C,=|@ By 0 o S,= @ b O
0 0 K 0 0 &k
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5.5 Thermo-elasticity

A temperature change AT of an unrestrained material invokes deformation. The total strain
results from both mechanical and thermal effects and when deformations are small the total
strain € can be written as the sum of mechanical strains &,, and thermal strains e7. The
thermal strains are related to the temperature change AT by the coefficient of thermal ex-
pansion tensor A.
The stresses in terms of strains are derived by inversion of the compliance matrix S.
For thermally isotropic materials only the linear coefficient of thermal expansion « is

relevant.
Anisotropic
E=¢gnpter= 4S:O'—I-AAT — §:§m+§T:§g+éAT
0':40:(5—AAT) — gzg(g—éAT)
Isotropic

e=18:0+aATI — eg=9
o=1C": (¢ —aATI) — g=C

For orthotropic material, this can be written in full matrix notation.

€11 a q r 0 0 O 011 1
€99 g b s 00 0 099 1
€33 r s c¢c 0 0 O 033 1
e =10 00k 0 0] en| T 0
Y23 00 0 0 1 0 J923 0

| Y31 _00000m__031_ _0_

[ o11 ] A Q@ R 0 0 0 ][ en] [ A+ Q+ R |
J92 Q B S 0 0 0 £929 Q+B+S
033 . R S C 0 0 O €33 QAT R+S+C
012 o 0 0 0 K 0 0 Y12 0
g923 0 0 0 0 L 0 Y23 0

L 031 | | 0 0 0 0 0 M 4 L 731 | | 0 |

5.5.1 Plane strain/stress

When the material is in plane strain or plane stress state, only three strains and stresses are
relevant, here indicated with indices 1 and 2. The thermo-elastic stress-strain law can than be
expressed in the elasticity parameters and the coefficient of thermal expansion. The relation
is presented for orthotropic material. It is assumed that the thermal expansion is isotropic.



Plane stress

R S 1
633:—6611—6622+6(R—|—S—|—C)04AT (fromg)
= ro11 + so99 + aAT (from S)
[ 11 ] [a ¢ 0O o11 1
exx | =14¢qg b O 099 | +aAT | 1
| Y12 | 0 0 & 012
[ 011 i i AO’ QO’ 0 €11 AO’ +Q0
099 = Qo B, 0 £99 — aAT B, + Qo
| 012 | | 0 0 K Y12 0
Plane strain
033 = Reqq1 + Segg —a(R—i—S—i—C) AT (from g)
:—CO'H—EO'QQ—QAT (from ﬁ)
c c c =
_011- _A Q 0 €11 A+Q+R
o | =1 Q@ B 0 €9 | —aAT | B+Q+ S
L 012 i i 0 0 K Y12 0
[ e11 ] [ a. ¢ O o1 1+¢S+aR
€99 = g b 0 099 | +aAT | 1+ ¢R+bS5
| Y12 | L 0 0 & 012 0
planar general
[ 011 1 [ Ap Qp 0 €11 Qpl
0929 = Qp Bp 0 £99 —aAT @p2
| 012 | | 0 0 K | | 72 0
[ 11 | [ ap q 0] [ on Op1
€922 = q b O 022 | + AT 9p2
| 712 | 0 0 k| [ o2 0
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Chapter 6

Elastic limit criteria

Loading of a material body causes deformation of the structure and, consequently, strains
and stresses in the material. When either strains or stresses (or both combined) become too
large, the material will be damaged, which means that irreversible microstructural changes
will result. The structural and/or functional requirements of the structure or product will be
hampered, which is referred to as failure.

Their are several failure modes, listed in the table below, each of them associated with
a failure mechanism. In the following we will only consider plastic yielding. When the stress
state exceeds the yield limit, the material behavior will not be elastic any longer. Irreversible
microstructural changes (crystallographic slip in metals) will cause permanent (= plastic)
deformation.

failure mode mechanism

plastic yielding crystallographic slip (metals)

brittle fracture (sudden) breakage of bonds

progressive damage micro-cracks — growth — coalescence
fatigue damage/fracture under cyclic loading
dynamic failure vibration — resonance

thermal failure creep / melting

elastic instabilities buckling — plastic deformation

6.1 Yield function

In a one-dimensional stress state (tensile test), yielding will occur when the absolute value
of the stress o reaches the initial yield stress o,9. This can be tested with a yield criterion,
where a yield function f is used. When f < 0 the material behaves elastically and when
f = 0 yielding occurs. Values f > 0 cannot be reached.

91
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flo) = 0?2 — 050 =0 — g(o)= o? = 050 = g¢ = limit in tensile test

o- _O-yo

Fig. 6.1 : Tensile curve with initial yield stress

In a three-dimensional stress space, the yield criterion represents a yield surface. For elastic
behavior (f < 0) the stress state is located inside the yield surface and for f = 0, the
stress state is on the yield surface. Because f > 0 cannot be realized, stress states outside
the yield surface can not exist. For isotropic material behavior, the yield function can be
expressed in the principal stresses o1, 03 and 3. It can be visualized as a yield surface in the
three-dimensional principal stress space.

fle)=0 — g(o) =g : yield surface in 6D stress space

flo1,09,03) =0 — g(o1,09,03) =g+ : yield surface in 3D principal stress space

03

Fig. 6.2 : Yield surface in three-dimensional principal stress space
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6.2 Principal stress space

The three-dimensional stress space is associated with a material point and has three axes, one
for each principal stress value in that point. In the origin of the three-dimensional principal
stress space, where 07 = 09 = o3 = 0, three orthonormal vectors {€7, 5, €3} constitute a
vector base. The stress state in the material point is characterized by the principal stresses
and thus by a point in stress space with ”coordinates” o1, o2 and o3. This point can also be
identified with a vector &, having components o1, o9 and o3 with respect to the vector base
{€1, €, e5}.

The hydrostatic axis, where oy = 02 = 03 can be identified with a unit vector €.
Perpendicular to €, in the €)€),-plane a unit vector €, can be defined. Subsequently the unit
vector €, is defined perpendicular to the é,€,-plane.

The vectors €, and €, span the so-called II-plane perpendicular to the hydrostatic axis.
Vectors €, €, and €, constitute a orthonormal vector base. A random unit vector €;(¢) in
the II-plane can be expressed in €, and é;..

a
o e
€2 - ) !
& K
e
Fig. 6.3 : Principal stress space
hydrostatic axis €p = %\/3(51 +é+e3) with |lg]|=1

plane perpendicular to hydrostatic axis

vector in IT-plane er(¢) = cos(¢)é; — sin(e)e;

A stress state can be represented by a vector in the principal stress space. This vector can be
written as the sum of a vector along the hydrostatic axis and a vector in the I7-plane. These
vectors are referred to as the hydrostatic and the deviatoric part of the stress vector.
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Qy
1
2
_l_
)
no
o
_l_
S)
w
N
I
Qy
>
+
Qy
S

= 0161 + 02€3 + 03€3 — %\/5(01 + o2+ 0“3)%\/5(51 + é + €3)
= 01€1 + 0965 + 03€3 — %(alé’l + 09€ + 03€1 + 0162 + 0269 + 032 + 01€3 + 0963 + 03€3)
= %{(201 — 09 — 03)€1 + (—01 + 209 — 03)é + (—01 — 09 + 203)€3}
ol = |5 = V&l 54
= %\/(201 —09—03)2+ (—01 4+ 202 — 03)2 + (—01 — 02 + 203)?

_ J2/ 9 2 2
= \/3(01 + 05+ 05 — 0109 — 0203 — 03071)

=Vol:ogd

Because the stress vector in the principal stress space can also be written as the sum of three
vectors along the base vectors &), & and &, the principal stresses can be expressed in ¢” and

G ="+ =co"e, + ole(p)
= o"&, + 0¥{cos(¢)€, — sin(p)é, }
= o"IV3(E1 + & + &) + 0¥ {cos(¢) 1 V6(281 — & — &) — sin(p)3V2(é> — &3)}
= {3V3o" + IV6 0% cos(p)}ér +
{(2V3o" — V6 0% cos(¢) — 32 0% sin() }és +
{: oM — %\/éad cos(¢) + 3vV2 0% sin(p) }é3

= 01€] + 09€y + 03€3

6.3 Yield criteria

In the following sections, various yield criteria are presented. Each of them starts from a
hypothesis, stating when the material will yield. Such a hypothesis is based on experimental
observation and is valid for a specific (class of) material(s).

The yield criteria can be visualized in several stress spaces:

— the two-dimensional (o1, 09)-space for plane stress states with o3 = 0,
- the three-dimensional (o1, 09, 03)-space,

— the II-plane and

— the o7-plane, where Mohr’s circles are used.

6.3.1 Maximum stress/strain

The maximum stress/strain criterion states that
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yielding occurs when one of the stress/strain components exceeds a limit value.

This criterion is used for orthotropic materials.

maximum stress (011 = sx) V (022 = sy) V (012 = 85) V - - -
maximum strain (€11 =ex)V(exp =ey)V(oa=€g) V-

6.3.2 Maximum principal stress (Rankine)

The maximum principal stress (or Rankine) criterion states that

yielding occurs when the maximum principal stress reaches a limit value.

The absolute value is used to arrive at the same elasticity limit in tension and compression.
The Rankine criterion is used for brittle materials like cast iron. At failure these materials
show cleavage fracture.

Omazr = maw(’(ji’ ;1= 17273) = Omazx: — Oy0

The figure shows the yield surface in the principal stress space for a plane stress state with
g3 = 0. g9

o1

Fig. 6.4 : Rankine yield surface in two-dimensional principal stress space

In the three-dimensional stress space the yield surface is a cube with side-length 20,.

03

I DO IES SRS i e S

01/__5:1'- /

Fig. 6.5 : Rankine yield surface in three-dimensional principal stress space
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In the (o, 7)-space the Rankine criterion is visualized by to limits, which can not be exceeded
by the absolute maximum of the principal stress.

—0y0 0 Tyo

Fig. 6.6 : Rankin yield limits in (o, T)-space

6.3.3 Maximum principal strain (Saint Venant)

The maximum principal strain (or Saint Venant) criterion states that

yielding occurs when the maximum principal strain reaches a limit value.

From a tensile experiment this limit value appears to be the ratio of uni-axial yield stress and
Young’s modulus.

For o1 > o9 > 03, the maximum principal strain can be calculated from Hooke’s law
and its limit value can be expressed in the initial yield value o,, and Young’s modulus E.

€1= 01— 02— 03=

1 v v 040
e — 01 — V09 — V03 = Oy0
E E E E v

For other sequences of the principal stresses, relations are similar and can be used to construct
the yield curve/surface in 2D /3D principal stress space.

740

Emaz = maz(|e;| 3 1 =1,2,3) = €maz, = z
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01 — V02 = 0y0

Fig. 6.7 : Saint-Venant’s yield curve in two-dimensional principal stress space

6.3.4 Tresca

The Tresca criterion (Tresca, Coulomb, Mohr, Guest (1864)) states that

yielding occurs when the maximum shear stress reaches a limit value.

In a tensile test the limit value for the shear stress appears to be half the uni-axial yield stress.

_ 1 _ _ 1
Tmaxr = 3 (Umax - Jmin) = Tmaz; = 30y0 —

OTR = Omazx —

Omin = Oy0

Using Mohr’s circles, it is easily seen how the maximum shear stress can be expressed in the

maximum and minimum principal stresses.

For the plane stress case (o3 = 0) the yield curve in the oj09-plane can be constructed
using Mohr’s circles. When both principal stresses are positive numbers, the yielding occurs
when the largest reaches the one-dimensional yield stress o,9. When o is positive (= tensile
stress), compression in the perpendicular direction, so a negative o9, implies that o7 must
decrease to remain at the yield limit. Using Mohr’s circles, this can easily be observed.
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o1 =0
02 = 0y
o 02=0
01 = 0y0 o1
02 = —0y0
U 7 -
g9 01

Fig. 6.8 : Tresca yield curve in two-dimensional principal stress space

. _ _ 1
0120 5 0220 Tmaz = 01|02 = 50,0

. _ 1 1
0020 ; 02<0 Tmaz = 5 (01 — 02) = 5040

Adding an extra hydrostatic stress state implies a translation in the three-dimensional prin-
cipal stress space

{0-170-270-3} - {01+6702+6702+C}

i.e. a translation parallel to the hydrostatic axis where 01 = 09 = 3. This will never result in
yielding or more plastic deformation, so the yield surface is a cylinder with its axis coinciding
with (or parallel to) the hydrostatic axis.

In the II-plane, the Tresca criterion is a regular 6-sided polygonal.
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Fig. 6.9 : Tresca yield surface in three-dimensional principal stress space and the II-plane

In the o7-plane the Tresca yield criterion can be visualized with Mohr’s circles.

Tmazx

Omin Omax

Fig. 6.10 : Mohr’s circles and Tresca yield limits in (o, T)-space

6.3.5 Von Mises
According to the Von Mises elastic limit criterion (Von Mises, Hubert, Hencky (1918)),

yielding occurs when the specific shape deformation elastic energy reaches a critical

value.

The specific shape deformation energy is also referred to as distortional energy or deviatoric
energy or shear strain energy. It can be derived by splitting up the total specific elastic energy
W into a hydrostatic part W" and a deviatoric part W?.

The deviatoric W9 can be expressed in o¢ and the hydrostatic W can be expressed in
the mean stress o, = str(o).
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W:%U:E:%a:45 a—%(ah+ad):45:<ah+ad>
ah:%tr(a)I
adza—%tr(a)I — I:0%=tr(6?) =0
4 v 1+v 4.
S=—-=I1 I
E * E
1+v 1+v
1 h d
=1 tr(o)I + ——
2 o o) + ]

The deviatoric part is sometimes expressed in the second invariant Jo of the deviatoric stress
tensor. This shape deformation energy W? can be expressed in the principal stresses. For the
tensile test the shape deformation energy W can be expressed in the yield stress oyo- The
Von Mises yield criterion wd = Wtd can than be written as oy ) = oyo, where gy )/ is the
equivalent or effective Von Mises stress, a function of all principal stresses.

The equivalent Von Mises stress gy s is sometimes replaced by the octahedral shear

stress Toct = %\/ﬁﬁv M-

we = %adzad: %Qh
L o 1wl o Juo)) = L [0 - L]
- i [a§+a§+a§—§(01+az+03)2}
- i L (o1 — 02)* + (02 — 03)* + (03 — 01)?]

Wi = %%O—? = %%020

wi=wd —

S (C R S A ¢

ovM = \/% {(o1 = 02)2 + (02 — 03)% + (03 — 01)?} = oyo

1 .d. d_ 12 = _ /3 . — ./ —
2) 50’ .o —§O'y0 — OVM — §O'd.0'd— 3J2—0y0

The Von Mises yield criterion can be expressed in Cartesian stress components.



101

%U%M = tr(c%0?) with ¢¢ =¢ — %t (o)L

= (300 — 303y — 3022) Jﬂcy +og.+
2 2
(§Jyy - 3022 309090) Jyz + Jym +
2 2
(gazz — 3am O'yy) + sz + O’
= % (ag,x + ng + ogz) — % (OaOyy + OyyOsz + 022025) + 2 (ag,y + agz + agx)

For plane stress (o3 = 0), the yield curve is an ellipse in the oj09-plane. The length of the
principal axes of the ellipse is \/§0y0 and \/gayo.

02

Fig. 6.11 : Von Mises yield curve in two-dimensional principal stress space

The three-dimensional Von Mises yield criterion is the equation of a cylindrical surface in
three-dimensional principal stress space. Because hydrostatic stress does not influence yield-
ing, the axis of the cylinder coincides with the hydrostatic axis o1 = 09 = 03.

In the II-plane, the Von Mises criterion is a circle with radius \/gayo.

03 01 =02 =03 03

2
\/;Uyo

Fig. 6.12 : Von Mises yield surface in three-dimensional principal stress space and the
II-plane
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6.3.6 Beltrami-Haigh

According to the elastic limit criterion of Beltrami-Haigh,

yielding occurs when the total specific elastic energy W reaches a critical value.

1, [
W—18Ktr (0')+4G0' Lo
1 1
:18—K(01+02+J3)2+E{0%+0%+U§_%(Jl+02+03)2}
. 1 1 2 1 /5 2 2
_<18K 12G> (014 02+ 03) +4G (0'1 +02+03)

1 1 1 1 1
7/ (LS I S S S S S S
! <18K 12G>U TIG7 T3 TaEw

1 1 , 2F
2E<18—K_@> (01 + 02+ 03) —I—E(a%—l—ag—l—o*g) 2050

The yield criterion contains elastic material parameters and thus depends on the elastic
properties of the material. In three-dimensional principal stress space the yield surface is an
ellipsoid. The longer axis coincides with (or is parallel to) the hydrostatic axis o1 = 09 = 03.

o3 01 =09 =03

02

01

Tk
‘ /

Fig. 6.13 : Beltrami-Haigh yield curve and surface in principal stress space

6.3.7 Mohr-Coulomb

A prominent difference in behavior under tensile and compression loading is seen in much
materials, e.g. concrete, sand, soil and ceramics. In a tensile test such a material may have
a yield stress o,; and in compression a yield stress o, with oy > oyt The Mohr-Coulomb
yield criterion states that

yielding occurs when the shear stress reaches a limit value.
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For a plane stress state with 03 = 0 the yield contour in the oj02-plane can be constructed
in the same way as has been done for the Tresca criterion.

02

Ouc Out o1

o o 1
Out Ouc
Ouc

Fig. 6.14 : Mohr-Coulomb yield curve in two-dimensional principal stress space

The yield surface in the three-dimensional principal stress space is a cone with axis along the

hydrostatic axis.
The intersection with the plane o3 = 0 gives the yield contour for plane stress.

Fig. 6.15 : Mohr-Coulomb yield surface in three-dimensional principal stress space and the
1l-plane

6.3.8 Drucker-Prager

For materials with internal friction and maximum adhesion, yielding can be described by the
Drucker-Prager yield criterion. It relates to the Mohr-Coulomb criterion in the same way as

the Von Mises criterion relates to the Tresca criterion.
For a plane stress state with o3 = 0 the Drucker-Prager yield contour in the oj09-plane

is a shifted ellipse.
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02

g1

Fig. 6.16 : Drucker-Prager yield curve in two-dimensional principal stress space

In three-dimensional principal stress space the Drucker-Prager yield surface is a cone with
circular cross-section.

03

Fig. 6.17 : Drucker-Prager yield surface in three-dimensional principal stress space and the
1I-plane

6.3.9 Other yield criteria

There are many more yield criteria, which are used for specific materials and loading condi-
tions. The criteria of Hill, Hoffman and Tsai-Wu are used for orthotropic materials. In these
criteria, there is a distinction between tensile and compressive stresses and their respective
limit values.
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6.4 Examples

Equivalent Von Mises stress
The stress state in a point is represented by the next Cauchy stress tensor :
g = 30‘5151 — 0'5252 — 205353 + 0(5152 + 5251)

The Cauchy stress matrix is

30 o 0
g = c —o 0
0 0 —20

The Von Mises equivalent stress is defined as

ovM = \/%O'd cod = \/%tr(o-d col) = \/%tr(gdgd)

The trace of the matrix product is calculated first, using the average stress o,, = %tr(g).

tr(c%c?) = tr([c — o] [0 — opl]) = tr(c o — 200, + 02,1) = tr(c o) — 60, + 302,
2 2 2 2 2 2
2 2 2
%011 + %022 + %033 + §011022 + %@2033 + %033011
Substitution of the given values for the stress components leads to

tr(cc?) = 1602 — oy =2402 — Gyy =2V60

Equivalent Von Mises and Tresca stresses

The Cauchy stress matrix for a stress state is

Q

1
S 3 9
S Q3
qQ o o

with all component values positive.

The Tresca yield criterion states that yielding will occur when the maximum shear stress
reaches a limit value, which is determined in a tensile experiment. The equivalent Tresca
stress is two times this maximum shear stress.

OTR = 2Tmaz = Omaz — Omin
The limit value is the one-dimensional yield stress o,9. To calulate G, we need the prinipal

stresses, which can be determined by requiring the matrix g — sI to be singular.

oc—s T 0
det(o — sI) = det T o—s 0 =0 —
0 0 oc—3s
(c—5P—72(c—5)=0 — (0—8){(c—82-71=0 —
(c—s)(c—s+T1)(c—s—7)=0 —

01 =0Omaz =0 +T | 02=0 ; 03=0min=0—T
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The equivalent Tresca stress is
OTR = 2T
so yielding according to Tresca will occur when

1
T =730y

The equivalent Von Mises stress is expressed in the principal stresses :

ovar = \/ (o1 — 02) + (02 — 03)2 + (03 — 01)2}
and can be calculated by substitution,
ovy = V312 = \/gT

Yielding according to Von Mises will occur when the equivalent stress reaches a limit value,
the one-dimensional yield stress o,, which results in

T = %\/gayo



Chapter 7

Governing equations

In this chapter we will recall the equations, which have to be solved to determine the defor-
mation of a three-dimensional linear elastic material body under the influence of an external
load. The equations will be written in component notation w.r.t. a Cartesian and a cylindri-
cal vector base and simplified for plane strain, plane stress and axi-symmetry. The material
behavior is assumed to be isotropic.

7.1 Vector/tensor equations

The deformed (current) state is determined by 12 state variables : 3 displacement components
and 9 stress components. These unknown quantities must be solved from 12 equations : 6
equilibrium equations and 6 constitutive equations.

With proper boundary (and initial) conditions the equations can be solved, which, for
practical problems, must generally be done numerically. The compatibility equations are
generally satisfied for the chosen strain-displacement relation. In some solution approaches
they are used instead of the equilibrium equations.

Il
<
~
Q]

gradient operator
position

M 28 41
Il
8
N N
eIV

displacement =u

strain tensor = % ﬁﬁ)c + (#ﬁ)} —élece
compatibility V2 {tr(e)} = V- (V-€)*=0

stress tensor oc=¢coé

eq.of motion Veo+pi=pi ; o=0o°

material law oc="1C:¢e ; e=4c'.6=1%5:0

7.2 Three-dimensional scalar equations
The vectors and tensors can be written in components with respect to a three-dimensional

vector basis. For various problems in mechanics, it will be suitable to choose either a Cartesian
coordinate system or a cylindrical coordinate system.

107
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7.2.1 Cartesian components

The governing equations are written in components w.r.t. a Cartesian vector base. In the
column with strain components, we use ¢ instead of . Therefore, the shear related parameters
in €' and § are multiplied with or divided by 2, respectively.

z
&, .
u
& e, T = 2 +yey + 28
e'=[z y 2]
e, z
T_| o0 9 9
é‘y y Y _|:8m oy 8,2}

x
Fig. 7.1 : Cartesian components of position vector and gradient operator
T T
U :[um Uy uz] - 3 :[5mv Eyy Ezz Exy Eyz 5zm]
2um,m Ugy T Uyz Ugz+ Uz
E=o | Uya T Uzy 2uy,y Uy,z T Uzy
Uzg + Upz Uzy + Uy 2uy .

2eryzy — Exayy — Eyyze =0 —  cyc. 2x
Exayz T Eyzar — Ezzay — Exyaz =0 —  Cyc. 2X

T
g = [ Oxx Oyy Ozz Ogy Oyz Ozp ]
USCCC,CC + ny,y + U;cz7z + Pqr = pux (ny = ny)
Oyz,x + Oyyy + Oyzz + PGy = Ply (Oyz = 02y)
Ozza t Ozyy + 02z + Pz = PU, (sz = Umz)
g=Ce ; =38

nQ
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7.2.2 Cylindrical components

The governing equations are written in components w.r.t. a cylindrical vector base.

z ~
U
e
N Z=re.(0) + ze,
€t @T:[r 0 z]
L g,
x =rcos(f) ; y=rsin(h)
€. z
: e, dey _
€y y g g
€. er T 9 19 0
Y Vi=l& +% |
r

Fig. 7.2 : Cylindrical components of position vector and gradient operator

T T
U = [ Up Ut Uy ] - g = [ Err &t €2z Ert &tz Ear ]
1
1 2“7“,7“ ;(ur,t - ut) + ut,r ur,z + uz,r
1 1 1
£=5 Sure —ug) Fuge 20 (ur 4 uge) Uzt + Utz
1
uz,r + ur,z ;uz,t + ut,z 2uz,z
2€rt,rt — Errtt — Ettrr = 0 — cyc 2x
Errtz + Etzrr — Ezrrt — Ertrz = 0 — cyc. 2x
T
g = [ Orr Ott Ozz Ort Otz Ozp ]
1 1 i _
Orr,r + 7 Ortt + T (UTT - Utt) + Orz,z + pgr = pu, (Urt = Utr)
1 1 a5 —
Ot + 7 Ottt + 7 (O + Opt) + 0422 + pge = piiy (0, = 02¢)
1 1 .
Ozrp + T Oztt + 7 Ozr + 0222+ pq. = pu, (Uzr = Jrz)

nQ
Il
I
uem
ntm
Il
(1t
nQ
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7.3 Material law

When deformations are small, every material will show linear elastic behavior. For orthotropic
material there are 9 independent material constants. When there is more material symmetry,
this number decreases. Finally, isotropic material can be characterized with only two material
constants.

Be aware that we use now the strain components ¢;; and not the shear components -;;.
In an earlier chapter, the parameters for orthotropic, transversally isotropic and isotropic
material were rewritten in terms of engineering parameters: Young’s moduli and Poisson’s

ratio’s.
A Q@ R 0 0 0 ] [a g » 0 0 0
Q BS 0 0 0 g bs 0 0 0
| R S C 0 0 0 1 r s c 0 0 O
€=10 0 0 28 0 o0 28 =000 % o0 o0
00 0 0 2L 0 000 0 i 0
0 0 0 0 0 2M | (000 0 0 3m |
quadratic B=A; S=R; M=1L;
transversal isotropic B=A;, S=R; M=L; K= %(A— Q)
cubic C=B=A; S=R=Q; M=L=K#1(A-Q)
isotropic C’:B:A;S:R:Q;M:L:K:%(A—Q)

7.4 Planar deformation

In many applications the loading and deformation is in one plane. The result is that the
material body is in a state of plane strain or plane stress. The governing equations can than
be simplified considerably.

7.4.1 Cartesian

In a plane strain situation, deformation in one direction — here the z-direction — is suppressed.
In a plane stress situation, stresses on one plane — here the plane with normal in z-direction
— are zero.

Eliminating o,, for plane strain and ¢,, for plane stress leads to a simplified Hooke’s
law. Also the equilibrium equation in the z-direction is automatically satisfied and has become
obsolete.

plane strain  : e, =¢€,, =€y, =0 Uy = Ug(T,Y)
plane stress : 0., =0y, =0y, =0 uy = uy(z,y)
T _ 1

£ = [ Cax Eyy Eaxy } Upz Uyy 5(Usy + Uya) }

2e0y,0y — Exayy — Eyywe = 0
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gT = [ Ozz Oyy Ouxy ]
Oz + Ouyy + Ple = Pl (O2y = 0ya)
Oyaa + Oyyy + Pay = ply

Ay @Qp O ap ¢ O
C =@ By O ; S,=| @ b O

0 0 2K 0 0 ik

7.4.2 Cylindrical

In a plane strain situation, deformation in one direction — here the

z-direction — is suppressed.

In a plane stress situation, stresses on one plane — here the plane with normal in z-direction

— are zero.

Eliminating o, for plane strain and &,, for plane stress leads to a simplified Hooke’s
law. Also the equilibrium equation in the z-direction is automatically satisfied and has become

obsolete.

€22 = Erz = &tz =0
Ozz = Opy =0t =0

plane strain
plane stress

fo

e’ =

2Ert,rt —Errtt — Ettrr = 0

gT = [ Orr Ott Org ]
UTT7T + % O-Ttvt + % (UTT - O-tt) + pQT = pur
Otr,r + %Utt,t + % (O-t'r + Urt) + pgr = piiy
AID Qp 0 ap dp
0 0 2K 0 0

7.4.3 Cylindrical : axi-symmetric + u; =0

When geometry and boundary conditions are such that we have

is referred to as being axi-symmetric.
In many cases boundary conditions are such that there is

up = up(r,0)
up = ug(r,0)

[erm e ene | =y ur+ue) 5 (2(ure —w) +u,) |

(Urt = Utr)

90) _

00 ( )¢ = 0 the situation

no displacement of material

points in tangential direction (u; = 0). In that case we have e,y =0 — o,y =0

plane strain €12 =Ery =€tz =0

plane stress

|

Oz = 0py =0t =0

Up = up(7)
Ut = 0

{
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€T = [ Err  Ett ] = [ Uy, %(UT) ]

Eprp = Upy = (Tett),r =&y + Teu,y

qT = [ Orr  Ott ]

1 .
Orr,r + ; (UT’T’ - Utt) + pgr = pu,

A, Q a, q ]
C = p Wp , g —| % b
=P [ Qp By ] =P [ ap by

7.5 Inconsistency plane stress

Although for plane stress the out-of-plane shear stresses must be zero, they are not, when
This inconsistency is inherent to the plane stress

assumption. Deviations must be small to render the assumption of plane stress valid.

calculated afterwards from the strains.

Orr = 2Kez, = 2Ku, , #0
oy, = 2Key, = 2Ku, , #0



Chapter 8

Analytical solution strategies

8.1 Governing equations for unknowns

The deformation of a three-dimensional continuum in three-dimensional space is described
by the displacement vector @ of each material point. Due to the deformation, stresses arise
and the stress state is characterized by the stress tensor o. For static problems, this tensor
has to satisfy the equilibrium equations. Solving stresses from these equations is generally
not possible and additional equations are needed, which relate stresses to deformation. These
constitutive equations, which describe the material behavior, relate the stress tensor o to the
strain tensor &, which is a function of the displacement gradient tensor (ﬁﬁ) Components
of this strain tensor cannot be independent and are related by the compatibility equations.

unknown variables

displacements

i
L \C
deformation tensor F = <V0§:’)
o

stresses

equations

compatibility V2 {tr(e)} =V (ﬁ -€)°=0

equilibrium V.o + pd = pi ; o=o0"
material law oc=o(F)

8.2 Boundary conditions

Some of the governing equations are partial differential equations, where differentiation is
done w.r.t. the spatial coordinates. These differential equations can only be solved when
proper boundary conditions are specified. In each boundary point of the material body, ei-
ther the displacement or the load must be prescribed. It is also possible to specify a relation
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between displacement and load in such a point.

When the acceleration of the material points cannot be neglected, the equilibrium equa-
tion becomes the equation of motion, with pﬁ as its right-hand term. In that case a solution
can only be determined when proper initial conditions are prescribed, i.e. initial displacement,
velocity or acceleration. In this section we will assume @=0.

= Uy, VYV ZeA,
=n-0=p), vV €A,

8.2.1 Saint-Venant’s principle

The so-called Saint-Venant principle states that, if a load on a structure is replaced by a
statically equivalent load, the resulting strains and stresses in the structure will only be
altered near the regions where the load is applied. With this principle in mind, the real
boundary conditions can often be modeled in a simplified way. Concentrated forces can for
instance be replaced by distributed loads, and vice versa. Stresses and strains will only differ
significantly in the neighborhood of the boundary, where the load is applied.

Fig. 8.1 : Saint-Venant principle

P:/a(x)dA:aA ; A=bxt
A

8.2.2 Superposition

Under the assumption of small deformations and linear elastic material behavior, the govern-
ing equations, which must be solved to determine deformation and stresses (= solution 5)
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are linear. When boundary conditions (fixations and loads (L)), which are needed for the
solution, are also linear, the total problem is linear and the principle of superposition holds.

The principle of superposition states that the solution S for a given combined load
L = Ly + Ly is the sum of the solution S; for load L; and the solution S for Lo, so :
S=514+5,.

: R
bn
Fy } s
A
¢
P } Uy + us
b

Fig. 8.2 : Principle of superposition

8.3 Solution : displacement method

In the displacement method the constitutive relation for the stress tensor is substituted in the
force equilibrium equation.

Subsequently the strain tensor is replaced by its definition in terms of the displacement
gradient. This results in a differential equation in the displacement #, which can be solved
when proper boundary conditions are specified.

In a Cartesian coordinate system the vector/tensor formulation can be replaced by index
notation. It is elaborated here for the case of linear elasticity theory.
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Cartesian index notation

0ijj + pqi = 0 } . Cijmen; +pai=0; } .
0ij = CijikEik etk =% (g + k)

Cijkiie; +pgi =0i  — wj — & — 0y

8.3.1 Navier equations

The displacement method is elaborated for planar deformation in a Cartesian coordinate sys-
tem. Linear deformation and linear elastic material behavior is assumed. Elimination and
substitution results in two partial differential equations for the two displacement components.
For the sake of simplicity, we do not consider thermal loading here.

Oxzx + Oxyy + Pz = Plig ; Oyzx T Oyyy + PQy = puy

Ope = ApEgr + Qpeyy

Oyy = Qpegz + Bpeyy

Opy = 2Kegy

ApExS&SC + ngyy7x + 2K5xy,y + pql‘ = pux }

2Keuy e + Qpfaay + Bpeyyy + pay = piy

Aptg ae + Qpliyye + K(Ueyy + tyay) + pla = piia }
K(U;(;7yx + Uy@;(;) + qux,xy + Bpuy,yy + Py = puy
Aptgzo + Kugyy + (Qp + K)uy,yo + pge = Pﬁx}
Ky v + By yy + (Qp + K)ug oy + pgy = piiy

8.3.2 Axi-symmetric with u; =0

Many engineering problems present a rotational symmetry w.r.t. an axis. They are axi-
symmetric. In many cases the tangential displacement is zero : u; = 0. This implies that
there are no shear strains and stresses.

displacements up = up(r) 5 uy = uy(r, z)

; . 1 . —
strains Epp = Upp ; €t = 7Ur } €2z = Uz z
stresses o, =0 ; 0,0 ; o04=0
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eq. of motion O, + ;(arr —0o4t) + pgr = piiy

The radial and tangential stresses are related to the radial and tangential strains by the planar
material law. Material parameters are indicated as A,, B, and @, and can later be specified
for a certain material and for plane strain or plane stress. With the strain-displacement
relations the equation of motion can be transformed into a differential equation for the radial
displacement u,

Orr = APEW + ngtt - @plaAT

— eq. of motion —
O = ngrr + Bpgtt — @pgaAT } q

1 1
Uppp + — Upy — C2 5 Ur = f(T‘)
T T

with (=

and flr)y=

8.4 Solution : stress method

In the stress method, the constitutive relation for the strain tensor is substituted in the
compatibility equation, resulting in a partial differential equation for the stress tensor. This
equation and the equilibrium equations constitute a set of coupled equations from which the
stress tensor has to be solved.

For planar problems, this can be elaborated and results in the Beltrami-Mitchell equation
for the stress components. It is again assmed that deformations are small and the material
behavior is linearly elastic.

Solution of the stress equation(s) is done by introducing the so-called Airy stress function.

8.4.1 Beltrami-Mitchell equation

The compatibility equation for planar deformation can be expressed in stress components,
resulting in the Beltrami-Mitchell equation.

Exx, +e xr — 2e, T
vy vy Y2y

kowyzy =
Exe = ApOgz + qpOyy - apOzz,yy + QpOyy,yyt+
Eyy = GpOaz + bpoyy UpOaz,zz + bpOyy ca

1
Exy = ikO'xy
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equilibrium
Ozt Ozyy = Pz — Ozyzy T Ozz oz = —Plzx } R
Oyza T Oyyy = =Py —  Oayay + Oyyyy = —Plyy
202y,2y T Ovzpz + Oyyyy = —Plze — Plyy

Beltrami-Mitchell equation

(k + 2qp) (Oaz,z0 + Oyyzx) + 20p0aa yy + 20p0yy 4y = —kp(que + qyy)

8.4.2 Beltrami-Mitchell equation for thermal loading

With thermal strains, the compatibility equation for planar deformation can again be ex-
pressed in stress components. Combination with the equilibrium equations results in the
Belrami-Mitchell equation for thermal loading.

Exx,yy Eyy,xx = 25wy,my
]{7 ==
Ozy,xy

apOzz,yy + qpOyy,yyt+
QpOaz,zx T bpo-yy,xx
a(AT)@SU + a(AT') 4y

Exe = ApOgz + Qpoyy + AT —
Eyy = QpOaz + bpoyy + AT
Exy = %k‘axy

equilibrium 200y2y + Ozezx + Oyyyy = — Pz — Ply,y
Beltrami-Mitchell equation for thermal loading

(k+24p) 02,20t (k+2Gp) Oy yy +20p0 00 4y +2bp0yy o0 = —kp(da,otyy) =20 {(AT)zo + (AT )yy }

8.4.3 Airy stress function method

In the stress function method an Airy stress function ) is introduced and the stress tensor is
related to it in such a way that the tensor obeys the equilibrium equations

—

V-o¢=0

Using Hooke’s law, the strain tensor can be expressed in the Airy function. Substitution of
this €(v)) relation in one of the compatibility equations results in a partial differential equation
for the Airy function, which can be solved with the proper boundary conditions.

In a Cartesian coordinate system the vector /tensor formulation can be replaced by index

notation.
1+v,

E

The material compliance tensor is : 16 = — % IT+ I’



119

Airy stress function : (&)

oc=-V(Vy)+ (V)T ; —

e=1S:0

VEVH) =V =0 — ¢ — o — ¢
Cartesian index notation

Airy stress function : ¥(x;)

ij = Sijik (— Y1 + OV, mm)
oij = =V + 0ijY kk

€iijj — Eijij = 0
€ij = Sijlk Okl

Viiji=0 — ¢ — oy = &

Planar, Cartesian

The stress function method is elaborated for planar deformation in a Cartesian coordinate
System.

Ogqx = _w,xx + sz (1/},9096 + w,yy) = w,yy

Oyy = —Vyy + Oyy(Vzw + Yyy) = Y ao Exw = ApYyy + GV aa
Oy = —V.ay Eyy = @pV,yy + bpaa
- =i,

Exz = ApOzz T QpEyy
Eyy = ‘{pam + bpoyy Exz,yy t Eyyar = 2€ay,zy
Exy = Ek‘amy

bplb,mm + apq/},yyyy + (2Qp + k‘)l/},myy =0

1 - 2(1
isotropic ap = b, = = 0 = f” - ( ;—y) .
bi-harmonic equation Y waww + Vyyyy + 20 zayy =0

Planar, cylindrical

In a cylindrical coordinate system, the bi-harmonic equation can be derived by transformation.

gradient and Laplace operator
- o .10

V=g g

e A Y | 1 92 9?
2_V.V=— 4+ 4~ _ 4+~ 2D
v VeV 8r2+rﬁr+r2892+822 - -

92 190 1 92

2_— —_— —_—
Vi = or2 +7‘87‘+7‘2892
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bi-harmonic equation

0? 10 1 0? Y 10y 1 0%
<w+;a+ﬁw><w+;m+ﬁw>—°

stress components

1oy 18% 0%
= T2eer 0 T g

1oy 10% 0 (100
=298 v oro8  or <;%>

8.5 Weighted residual formulation for 3D deformation

For an approximation, the equilibrium equation is not satisfied exactly in each material point.
The error can be ”smeared out” over the material volume, using a weighting function W(Z).

equilibrium equation V-o°+pi=0 VZeV
approximation —  residual V-0 +pf= j(f) #0 VZeV
weighted error is "smeared out” /w(f) CA(Z)dV

1%

When the weighted residual integral is satisfied for each allowable weighting function @, the
equilibrium equation is satisfied in each point of the material.

/w- (904 pg] v =0 V@@ o Veot4+pi=0 = VFeV
1%

In the weighted residual integral, one term contains the divergence of the stress tensor. This
means that the integral can only be evaluated, when the derivatives of the stresses are con-
tinuous over the domain of integration. This requirement can be relaxed by applying partial
integration to the term with the stress divergence. The result is the so-called weak formula-
tion of the weighted residual integral.

Gauss theorem is used to transfer the volume integral with the term ﬁ( ) to a surface
integral. Also p=o-n=1mn-0°and o = ¢ is used.
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/[6-(&-@)—(6@)0:0%@-;)@} dvV =0 V@
14

/(615)6:UCdV:/w-pcjdv+/ﬁ-UC-wdA Y &b
14 14 A
/(615)6:advz/w-pqdv+/w-ﬁdA V @

|4 14 A

8.5.1 Weighted residual formulation for linear deformation

When deformation and rotations are small, the deformation is geometrically linear. The
deformed state is almost equal to the undeformed state.

/(ﬁow)czadvo:/w-pqd%+/w-ﬁdAo V@
Vo Vo Ao

The material behavior is described by Hooke’s law, which can be substituted in the weighted
residual integral, according to the displacement solution method.

o=1C:e="4C:1 {(%ﬁ) + (%ﬁ)C} — 10 : (Vi)

The weighted residual integral is now completely expressed in the displacement #. Approxi-
mate solutions can be determined with the finite element method.

/(%w)cz A (Void) dVy = /w-pqd%+/w-ﬁdAo V @
Vo Vo Ao

8.6 Finite element method for 3D deformation

Discretisation

The integral over the volume V is written as a sum of integrals over smaller volumes, which
collectively constitute the whole volume. Such a small volume V¢ is called an element.
Subdividing the volume implies that also the surface with area A is subdivided in element
surfaces (faces) with area A°.
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Fig. 8.3 : Finite element discretisation

Z/(ﬁw)cz iC (ﬁﬁ)dVa:Z/w-pcjdVeJrZ/w-ﬁdAe V @
€ ye € ye

€A Ae

Isoparametric elements

Each point of a three-dimensional element can be identified with three local coordinates
{&1,£2,&3}. In two dimensions we need two and in one dimension only one local coordinate.

The real geometry of the element can be considered to be the result of a deformation
from the original cubic, square or line element with (side) length 2. The deformation can
be described with a deformation matrix, which is called the Jacobian matriz J. The de-
terminant of this matrix relates two infinitesimal volumes, areas or lengths of both element
representations.

13

&1

Fig. 8.4 : Isoparametric elements

isoparametric (local) coordinates (€1,62,83) 3 —-1<&<1 1=1,2,3
Jacobian matrix J= (nggT)T : dVE© = det(J) dé1déadés
Interpolation

The value of the unknown quantity — here the displacement vector & — in an arbitrary point of
the element, can be interpolated between the values of that quantity in certain fixed points of
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the element : the element nodes. Interpolation functions 1 are a function of the isoparametric
coordinates.

The components of the vector @ are stored in a column u. The nodal displacement
components are stored in the column u®. The position # of a point within the element is
interpolated between the nodal point positions, the components of which are stored in the
column z¢. Generally, that the interpolations for position and displacement are chosen to be
the same.

Besides @ and Z, the weighting function w also needs to be interpolated between nodal
values. When this interpolation is the same as that for the displacement, the so-called Galerkin
procedure is followed, which is generally the case for simple elements, considered here.

We consider the vector function @ to be interpolated, where nep is the number of element
nodes. Components a; of @ w.r.t. a global vector base, can then also be interpolated.

6:¢161+¢2&»2+...+¢nep(—1m6p:%}T@»e N

nep

ai = v'a} +u%a} o+ Y PalT = Y wtal = glap -
a=1

Q
Il
S
1

The gradient of the vector function @ also has to be elaborated. The gradient is referred
to as the second-order tensor L€, which can be written in components w.r.t. a vector basis.
The components are stored in a column L. This column can be written as the product of
the so-called B-matriz, which contains the derivatives of the interpolation functions, and the
column with nodal components of a.

r= (Vi) — L'=Vd'+h — L,=Bd
Weighted residual integral

Interpolations for both the displacement and the weighting function and their respective
derivatives are substituted in the weighted residual integrals of each element.

f;:/(ﬁw)c: C:(Vaydve fgz/w-pidve+/w-ﬁdAe
ve Ae

12

VE
ff=w" / B'CBave|u ; ff=uwT / vTpgdve| +w / TpdA°
Ve

Ve Ae

The volume integral in ff is the element stiffness matrix K°. The integrals in f¢ represent
the external load and are summarized in the column IZ

ff=wTK w5 fe=wT e
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Integration

Calculating the element stiffness matrix K¢ and the external loads f ¢ implies the evaluation
of an integral over the element volume V¢ and the element surface “A°. This integration is
done numerically, using a fixed set of nip Gauss-points, which have s specific location in the
element. The value of the integrand is calculated in each Gauss-point and multiplied with a
Gauss-point-specific weighting factor ¢’” and added.

1 1 1 nip

[ormaave= [ [ [ r 6.6 o - 3

ve §1=-1&=-1&=-1

Assembling

The weighted residual contribution of all elements have to be collected into the total weighted
residual integral. This means that all elements are connected or assembled. This assembling is
an administrative procedure. All the element matrices and columns are placed at appropriate
locations into the structural or global stiffness matrix K and the load column f .

Because the resulting equation has to be satisfied for all w, the nodal dlsplacements U
have to satisfy a set of equations.

Boundary conditions

The initial governing equations were differential equations, which obviously need boundary
conditions to arrive at a unique solution. The boundary conditions are prescribed displace-
ments or forces in certain material points. After finite element discretisation, displacements
and forces can be applied in nodal points.

The set of nodal equations Ku = f cannot be solved yet, because the structural stiffness
matrix K is singular and cannot be 1nverted First some essential boundary conditions must
be applied, which prevent the rigid body motion of the material and renders the equations
solvable.



Chapter 9

Analytical solutions

In the following sections we present various problems, which have an analytical solution.
The equations are presented and the solution is given without extensive derivations. Many
problems involve the calculation of integration constants from boundary conditions. For such
problems these integration constants can be found in appendix E. Examples with numerical
values for parameters, are presented. More examples can be found in the above-mentioned
appendix.

9.1 Cartesian, planar

For planar problems in a Cartesian coordinate system, two partial differential equations for
the displacement components u, and u,, the so-called Navier equations, have to be solved,
using specific boundary conditions. Only for very simply cases, this can be done analytically.
For practical problems, approximate solutions have to be determined with numerical solution
procedures. The Navier equations have been derived in section 8.3.1 and are repeated below
for the static case, where no material acceleration is considered. The material parameters A,,
By, @, and K have to be specified for plane stress or plane strain and for the material model
concerned (see section 5.4.1 and appendix A.

APUI,WC + Kux,yy + (Qp + K)uy,yx +pqz =0

Kuy 2z + Bpuy yy + (Qp + K)ug oy + pgy = 0

9.1.1 Tensile test

When a square plate (length a) of homogeneous material is loaded uniaxially by a uniform
tensile edge load p, this load constitutes an equilibrium system, i.e. the stresses satisfy the
equilibrium equations : 0, = p and 0yy = 04y = 0, = 0. The deformation can be calculated
directly from Hooke’s law.

125
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1
Exx_EUl‘x:% - ux:%x—’_c ; U(z=0)=0—-c¢=0
uwzgzn — um(x:a)zga
E E
Eyy = Vem——ug — uy——u%y—l—c i uy(y=0=0 — ¢=0
pa
wy=-vly ; wy=a2)=—v?

9.1.2 Orthotropic plate

A square plate is loaded in its plane so that a plane stress state can be assumed with o,, =
0z, = 0y, = 0. The plate material is a "matrix” in which long fibers are embedded, which have
all the same orientation along the direction indicated as 1 in the "material” 1,2-coordinate
system. Both matrix and fibers are linearly elastic. The volume fraction of the fibers is V.
The angle between the 1-direction and the z-axis is a. In the 1,2-coordinate system the
material behavior for plane stress is given by the orthotropic material law, which is found in

appendix A.
2 \ Y
1
o I
Fig. 9.2 : Orthotropic plate
o1 1 Ey v Ey 0 €11
op | =———— | vi2ky Ep 0 €22 — g=0"¢

= —
o12 12v21 0 0 (1 — v12121)G12 712
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In appendix B the transformation of matrix components due to a rotation of the coordinate
axes is described for the three-dimensional case. For planar deformation, the anticlockwise
rotation is only about the global z-axis. For stress and strain components, stored in columns
¢ and ¢, respectively, the transformation is described by transformation matrices T, for stress
and T for strain. The components of these matrices are cosine (¢) and sine (s) functions of
the rotation angle «, which is positive for an anti-clockwise rotation about the z-axis.

T T «
gt =[on on on | Z= [ 0ux Oy Oy ] g =1,q
T T * T
E3 pr—
€ = [ €11 €22 712 ] €= [ Exx Eyy Tay ] £ ek
[ 2 §2 2cs | [ 2 52 cs ]
T, = s2 2 —2cs T = 52 2 —cs
| —cs cs g i | —2cs 2cs 2 — g2 ]
[ 2 §2 —2¢s | [ 2 52 —cs ]
I;l =1 2 2cs Igl = 52 c? cs
| cs —cs 2 — g2 i | 2cs —2cs 2 —s? i

The properties in the material coordinate system are known. The stress-strain relations in
the global coordinate system can than be calculated.
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Example : stiffness of an orthotropic plate

The material parameters in the material 1, 2-coordinate system are known from experiments :
By =100 N/mm? ; Ey =20 N/mm? ; Gi3 =50 N/mm? ; viy = 0.4

Due to symmety of the stiffness matrix (and of course the compliance matrix), the second
Poisson ratio can be calculated :

E
visEy = vs1 By — 19 = 11a E_2 = (0.4) % (20/100) = 0.08
1

The stiffness matrix in the material coordinate system can than be calculated. When the
material coordinate system is rotated over a = 20° anti-clockwise w.r.t. the global x-axis,
the transformation matrices can be generated and used to calculate the stiffness matrix
w.r.t. the global axes.

103.3058  8.2645 0 93.0711 9.8316 —31.8180
cr = 8.2645  20.6612 0 ;o C =1 194992 20.0940 31.8180

0 0 50.0000 29.9029 —3.3414  39.0683
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We can also concentrate on components of C and investigate how they changes, when the
rotation angle a varies within a certain rangg The next plot shows Cy;, Cyy and Cyy as a
function of a.

120

100

801

60

40

20F

0 20 40 60 80 100
rotation angle o

9.2 Axi-symmetric, planar, u; =0

The differential equation for the radial displacement w,. is derived in chapter 8 by substitution
of the stress-strain relation (material law) and the strain-displacement relation in the equilib-
rium equation w.r.t. the radial direction. It is repeated here for orthotropic material behavior
with isotropic thermal expansion. Material parameters A, and @, have to be specified for
plane stress and plane strain and can be found in appendix A.

1 1
Uy 7y + - Uy — <2 2 Uy = f(T)
T T

with (= %
\ 4p

and flr)=

OpL — Op2 1

x " aAT

R </
X (ty —qr) + A, a(AT), +

A general solution for the differential equation can be determined as the addition of the
homogeneous solution %, and the particulate solution %, which depends on the specific loading
f(r). From the general solution the radial and tangential strains can be calculated according
to their definitions.

=1 — =A== A1)
AA=D+A=¢]r2=0 —
N=C =5 AN=x( — Gr=cr+cr S

Ur = C1 TC + C27"_C + Uy

The general solution for radial displacement, strains and stresses is presented here.
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general solution up = 17 + cor~S + 1,

U
Err = 107 = eaCr T ; en =cr®or 4 7T
_ i _ U
Orr = (Apc + Qp)clrc I (ApC — Qp)CQT -1 + Apum, —+ ij—j — @plaAT

B . ~ i
o = (QpC + Bp)ClT‘C I (QpC — Bp)car -1y Qplr, + BPTT — Opa AT

For isotropic material the relations can be simplified, as in that case we have A, = B, and
thus ¢ = 1.

; C2 | _
general solution up = r + —= + 4,
r —
) _ ) 9 Uy
Erp = CL = C2T "+ Ury ; ep=c1+cor “+ -

c Uy

Orr = (4p + Qpler — (A — Qp) g + Apliny + Qp — — Op1aAT
C Uy

ou = (Qp + Ap)er = (Qp = Ap) 5 + Qplny + Ay~ = OpraAT

When there is no right-hand loading term f(r) in the differential equation, the particulate part
u, will be zero. Then, for isotropic material, the radial and tangential strains are uniform,
i.e. no function of the radius r. For a state of plane stress, the axial strain is calculated as
a weighted summation of the in-plane strains, so also ¢, will be uniform (see section 5.4.1).
The thicknesss of the axi-symmetric object will remain uniform. For non-isotropic material
behavior this is not the case, however.

Loading and boundary conditions

In the following subsections, different geometries and loading conditions will be considered.
The external load determines the right-hand side f(r) of the differential equation and as a
consequence the particulate part @, of the general solution. Boundary conditions must be
used subsequently to determine the integration constants c¢; and cy. Finally the parameters
Ap, B, and @), must be chosen in accordance with the material behavior and specified for
plane stress or plane strain (see appendix A).

The algebra, which is involved with these calculations, is not very difficult, but rather
cumbersome. In appendix E a number of examples is presented. When numerical values are
provided, displacements, strains and stresses can be calculated and plotted with a Matlab
program, which is available on the website of this course. Based on the input, it selects the
proper formulas for the calculation. Instructions for its use can be found in the program
source file. The figures in the next subsections are made with this program.

9.2.1 Prescribed edge displacement

The outer edge of a disc with a central hole is given a prescribed displacement u(r = b) = uy.
The inner edge is stress-free. With these boundary conditions, the integration constants in
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the general solution can be determined. They can be found in appendix E.

fr)y=0 — a,=0

ur(r =b) = wuy

o (r=a) =

c1,co @ App. E

Fig. 9.3 : Edge displacement of circular disc

For the parameter values listed below, the radial displacement w, and the stresses are calcu-
lated and plotted as a function of the radius r.

upy=00lm |a=02m|b=05m|h=005m|E =250 GPa | v =0.33

-3 x 10
10 T T T -

o [Pa]

9'40 0.1 0.2 0.3 0.4 0.5 OO 0.1 0.2 0.3 0.4 0.5

r[m] r [m]

Fig. 9.4 : Displacement and stresses for plane stress (0., = 0)

9.2.2 Edge load

A cylinder has inner radius r = a and outer radius r = b. It is loaded with an internal (p;)
and/or an external (p.) pressure.

The general solution to the equilibrium equation has two integration constants, which
have to be determined from boundary conditions. In appendix E they are determined for the
case that an open cylinder is subjected to an internal pressure p; and an external pressure pe.
For plane stress (0., = 0) the cylinder is free to deform in axial direction. The solution was
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first derived by Lamé in 1833 and therefore this solution is referred to as Lamé’s equations.
When these integration constants for isotropic material are substituted in the stress solution,
it appears that the stresses are independent of the material parameters. This implies that
radial and tangential stresses are the same for plane stress and plane strain. For the plane
strain case, the axial stress o,, can be calculated directly from the radial and tangential
stresses.

r
De
) fr)y=0 — a,=0
a . or(r =a) = —p;
z r
UTT(T ) = —Pe
c1,c9 @ App. E

Fig. 9.5 : Cross-section of a thick-walled circular cylinder
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The Tresca and Von Mises limit criteria for a pressurized cylinder can be calculated according
to their definitions (see chapter 6).

OTR = 2Tmaz = Max [ ’Urr - Utt‘7 ’Utt - O'zz‘7 ’Uzz - UrrH

ovM = \/% {(orr —ou)® + (0w — 022)% + (022 — 044)%}

An open cylinder is analyzed with the parameters from the table below. Stresses are plotted
as a function of the radius.

| pi =100 MPa | ¢ =025 m | b=05m | h=05m | E =250 GPa | v = 0.33 |

8

ZX 108 T T T T 3X 10
__ o
. TR
N g
1.57 \\ tt 4 2.57
N e
~ 2z
1,
S !
= - 3
& o5 e,
o o
1.5F
O, ,,,,,,,,,,,,,,,
1t
-0.5
. ‘ ‘ ‘ ‘ 05 ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
r [m] r[m]

Fig. 9.6 : Stresses in a thick-walled pressurized cylinder for plane stress (o,, =0)
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That the inner material is under much higher tangential stress than the outer material, can
be derived by reasoning, when we only consider an internal pressure. This pressure will result
in enlargement of the diameter for each value of r, but it will also compress the material and
result in reduction of the wall thickness. The inner diameter will thus increase more than the
outer diameter — which is also calculated and plotted in the figure below — and the tangential
stress will be much higher at the inner edge.

x10™*

——pss
1.9¢ 8 ---psn|i

1.4r

1.3f

1.2f

1'10 0.1 0.2 0.3 0.4 0.5

r [m]

Fig. 9.7 : Radial displacement in a thick-walled pressurized cylinder for plane stress (pss)
and plane strain (psn)

Closed cylinder

A closed cylinder is loaded in axial direction by the internal and the external pressure. This
load leads to an axial stress ¢,,, which is uniform over the wall thickness. It can be determined
from axial equilibrium and can be considered as an The radial and tangential stress are not
influenced by this axial load.

The resulting radial displacement due to the contraction caused by the axial load, .,
can be calculated from Hooke’s law.

_ pia2 - peb2

. ey v
axial equilibrium Oyy = o2 = Upg = Etal = ——= 0,7

E

9.2.3 Shrink-fit compound pressurized cylinder

A compound cylinder is assembled of two individual cylinders. Before assembling the outer
radius of the inner cylinder b; is larger than the inner radius of the outer cylinder a,. The
difference between the two radii is the shrinking allowance b; — a,. By applying a pressure
at the outer surface of the inner cylinder and at the inner surface of the outer cylinder, a
clearance between the two cylinders is created and the cylinders can be assembled. After
assembly the pressure is released, the clearance is eliminated and the two cylinders are fitted
together.
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The cylinders can also be assembled by heating up the outer cylinder to AT, due to
which it will expand. The radial displacement of the inner radius has to be larger than the
shrinking allowance. With « being the coefficient of thermal expansion, this means :

Ettar (T = Qo) = Uy, (T = ap) /0o = AT — up, (r = a,) = Ao AT > b; — a,

After assembly the outer cylinder is cooled down again and the two cylinders are fitted
together.

Residual stresses will remain in both cylinders. At the interface between the two cylinders
the radial stress is the contact pressure, indicated as p.. The stresses in both cylinders, loaded
with this contact pressure, can be calculated with the Lame’s equations.

r
+ & =

Qo a;

bo bi

Fig. 9.8 : Shrink-fit assemblage of circular cylinders

Oy = ;pcbi 2]7001121;22 oy, = _pcbz2 o pca?b?
bj —a; (b —a7)r? b} —ai (b —af)r?

Tppy = pcag . pcagbg Doy, = pcag pcagbg
b3 —ag (b3 —a3)r? b3 —az (b3 — ag)r?

The radial displacement can also be calculated for both cylinders. For plane stress, these
relations are shown below. They can be derived with subsequential reference to the pages
a26 and a6. The inner and outer radius of the compound cylinder is then known. The radial
interference J is the difference the displacemnts at the interface, which is located at radius r..

2 peaib? 2 pea’b
wirma) = 2R rn - L2
(2 1
" (r:a)zl_y pea’ a 1+v pea2b? 1
"o ¢ E b2—a2° E (b2—ad2) a,
u.(r:b-):—l_y pcb? b‘_l—l—V pca?b? 1
" ! E —-a?" E (b}-a))b

ri=a; +ui(r=a;) ; 71o="bp+ us(r="by)
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The location of the contact interface is indicated as r.. The contact pressure p. can be solved
from the relation for r..

re =bi +up,(r ="5b) =a,+u,(r=a, —
E(bi — a,)(b; — a3) (b} — a)

Pe = 0o — a){(R + a2) + v(b2 — a2)} + bi(82 — a2){(1? + a2) — v(b? — a2)}

For the parameter values listed below, the radial and tangential stresses are calculated and
plotted as a function of the radius r.

|ai=04m | b =07m|a,=0699m|b,=1m | E=200GPa|v=03|

x 10°

a
-

il (o)
oot

o [Pa]
)
[ -)

0 0.2 0.4 0.6 0.8 1
r[m]

Fig. 9.9 : Residual stresses in shrink-fit assemblage of two cylinders

Shrink-fit and service state

After assembly, the compound cylinder is loaded with an internal pressure p;. The residual
stresses from the shrink-fit stage and the stresses due to the internal pressure can be added,
based on the superposition principle. The resulting stresses are lower than the stresses due
to internal pressure. Compound cylinders can carry large pressures more efficiently.

9.2.4 Circular hole in infinite medium

When a circular hole is located in an infinite medium, we can derive the stresses from Lame’s
equations by taking b — oo. For the general case this leads to limit values of the integration
constants ¢; and co. These can then be substituted in the general solutions for displacement
and stresses.

Pressurized hole in infinite medium

For a pressurized hole in an infinite medium the external pressure p. is zero. In that case the
absolute values of radial and tangential stresses are equal. The radial displacement can also
be calculated.
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pa2 ' _ pa2

b—oo ;5 pi=p ; pe=0 - Oy =——5 ; Ou=—5
T T

For a plane stress state and with parameter values listed below, the radial displacement and
the stresses are calculated and plotted as a function of the radius. Note that we take a large
but finite value of for b.

| pi =100 MPa | a=02m | b=20m | h=05m | E =200 GPa | v =0.3
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Fig. 9.10 : Displacement and stresses in a pressurized circular hole in an infinite medium

Stress-free hole in bi-axially loaded infinite medium

We consider the case of a stress-free hole of radius a in an infinite medium, which is bi-axially
loaded at infinity by a uniform load 7', equal in z- and y-direction. Because the load is
applied at boundaries which are at infinite distance from the hole center, the bi-axial load is
equivalent to an externally applied radial edge load p. = —T'.

Radial and tangential stresses are different in this case. The tangential stress is maximum
for r = a and equals 2T

a2 a2
b—oo ; pi=0 ; pe=-T - Urr:T<1——2> ; Utt:T<1+_2>
r T

Kt = Imaz = Jtt(r:a) = E =

stress concentration factor = 2
T T T

For a plane stress state and with parameter values listed below, the radial displacement and
the stresses are calculated and plotted as a function of the radius.

| pe=-100 MPa | a=02m [b=20m | h=05m | E =200 GPa | v = 0.3 |
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Fig. 9.11 : Displacement and stresses in a pressurized circular hole in an infinite medium

9.2.5 Centrifugal load

A circular disc, made of isotropic material, rotates with angular velocity w [rad/s]. The outer
radius of the disc is taken to be b. The disc may have a central circular hole with radius a.
When a = 0 there is no hole and the disc is called ”solid”. Boundary conditions for a disc
with a central hole are rather different than those for a ”solid” disc, which results in different
solutions for radial displacement and stresses. The external load f(r) is the result of the
radial acceleration of the material (see appendix C).

external load iy = —wir —  f(r)=-— P2y
Ap
For orthotropic and isotropic material, the general solution for the radial displacement and
the radial and tangential stresses can be calculated.

Solid disc

In a disc without a central hole (solid disc) there are material points at radius » = 0. To
prevent infinite displacements for r—0 the second integration constant co must be zero. At
the outer edge the radial stress o, must be zero, because this edge is unloaded. With these
boundary conditions the integration constants in the general solution can be calculated (see
appendix E).

up(r =0) # oo
b o (r=0)=0
: c1,co : App. E

Fig. 9.12 : A rotating solid disc
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For a plane stress state and with the listed parameter values, the stresses are calculated and
plotted as a function of the radius.

w=6¢/s|a=0m|[b=05m|t=005m|p= 7500 kg/m® | E =200 GPa | v = 0.3

11 =

10+ \\\\ ”’O-VM7

o [Pa]
o [Pa]

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
r [m] r[m]

Fig. 9.13 : Stresses in a rotating solid disc in plane stress

In a rotating solid disc the radial and tangential stresses are equal in the center of the disc.
They both decrease with increasing radius, where of course the radial stress reduces to zero
at the outer radius. The equivalent Tresca and Von Mises stresses are not very different and
also decrease with increasing radius. In the example the disc is assumed to be in a state of
plane stress.

When the same disc is fixed between two rigid plates, a plane strain state must be
modelled. In that case the axial stress is not zero. As can be seen in the plots below, the
axial stress influences the Tresca and Von Mises equivalent stresses.

12 T T T T 4.6
~==.__ —
. . 4.4}
10+ T TTToty
N - 0-zz 4.2r
8 4
= Tomm-lil R < 3.8+
g o S Ee
o Tl o 3.6f
4 ~ 8 3.4
3.21
2,
3 s
0 i i i i 28 i i i i
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

r [m] r[m]

Fig. 9.14 : Stresses in a rotating solid disc in plane strain
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Disc with central hole

When the disc has a central circular hole, the radial stress at the inner edge and at the outer
edge must both be zero, which provides two equations to solve the two integration constants.

or(r=a)=0
or(r=>0)=0
c1,co : App. E

Fig. 9.15 : A rotating disc with central hole

For a plane stress state and with parameter values listed below, the radial displacement and
the stresses are calculated and plotted as a function of the radius.

w=6¢/s | a=02m|b=05m|t=005m|p=7500kg/m® | E=200GPa | v =03

6
-6 x 10
235% 10 ‘ ‘ ‘ ‘ 25
R I
L : i \ ---%u
2.3 2t AN
2.25
_ 15}
E 2.2r g
3 215 ° ol .
2.1
0.5-
2.051
P ‘ ‘ ‘ ‘ 0 i ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
r[m] r [m]

Fig. 9.16 : Displacement and stresses in a rotating disc with a central hole

Disc fixed on rigid axis

When the disc is fixed on an axis and the axis is assumed to be rigid, the displacement of the
inner edge is suppressed. The radial stress at the outer edge is obviously zero.



Fig. 9.17 : Disc fixed on rigid axis

up(r=a)=0
or(r=>0)=0
c1,co : App. E
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For a plane stress state and with parameter values listed below the stresses and tha radial
displacement is calculated and plotted.

lw=6¢/s|a

=02m|b=05m|t=005m|p= 7500 kg/m® | E =200 GPa | v = 0.3 |

14xlO 14xlO
-
121 - - -Oyht 12}
10+
10+
T 8 T
e, & 8
° gt o]
o 6l
4, RIS
2 ar
0 ; ; ; ; 2 ;
0 0.1 0.2 0.3 0.4 0.5 0 0.1

r [m]

0.2 0.3
r[m]

Fig. 9.18 : Stresses in a rotating disc, fixed on an axis
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x10~

Fig. 9.19 : Displacement in a rotating disc

0.4
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9.2.6 Rotating disc with variable thickness

For a rotating disc with variable thickness ¢(r) the equation of motion in radial direction can
be derived. For a disc with inner and outer radius a and b, respectively, and a thickness
distribution t(r) = % <, a general solution for the stresses can be derived. The integration

constants can be determined from the boundary conditions, e.g. o,(r = a) = o, (r = b) = 0.

I a(t(r)r _ te a
equilibrium ot(r)ror) _ t(ryoy = —p?t(r)r?  with t(r) = = =
or 2 r

general solution stresses

2C1 d1 202 do 3 +v 2 9 201 d 2C2 d 1 + 3v 2 9

== TEpdr 2T 7 = 2 gt 222 g pde

o=t at, el N e iy S
with di=—-1+/2+v ; dy=—%—1/2+v
boundary conditions op(r=a)=0p,(r=>0=0 —

2 —dipdy 2
2ﬂ:3+ypw2a_d1 a2—ad2 b* — q M plig
at, b+v bd2 — gqdzq—dipds

200 3+v o[ b*— a~dpdig?
aty b2 — qd2q—dipda

atg _5+pr

A disc with a central hole and a variable thickness rotates with an angular velocity of 6 cycles
per second. The stresses are plotted as a function of the radius.

isotropic plane stress | w = 6 ¢/s
a=02m|b=05m |t,=005m |p=7500kg/m® | E=200GPa|v=03
5
18% 10 .
i — 0, 18X 10
16y < o] __ O
14r N - =92 1.6r ---%ml]
12} 1
1.4f , \

10t | \

a8l Tas & 1.2r

S o

6F : W

4+

Al 0.8f

0 ; ; ; ‘ ‘ ‘ ‘ BN

0 0.1 0.2 0.3 0.4 0.5 0% 0.1 02 03 0.4 05

r [m] r[m]

Fig. 9.20 : Stresses in a rotating disc with variable thickness
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9.2.7 Thermal load

For a disc loaded with a distributed temperature AT(r) the external load f(r) is due to ther-
mal expansion. The coefficient of thermal expansion is « and the general material parameters
for planar deformation are A, and Q.

The part @, has to be determined for a specific radial temperature loading. It is assumed
here that the temperature is a third order function of the radius r.

e
AT(r) = ag + arr + agr? + azr®  —  f(r) = 2 a (a1 + 2a2r + 3azr®)  —

Ap
= _ Yn 1,21, .3, 1, 4
ur(r)—A—a(galr + a9 + agr?)
P

Solid disc, free outer edge

As is always the case for a solid disc, the constant ¢ has to be zero to prevent the displacement
to become infinitely large for » = 0. The constant ¢; must be calculated from the other
boundary condition. It can be found in appendix E.

”
] up(r =0) # oo

b o (r=0)=0
: ! c1,co : App. E

Fig. 9.21 : Solid disc with a radial temperature gradient

An isotropic solid disc is subjected to the radial temperature profile, shown in the figure
below. The temperature gradient is zero at the center and at the outer edge. For a plane
stress state and with parameter values listed below the stresses are calculated and plotted as
a function of the radius.

| o =[1002000] | a=0m | b=05m | E=200GPa |v=03]|a=1051/°C |
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Fig. 9.22 : Radial temperature profile and stresses in a solid disc in plane stress

When the temperature field is uniform, AT(r) = ag, we have @, = 0, and for the solid disc
co = 0 to assure u,(r = 0) # oco. From the general solution for the stresses — see page a30
— it follows that both the radial and the tangential stresses are uniform. Because the outer
edge is stress-free, they have to be zero. The integration constant ¢; can be determined to be
c1 = aag, which gives for the radial displacement :

Uy = Qagr

When the outer edge is clamped, the condition u,(r = b) = 0 leads to ¢; = 0, so the radial
displacement is uniformly zero. Radial and tangential stresses are uniform and equal :

Oprp = Ot = _a(AO' + QO’)CLO

Different results for plane stress and plane strain emerge after substitution of the appropriate
values for A, and Q,, see section 5.4.1 and appendix A. For plane stress, the thickness strain
can be calculated (see section 5.5.1) :

€2z = 1011 + S€22 + AT

For plane strain, the axial stress can be calculated :

r s «
Oy = ——Opp — — 0y — — AT
c c c

Disc on a rigid axis

When the disc is mounted on a rigid axis, the radial displacement at the inner radius of the
central hole is zero. The radial stress at the outer edge is again zero.
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ur(r=a) =0
or(r=>0)=0
c1,co : App. E

Fig. 9.23 : Disc on rigid axis subjected to a radial temperature gradient

a’ =[100 20 0 0]

isotropic ‘ plane stress

a=02m |b=05m |E =200GPa v=03]|a=10"°%1/C |
7
1x 10
100
90r 1 0.5}
80"
0,
70¢
=
§ 6ot -0.5
[
501 1 al
40+ r ’
-15{___0
30} "
- zz
20 01 02 03 0.4 05 2 0.1 0.2 0.3 0.4 0.5
r[m] r [m]

Fig. 9.24 : Radial temperature profile and stresses in a disc which is fixed on a rigid axis

9.2.8 Large thin plate with central hole

A large rectangular plate is loaded with a uniform stress o,, = o. In the center of the plate
is a hole with radius a, much smaller than the dimensions of the plate.

The stresses around the hole can be determined, using an Airy stress function approach.
The relevant stresses are expressed as components in a cylindrical coordinate system, with
coordinates r, measured from the center of the hole, and 6 in the circumferential direction.
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ﬁ

o ag a4 a2
o a? a
ou =5 Kl + r_2> — (1 +3 7’_4> 003(29)]
o a4 CL2 .
o == [1_3r_4+27‘_2] sin(26)

At the inner edge of the hole, the tangential stress reaches a maximum value of 3o for
f# = 90°. For # = 0° a compressive tangential stress occurs. The stress concentration factor
K; is independent of material parameters and the hole diameter.

ou(r=a,0=5)=30 ; ou(r=a,0=0)=—0o
. o
stress concentration factor K, =% =3
o

At a large distance from the hole, so for r > a, the stress components are a function of the
angle 6 only.

Opp = % [1 + cos(20)] = o cos*(0)
oy = % [1—cos(20)] =0 [1— COS2(9)] = osin?(6)

Opt = — % sin(20) = —o sin(0) cos(6)

For parameters values listed below stress components are calculated and plotted for 6 = 0

and for 0 = % as a function of the radial distance 7.

| a=0.05m | o = 1000 Pa |
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Fig. 9.26 : Stresses in plate for § =0 and 6 = 5
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Chapter 10

Numerical solutions

In the following sections we present some problems and their numerical solutions. These
solutions are determined with the MSC.Marc/Mentat FE-package. The numerical solutions
can be compared with the analytical solutions, described in the previous section.

10.1 MSC.Marc/Mentat

The MSC.Mentat program is used to model the structure, which is subsequently analyzed by
the FE-program MSC.Marc. Modeling the geometry — shape and dimensions — is the first step
in this procedure. Dimensional units have to be chosen and consistently used in the entire
analysis. In this stage it is already needed to decide whether the model is three-dimensional,
planar or axi-symmetric. The finite element mesh is generated according to procedures which
are described in the tutorial. In the examples discussed in this chapter, only linear elements
are used, i.e. elements where the displacement is interpolated bi-linearly between the nodal
point displacements. Quadratic elements will lead to more accurate results in most cases.

After defining the geometry, the material properties can be specified. Only linear elastic
material behavior is considered, both isotropic and orthotropic. Boundary conditions can
be : prescribed displacements, edge loads, gravitational loads and centrifugal loading due to
rotation. Thermal loading is not shown here, but can be applied straightforwardly.

When the model is complete, it can be analyzed and the results can be observed and
plotted. Contour bands of variables can be superposed on the geometry and variables can be
plotted. In the next sections these plots will be presented.

10.2 Cartesian, planar
The most simple analysis, which can be done is the calculation of stress and strain in a

tensile test and a shear test. Boundary conditions must be prescribed to ensure homogeneous
deformation. As expected, the exact solution is reproduced with only one element.
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10.2.1 Tensile test

A uni-axial tensile test, resulting in homogeneous deformation, can be modeled and analyzed
with only one linear element, resulting in the exact solution. In the next example a square
plate (length a, thickness h) is modeled with four equally sized elements, because the central
node on the left edge must be fixed to prevent rigid body movement. The right-hand edge is
loaded with an edge load p. The deformation is shown in the figure below with a magnification
of 500.

When the left edge is clamped, the deformation and stress state is no longer homoge-
neous. An analytical solution does not exist for this case. An approximate solution can be
determined rather easily. To model the inhomogeneous deformation, we need more elements,
especially in the neighborhood of the clamped edge. Using more elements improves the ac-
curacy of the result. Equal accuracy can be realized with fewer, but higher-order (quadratic)
elements, as such elements interpolate the displacement field better than a linear element.

When subsequent analyses are done with decreasing element sizes, we will notice that
at some point, further mesh refinement will not change the solution any more. This conver-
gence upon mesh refinement is essential for good finite element modeling and analysis. When
it does not occur, the results are always dependent on the element mesh and such a mesh
dependency is not allowed. It may be found to occur when singularities are involved or when
the (non-linear) material shows softening, i.e. decrease of stress at increasing strain.

Y Y

Fig. 10.1 : Tensile test with different boundary conditions

p=100MPa|a=05m | h=005m | E=200GPa|v=025|

&

DaaCo)

. 18}

Fig. 10.2 : Undeformed and deformed element mesh at 500 x magnification

For the homogeneous case the displacement is



149

uy(r=a) =025 x 103 m ; w,(y=a/2)=-0.3125x 10~*

which, of course, is also the exact solution.

10.2.2 Shear test

The true shear test is another example of a homogeneous deformation. It is done here with
a 20 x 20 mesh of square linear elements, but could have been done with only one element,
leading to the same exact result. To prevent rigid body translation, the left-bottom node
is fixed, i.e. its displacement is prevented. To prevent rigid body rotation, the nodes at the
bottom are only allowed to move horizontally. Edges are loaded with a shear load p, leading
to the deformation, which is shown in the figure, again with a magnification of 500.

Instead of this homogeneous shear test, often a so-called simple shear test is done ex-
perimentally. In that case the shear load p is only applied at the upper edge. The left-
and right-edge is stress-free. Moreover, the displacement in y-direction of the upper edge
is prevented, as is the case for the bottom-edge, which is clamped. The result is shown in
the right-hand figure below with a magnification of 250. It is immediately clear that the
deformation is no longer homogeneous.

Y Yy

-

p
Fig. 10.3 : Shear test with different boundary conditions

p = 100 MPa

a=05m| h=0.0m | £ =200 GPa

isotropic ‘ plane stress

v =0.25 ‘

L

Fig. 10.4 : Undeformed and deformed element mesh at 500 and 250 x magnification
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10.2.3 Orthotropic plate

The uni-axial tensile test and the real shear test are now carried out on a plate with orthotropic
material behavior. For the tensile test, the center node on the left-edge is fixed, while the
other nodes on this edge are restricted to move in y-direction. For the shear test, the center
node is fixed and again the upper-right and lower-left corner nodes are restricted to move
along the diagonal. The material coordinate system is oriented at an angle o w.r.t. the global
r-axis. Material parameters are listed in the table. Because a plane stress state is assumed,
the surface of the plate decreases and also the thickness will change.
Yy
4 p

E——

-

p

Fig. 10.5 : Tensile test and shear test for orthotropic plate

p = 100 MPa a=0.5m h = 0.05 m a = 20°
Ell = 200 GPa E22 =50 GPa E33 =50 GPa V19 = 0.4
G12 = 100 GPa G23 = 20 GPa G31 = 20 GPa

V93 = 0.25 V31 = 0.25

i
-

Fig. 10.6 : Undeformed and deformed element mesh at 500 x magnification

10.3 Axi-symmetric, u; = 0

A tensile test on a cylindrical bar can be analyzed analytically when the material is isotropic.
For orthotropic material, with principal material directions in radial, axial and tangential di-
rection, the problem is analyzed numerically. Although the loading is uni-axially and uniform
over the cross-section, the strain and stress distribition is not homogeneous.

The cylindrical tensile bar of length 0.5 m is modelled with axi-symmetric elements. The
radius of the bar is 0.0892 m. The material coordinate system is {1,2,3} = {r, z,t}. Material
parameters are listed in the table. The bar is loaded with an axial edge load p. The axial
displacement is then about 0.001 m. The figure shows the stresses as a function of the radius.



Ell = 200 GPa
G12 = 100 GPa
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By =50 GPa | E33 = 50 GPa | v1g = 0.4 vog3 = 0.25 | v31 = 0.25
Ga3 = 20 GPa | Gi3; = 20 GPa | p = 100 MPa
z
T T 15X10°
e
0.5
g
)

- o-ZZ
-15 ‘ ‘ ‘ :
0.02 0.04 0.06 0.08
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Fig. 10.7 : Stresses in an orthotropic tensile bar

10.4 Axi-symmetric, planar, u; =0

Axi-symmetric problems can be analyzed with planar elements — plane stress or plane strain
— but also with axi-symmetric elements. In the latter case, the model is made in the zr-plane

for r > 0.

10.4.1 Prescribed edge displacement

The model is made in the zr-plane with axi-symmetric elements.

modeled by choosing the proper boundary conditions.

r
S S OO e VOO

Up

A plane stress state is

Fig. 10.8 : Edge displacement of circular disc
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Fig. 10.9 : Displacement and stresses for plane stress (o,, =0)

10.4.2 Edge load

A thick-walled cylinder is loaded with an internal pressure p;. When the cylinder is open
and its elongation unconfined, each cross-section over the axis is in a state of plane stress:
0, = 0. The plane strain situation, where the length of the cylinder is kept constant, is easily
analyzed by choosing plane strain elements.

Fig. 10.10 : Cross-section of a thick-walled circular cylinder

The cylinder is open (plane stress) and made of isotropic material. Dimensions and material
properties are listed in the table. The plots show the stresses as a function of the radius.
There values coincide with the analytical solution, except near the edges. The reason is that
stresses (and strains) are calculated in the integration points, which are located inside the
element, and edge values are extrapolated. When more elements are used, the deviation will
decrease.
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Fig. 10.11 : Stresses in a thick-walled pressurized cylinder for plane stress (c,, =0)

For plane strain (,, = 0) the length of the cylinder is kept constant. This will obviously lead
to an axial stress o, .

10.4.3 Centrifugal load

A centrifugal load is modeled to analyze rotating discs. The analysis can be done with an
axi-symmetric model or with a plane stress model. Except for the location near the edges,
the numerical solution coincides with the analytical solution, presented in chapter 9.

10.4.4 Large thin plate with a central hole

A rectangular plate with central hole is loaded uni-axially. The analytical solution for the
stress distribution is known and given in chapter 9. To get a numerical solution, the plate
is modeled with linear elements. Geometric and material data are listed in the table. The
figures show the stresses as a function of the radial coordinate for the 0°- and 90°-direction.

Y

ﬂ

Fig. 10.12 : Large thin plate with a central hole
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Fig. 10.13 : Stresses in plate for § =0 and 0 = 5
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Appendix A

Stiffness and compliance matrices

In this appendix, the stiffness and compliance matrices for orthotropic, transversal isotropic
and isotropic material are given.

A.1 Orthotropic

For an orthotropic material 9 material parameters are needed to characterize its mechanical
behavior. Their names and formal definitions are :

0o
Young’s moduli  : E; = —=
85@'@'
e
Poisson’s ratios : v = ——2
85@'@'
0o;j
shear moduli : Gy = Y
i

The introduction of these parameters is easily accomplished in the compliance matrix S. The
stiffness matrix C can then be derived by inversion of S. N

Due to the symmetry of the compliance matrix S, the material parameters must obey
the three Maxwell relations. N

i El_l —V21E2_1 —V31E3_1 0 0 0 7
—V12E1_1 E2_1 —V32E3_1 0 0 0
g —visE;t —vsEyt Byt 0 0 0
= 0 0 0 Go 0 0
0 0 0 0 Gy 0

0 0 0 0 0 Gy |
with iz v P23 V32 Ps1 M3
Ey, Ey, ' E, E3 ' E3 E



a2

I

] =

with

A.1.1 Voigt notation

1—v3ovo3 V31v23+V91  v21V32+V31
2 ExE3
V13V32+V12 1-v31v13 V120314132
El E3 E1 E3 E1 E3
vigve3+ri3  v21viz+res 1—viov9y
J E1E> J
0 0 0
0 0 0
0 0 0

0 0 0

0 0 0

0 0 0
AGiz 0 0

0 AGy 0

0 0 AGs |

A — 1 — v1o191 — Vo33 — V3113 — V12V23V31 — V21V32V13

E\EyE3

In composite mechanics the so-called Voigt notation is often used, where stress and strain
components are simply numbered 1 to 6. Corresponding components of the compliance (and
stiffness) matrix are numbered accordingly. However, there is more to it than that. The
sequence of the shear components is changed. We will not use this changed sequence in the

following.

stresses and strains

gT

= [011 022 033 012 023 0’31] = [01 02 03 06 04 05]

e = [e11 €22 €33 112 723 Y31] = [€1 €2 €3 €6 €4 5]

€1
€2
€3
€4
€5
€6

material parameters

A.1.2 Plane strain

St Sz Si3

Sa1 Sa2 So3

S31 S32 33
0 0 0
0 0 0
0 0 0
7= S»=
—5 Siz=
o Ss=

oogooo

5~

5
W=

-

Q
pt

0
0
0
0
S5
0

S33
Sa3
Se6

0 01
0 o9
0 g3
0 o4
0 g5
Se6 | L 06 |
- 1
= 5
— _ s
3
—_1
G12

For some geometries and loading conditions the strain in one
mation is referred to as plane strain. Here we take €33 = 13 = 23 = 0. The stress o33 is not
zero but can be eliminated from the stress-strain relation and expressed in o1 and o99.

For plane strain the stiffness matrix can be extracted directly from the three-dimensional
stiffness matrix. The inverse of this 3x3 matrix is the plane strain compliance matrix.

direction is zero. Such defor-
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1—-v32v93 V31V23+121 0
1 FE2Fs E>E3
C == V13324112 1-vai1113 0
= A E1E3 E1E3
0 0 AG1a
with A= 1-— VigV21 — V23V32 — V31V13 — V12123731 — V21V32V13
E\E>E3
1-v31113 _ v31vo3+trog 0
I Eo
S = __Vi13v3o+vio 1—v30v93 0
= FE1 FE> 1
0 0 e
an 1 [riov32 + 113 vavis tves | E3 N
33 — A 11 22 — V13 77w ?11 23 7= 022
A F1FEy F1FEs FEy FEs

A.1.3 Plane stress

When deformation in one direction is not restricted, the stress in that direction will be zero.
This is called a plane stress situation. Here we assume o33 = 013 = 031 = 0. The strain e33 is
not zero but can be eliminated from the stress-strain relation and expressed in the in-plane
strains.

Such a plane stress state is often found in the deformation of thin plates, which are
loaded in their plane.
For plane stress the compliance matrix can be extracted directly from the three-dimensional
compliance matrix. The inverse of this 3x3 matrix is the plane strain stiffness matrix.

ErY —umEyt 0
0 0 G
1 Ey vo1 Er 0
2112 0 0 (1 - 1/211/12)G12
- 3 1
€33 = —visEy o1 — vo3 Byl = — 1 — tyovar {(12vs + viz)en + (v21v13 + va3)enn )
— V12121

A.2 Transversal isotropic

Considering an transversally isotropic material with the 12-plane isotropic, the Young’s modu-
lus E, and the Poisson’s ratio v, in this plane can be measured. The associated shear modulus

E
is related by G, = 2(17_:’). In the perpendicular direction we have the Young’s modulus
Vp

Es3, the shear moduli G3, = G,3 and two Poisson ratio’s, which are related by symmetry :
I/ngg = Vngp.
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Bl Rz VN O 0 0 0
Bt E;N —us,Ed 0 0 0
P E;! 0 0 0
= 0 0 0o &' 0 0
0 0 0 0 Gy 0
0 0 0 0 0 Gy |
E, Ej
1—v3pvp3 V3pUp3+Up  Vpl3p+i3p 0 0 7
Ey,E3 EyE3 EyE3
Vp3V3p+Up 1—v3pvp3 VpV3p+V3p 0 0 0
EpEg EpEg EpES
1 VpVp3+Vp3 VpVp3+Vp3 1-—vprp 0 0 0
g = Z EpEp EpEp EpEp
0 0 0 AG, 0 0
0 0 0 0 AGp 0
0 0 0 0 0 AGs, |
with A 1 — vpvp — Vp33p — V3plp3 — Vplp3l3p — Vpl3plp3

E,E,Es

A.2.1 Plane strain

For the plane strain case with €33 = v13 = 723 = 0. The stress o33 is not zero but can be
eliminated from the stress-strain relation and expressed in o117 and o93. The plane strain
stiffness matrix can be extracted directly from the three-dimensional stiffness matrix. The
inverse of this 3x3 matrix is the plane strain compliance matrix.

1—v3prp3 V3pVp3+Up

1 E,E3 EpE3
C=_= Vp3V3p+Up 1—v3pvp3
= A EpE3 EpE3
0 0 AG,
with A 1 — vpvp — vp33p — V3plp3 — Vplp3l3p — Vpl3plp3
E,E,E;
1—v3pvp3 _ V3plp3 +vp 0
P Ep
S = _ vpav3ptip 1—v3prp3 0
= Ep Ep
1
0 0 fem

1 vgp(vp +1
033 = Z% (€11 + €22)
P
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A.2.2 Plane stress

For the plane stress state with o33 = 013 = o031 = 0, the strain €33 is not zero but can
be eliminated from the stress-strain relation and expressed in the in-plane strains. For plane
stress the compliance matrix can be extracted directly from the three-dimensional compliance
matrix. The inverse of this 3x3 matrix is the plane strain stiffness matrix.

E;Y —pEt 0
- -1
0 0 G
E, vk, 0
C= vE, E, 0
L=vie | 07 0 (1— )G,y
€33 = — %(0’11 + 092)

P

A.3 Isotropic

The linear elastic material behavior can be described with the material stiffness matrix C or
the material compliance matrix S. These matrices can be written in terms of the engineering
elasticity parameters F and v.

E
g_(1+u)(1—2y)
[ 1—v v v 0 0 0 i
v 1—v v 0 0 0
v v 1—v 0 0 0
0 0 0 3(1—2v) 0 0
0 0 0 0 1(1—2v) 0
0 0 0 0 0 (1 —2v) |
1 —v —v 0 0 0 i
-v 1 —v 0 0 0
S—i v —v 1 0 0 0
=" E| 0 0 0 21+v) 0 0
0 0 0 0 2(1+v) 0
. 0 0 0 0 0 2(1+v) |

A.3.1 Plane strain

For some geometries and loading conditions the strain in z-direction is zero : €,, = 0. Such
deformation is referred to as plane strain. With v,, = v,, = 0 we have for the stresses
0z, = 0y, = 0. The stress o is not zero but can be eliminated from the stress-strain relation
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and expressed in o, and o,.
From the stress-strain relation for plane strain it is immediately clear that problems will
occur for v = 0.5, which is the value for incompressible material behavior.

Opa 1—v v 0 Exa

Oy | =« v 1—v 0 Eyy

Oy 0 0 3(1-2v) Yay
Ozz = Ozl/(gww + 5yy) = V(Umm + Uyy)
with : o= £

(I+v)1-2v)

Exx 14y 1—-v —v 0 fo g

Eyy | = 5 —v 1—-v 0 Oyy

Yoy 0 0 2 Oy

A.3.2 Plane stress

When deformation in z-direction is not restricted, the stress o,, will be zero. This is called a
plane stress situation. With additional o,, = 0,, = 0, we have v,, = ., = 0. The strain ¢,
is not zero but can be eliminated from the stress-strain relation and expressed in the in-plane
strains.

Such a plane stress state is often found in the deformation of thin plates, which are
loaded in their plane.

Eyy | = o —v 1 0 Oyy
Yoy 0 0 2(1+v) Oy
Ah v
Exy = h_o = — E (O‘xm + Uyy) —1 (5xx + 5yy)
Orx E 1 T 8 Exx
Oyy | = 5 |V Eyy
1—
Oy v 0 0 %(1 —v) Yoy

A.3.3 Axi-symmetry

In each point of a cross section the displacement has two components : u! = [u,u.]. The
stress and strain components are :

(Z’T = [ Oprr Ozy Ot Opy ] ; <§T = [ Err €2z Ett Vrz ]

The stress-strain relation according to Hooke’s law can be derived from the general three-
dimensional case.

With the well-known strain-displacement relations, the stress components can be related
to the derivatives of the displacement components.



Orr
Ozz
Ot
Orz

E

(14+v)(1-2v)

F(1—2v)

ETT
622
Ett
Yrz
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Appendix B

Matrix transformation

The rotation of an orthonormal vector base is described with a rotation matrix. The matrix
components of a tensor w.r.t. the rotated base can be calculated from the components w.r.t.
the initial base. This matrix transformation will be done for a general second-order tensor
A. Tt is repeated for the stress and strain tensors, which then results in the transformation
of the material stiffness and compliance matrices.

B.1 Rotation of matrix with tensor components

A tensor A with matrix representation A w.r.t. {€1,é5,€3} has a matrix A* w.r.t. basis
{&1,&5,&5}. The matrix A* can be calculated from A by multiplication with Q, the rotation
matrix w.r.t. {€1, €s, €3}.

€ —
A*=¢- 6TA§ =Q"A
Qu Q2 Q31] A11 A Ass Qi Q2 Qi3

|

Ag1 Aoy Ags Q21 Q22 Q23
A3z Az Ass Q31 Q32 Q33

B.2 Rotation of column with matrix components

The column A with the 9 components of A can be transformed to 4™ by multiplication with
the 9x9 transformation matrix T according to A*=TA.

The matrix T is not orthogonal, but its inverse can be calculated easily by reversing the
rotation angles : T 1= =T (-1, —ag, —as).

AT:[AII A22 A33 A12 A21 A23 A32 A31 A13]

a9
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T =T(ov,00,a3) =

[ Q% Q3, Q% QuQu QuQa Q31Qxn QnQ3 Quls Q31Qu ]
o Q3 Q3 Q2012 Q12Q2 Q3202 Q2Q3 Q1203 Q32012

%3 Q35 Q35 Q2013 Q13Q23 Q3Q23 (Q23Q33 Q13Qs33 Q33Q13
Q12Q11 Q22021 Q32Q31 Q2Q11 Q12021 Q32021 (Q2Q31 Q12031 (301
Q112 Q21022 Q31Q32 Q21Q12 Q1102 @Q31Q22 Q21Q32 Q3 Q31Q12
Q13Q12 Q230220 Q33Q32 (Q23Q12 Q13Q22 Q33Q22 (Q3Q32 Q1303 Q33Q12
Q12Q13 Q22023 Q32Q33 (Q22Q13 Q12023 Q32023 (Q22Q33 Q12Q33 (32013
QuQ13 Q21023 Q31Q33 Q21Q13 Q11Q23 Q31Q23 @Q21Q33 Q11Q33 Q31013
[ Q13011 Q23Q21 Q33031 Q23011 Q13Q21 Q33021 Q230Q31 Q13Q31 Q33Q11

When A is symmetric, the transformation matrix 7" is 6x6. Note that 7" is not the represen-
tation of a tensor.

élTZ[An Agy Asz A Agy Az |

T =T(m,0n,a3) =

[ 4 Q3 Q3 2Q21 Q11 2Q31Q21 2Q11Q31 i
2y @3, Q% 2Q22Q12 2Q32Q22 2Q12Q32
2 Q3 Q% 2Q23Q13 2Q33Q23 20Q13Q33

Q12011 Q22021 Q32031 Q22Q11 + Q12Q21 Q32Q21 + Q22Q31 Q12Q31 + @32Q11
Q13Q12 Q23Q22 Q33032 (Q23Q12 + Q13Q22 (Q33Q22 + Q23Q32 Q13Q32 + Q33Q12
| Q11Q13 Q21Q23 @31Q33 @Q21Q13 + Q11Q23 Q31Q23 + Q21Q33 Q11Q33 + Q31Q13

B.3 Transformation of material matrices

The material stiffness and compliance matrix change as a result of a rotation of the orthonor-
mal vector base. This rotation is described by the rotation matrix Q. The transformation of
the stress and strain components is described by transformation matrices 7', and T',.

B.3.1 Rotation of stress and strain components

It is assumed that the components of a second order tensor w.r.t. an orthonormal vector basis
are known and stored in a 3x3 matrix. A new orthonormal vector basis is the result of three
subsequent rotations around three axes. The first rotation is over 1 around the initial 1-axis.
The second rotation is over as around the new 2-axis. The final rotation is over as around
the resulting 3-axis.

Each of these rotations is described by a rotation tensor. After rotation the components
of a tensor can be calculated using the resulting rotation matrix (). The column with compo-
nents of the tensor can be transformed using the transformation matrix 7. For a symmetric
tensor /matrix, this 6x6 transformation matrix is not symmetric and not orthogonal.
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When in the column with strain components, the shear components -;; are used instead
of the strain components ¢;;, the transformation matrix must be adapted.

For the stress column the transformation matrix 7, = T and for the strain column
(with «;;) the transformation matrix is 7'.. The inverse of the transformation matrix is easily
calculated by using reversed rotation angles and sequence.

c*=Q"cQ ; £=Q":Q — ¢ =T,¢ ; =T,

um

T,=T,(0q,0,03) =

[ 4 Q3 Q3 2Q21Q11 2Q31Q21 2Q11Q31 i
% @3, Q% 2Q22Q12 2Q32Q22 2Q12Q32
2 Q3 Q% 2Q23Q13 2Q33Q23 2Q13Q33

Q12011 Q22021 Q32031 Q22Q11 +Q12Q21 @32Q21 + Q22Q31 Q12Q31 + Q32Q11
Q13Q12 Q230220 Q33Q32 (Q23Q12 + Q13Q22 Q33Q22 + Q23Q32 Q13Q32 + Q33Q12
| Q11Q13 Q21Q23 @31Q33 (Q21Q13 + Q11023 Q31Q23 + Q21033 Q11033 + Q31Q13 |

T. =T (a1,02,a3) =

[ % Q3 Q3 Q21Q11 Q31021 Q11Q31
0 Q3 Q3% Q22Q12 Q320022 Q12032
2 Q35 Q35 Q23Q13 Q33Q23 Q13Q33

13
2012011 2022021 2Q32Q31 Q22011 + Q12021 Q32021 + Q22Q31 Q12Q31 + Q32Q11
2Q013Q12 2Q23Q22 2Q33Q32 Q23Q12 + Q13Q22 Q33Q22 + Q23Q32 Q13Q32 + Q33Q12
| 2Q11Q13 2Q21Q23 2Q31Q33 @Q21Q13 + Q11Q23 @31Q23 + Q21Q33 Q11Q33 + Q31Q13

Inverse transformation

I;l :Io(_ah_a27_a3) ; I€_1 :Ie(—al,—OZQ,_OZ3)

B.3.2 Rotation of stiffness and compliance matrices

Using the transformation matrices, the rotated stiffness and compliance matrices can be
calculated.

B.3.3 Rotation about one axis

For the plane strain/stress situation we can easily derive the compliance and stiffness matrix
w.r.t. a coordinate system {1*,2* 3} which is rotated anticlockwise (right handed) over an
angle o about the 3-axis. The transformation matrix T relates strain/stress components :
c*=1T,0 and ¢* =T _¢. Its components are expressed in the cosine and sine of the angle «,
(s = sin(a) and ¢ = cos(a)).
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T . * _
g =lon on on] ; g =1,qg
T . * _
e =len e M2 ; e =T.¢
2 §2 2cs 2 52 cS
T, = 2 2 —2cs T = 52 c? —cs
—cs c¢s ®—s? —2cs 2cs ®— §?
2 ¢2 —2cs 2 52 —cs
T;l 22 2cs 17> L= | 2 c? cs
cs —cs 2 — g2 2cs —2cs * — g2
c=C¢ — T;'¢*=CT:'¢* — "=T,CTI 'c"=C"¢"
e=Sg — I 'e=S8ST,'¢* — =T ST, '¢"=S"¢"

Rotation of stiffness matrix

The rotation of the planar stiffness matrix can be elaborated. The new components are
functions of the original components and of cosine (¢) and sine (s) of the rotation angle a.
Remember that o195 = Clyq y12.

g* — Io- g Ig_l
[ 2 s 2es Cii Cia O c? s? —cs
= 2 2 —2cs Cia Cy 0 52 2 cs
| —cs cs 2 —s? 0 0 Cy 2cs —2cs ¢ — 52

[ C4C11 + 20282012 + S4C22 + 40282044
2s2Cy1 + (c* + 5%)Crg + 252Cop — 4c25%Cuy
— 35011 + (¢35 — ¢53) O + ¢53Cog + 2¢5(c? — 5%)Cy
252011 + (c* + 5%)C1a + 252Coy — 4c25%Cuy
= S4C11 + 20282012 + 04022 + 40282C44
— 53011 + (5% — 35)C01a + 35Ca3 — 2¢5(c? — 5%)Cuy
—35011 + (35 — ¢53)C1a + ¢53Cag + 2¢5(c? — 52)Cyy
— 53011 + (es® — ¢35)C1a + 35Cos — 2¢s(c? — 5%)Cy
2s2Ch1 — 2c25%2C19 + 252Cap + (2 — 52)2Cyy
[ C4C11 + 84022 + 26282(012 +2Cyy)
?s3(Ch1 + Cog — 4Cuy) + (c* + s O
A35(C1a — O11 + 2C44) + ¢53(Cog — Cra — 2044)
6282(011 + Cyo — 4C44) + (04 + 84)012
= s4C11 + O + 2¢25%(Ca + 2Cuy)
033(012 —C11 +2Cy) + 033(022 — Cl2 —2Cy)
A35(C1a — C11 + 2C 1) + ¢53(Cag — Cra — 2C4y)
033(C12 —C11 +2Cy) + 033(022 —C12 —2Cyy)
c2s2(Chy — 2C12 + Cg) + (2 — s%)2Cyy
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Rotation of compliance matrix

The rotation of the planar compliance matrix can be elaborated. The new components are
functions of the original components and of cosine (¢) and sine (s) of the rotation angle a.
Remember that vio = Sy 010.

§'=TI.35 T,
[ 2 52 cs Si11 Si2 O 2§ —2c¢s
= 52 c? —cs S12 Sy O 2 2 2cs
—2¢s 2cs 2 —s2 0 0 Su cs —cs 2 — 2

811 + 2¢%52S19 + 54890 + 252y
252511 + (et + 5%) 812 + 25259 — 252y
—2c35511 + 2(c?s — ¢53) 819 + 2¢53 990 + cs(c? — 52) Sy
252511 + (¢t + 5%) 812 + 252599 — 252y
= 51811 + 2c25%S19 + ¢t S99 + 252y
—2¢s3511 + 2(cs® — ¢35)S12 + 2¢35529 — es(c? — 5%) Sy
—2c35511 + 2(c3s — ¢5%)S12 + 2¢53 S99 + cs(c? — s2) Sy
—2¢53911 + 2(cs® — ¢35)S1a + 2¢35590 — cs(c? — 5?) Sy
4c?52S511 — 8252519 + 4c25% 890 + (¢? — 52)2Su
64511 + 84522 + 6282(2512 + 544)
?s%(S11 + Sag — Sas) + (c* + s1)S12
033(2512 — 2511 + Su) + 033(2522 — 2512 — Su)
?s%(S11 + So2 — Saa) + (c* + s1)S1o
= 84511 + 64522 + 6282(2512 + 544)
cs3(2S19 — 2511 + Sas) + 35(2892 — 2512 — Sua)
638(2512 — 2511 + Su) + 683(2522 — 28512 — Sy4)
683(2512 — 2511 + 544) + 638(2522 — 2512 — 544)
46282(511 — 2512 + S92) + (02 — 82)2544

B.3.4 Example

This matrix transformation can easily be done with a Matlab programs. The procedure is
illustrated with an example for the stiffness matrix of a polyethylene crystal, which can be
found in literature. In the chain direction — the 3-direction — the stiffness is very high because
deformations involve primarily bending and stretching of covalent bonds. Perpendicular to
the chain direction the stiffness is much lower because deformation is resisted by weak Van
der Waals forces. It should be noted that experimental values are rather lower and depend
strongly on temperature.

First the compliance matrix is calculated by inversion. Then both matrices are trans-
formed to a rotated coordinate system with rotation angles {20°30°90°}.



al4d

1

(I

The resulting matrices are :

Ct

St

Now we take the initial stiffness matrix C again and rotate it about the material 1-axis. The
left figure shows rotated components as a function of the rotation angle. When the 1-axis
is assumed to be the axis perpendicular to the plane of plane stress state, the plane stress
stiffness matrix C can be calculated and also rotated about the 1-axis. The right figure

14.
20.
56.
10.
30.
18.

6930
5236
0859
6101
7978
3772

.0336
.0134
.0316
.0800
.0780
.1385

(799 328 113 0
3.28 992 214 0
1.13 2.14 31592 0

0 0 0 3.62
0 0 0 0
0 0 0 0

[ 145  —4.78 —0.019
—4.78 117 —0.062
—0.019 —0.062 0.317

0 0 0
0 0 0

0 0 0
6.5535  29.6372 -4.

12.2265 47.4614 -11.

20.6217 139.1272 -29.
5.4199  32.7978  -5.
8.1694  78.4859 -18.
6.5841 59.6109 -14.

~0.0292  0.0562
0.1558 -0.0673 -0.

~0.0389  0.0390
0.1056  -0.0468
-0.0447 -0.1084 -0.
~0.0180  0.1198 -0.

Rotation of material coordinate system

0.

0.
0.

w
oo VNoocoo OO0 OoO0o
©

[\)
D

0679
5658
3662
2719
8612
1472

0478
1654
1372
1060
1747
0404

w p—
oOoF coOOo0O0C oo ooo
o

B

15.
48.
13.
29.
20.

[GPa]

0

0

8 x 1072 [G Pa_l]

0

61.7 |

.6848 -11.1766
5734 -27.1345
9284 -85.3252
9517 -21.2424
9577 -49.1406
8241 -34.9673
.0717 0.1313
.0701 0.0163
.1919 -0.0939
.2255 -0.0106
.2436 0.0635
.0884 0.0632

=
shows rotated components as a function of the rotation angle.
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ortrotmatc3dax1 ortrotmatcpsaxl
350 \ \ \ 350 ; : :
—11
. . 5 I
00\ /N i 3
300N /N |—33 00
\ / \ /
. \ / 4
250 \ / \ // 250
_ \ / \\ ”/' =
T 200 1 g 200
) \ / \ L o,
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\ \ / ©
\ / \
100F \/ A\ / 1 100
/! /!
HEYARN J/ \\ 7 ”
o= 5 — — o=
0 50 100 150 200 0

rot.angle [deg] rot.angle [deg]

Three-dimensional and plane stress stiffness components

The same is done for totation about the material 3-axis, which is then also taken as the axis
perpendicular to the panar plane.

ortrotmatc3dax3 ortrotmatcpsax3
350 T T :
—11
—22 [l
300} b 7
250f ] |
- &
g 2001 1 o 7r 1
G 150} ] 2 o ]
© o
st i
100r 1
4 L 4
501 1 3k R D S 7
0 . - " 2 i i i
0 50 100 150 200 0 50 100 150 200
rot.angle [deg] rot.angle [deg]

Three-dimensional and plane stress stiffness components
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Appendix C

Centrifugal load

When a point mass point rotates about the z-axis with radial velocity w = 9, the velocity

and acceleration can be calculated.

T =ré.(0)+ ze, with 2=0
N .= 5 .- dé}« . —
T =Tre +1€ =T€ +T——W =T€, + rwey
df
T = 7€, + 1€, + rwe; + rwe; + rwep = (r - rw2) ér + (2rw + rw) €
constant r and w — T = —rw’é, = i, €,
€t
Z P
e 0

Rotation of a mass point
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Appendix D

Radial temperature field

An axi-symmetric material body may be subjected to a radial temperature field, resulting in
non-homogeneous strains and stresses. The considered temperature is a cubic function of the
radial coordinate. Its constants are a related to the temperatures and temperature gradients
at the inner and the outer edges of the body.

Cubic temperature function

The radial temperature field is a third-order function of the radius.

T(r) = ag + a1 + agr® + azr®
dT

— = ay + 2agr + 3azr?
dr

Boundary values

The coefficients in the temperature function are expressed in the boundary values of temper-

ature 71" and its derivative Cé—:: =T,. The boundaries are the inner and outer edge of the disc,

with radius r1 and ro, respectively.

T(r=r1) = fi = ao+ arr1 + agri + azry

T(r =1y) = fo=ag+ airs + asrs + azrs
T,(r=r1) = f3 = a1 + 2agry + 3asr}
T,(r =r3) = f1= a1 + 2asrs + 3agrs

in matrix notation

f1 1 rz rz ap

fol |1 rmo r3 135 ai _
G710 1 2n 32| |a| T L7
fa 0 1 2r 37"% as

al9
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Coefficients

The coefficients can be expressed in the boundary values of temperature and temperature
derivative. This can be done numerically by inversion of f = M a. Here, also the analytical

expressions are presented.

Fy X192 — F3X9

az =
X13X22 — X93X19
a F3 X3 a
9= — 55— — —— a3
X2 X2
3.3
f2_f1 Ty — T
a; = — (ro+r1)as — as
ro —T1 ro —1T1

2 3
ap = f1 —riay —riag —rjas

F3 = f3(ro —r1) — (f2 — f1)
Fy = fa(ra —11) — (f2— f1)
X9 = 7‘% — 7‘% —2r
X3 = 7‘;’ —ril)’ —37"%
Xog = r% — r%

3 3
X23:7‘2—7‘1—

Temperature fields

As an example, some temperature fields are plotted. The radius ranges between 0.2 and 0.5
m. The title of the plots gives the values of T'(r1), T'(r2), T»(r1) and T,(r2), respectively.

0 0 100 50 100 0 0 0O
‘ 100 T

80r

_ 60

j=2

[}

=

[
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201

0.25 0.3 0.35 0.4 0.45 0.5 8.2 0.25 0.3 0.35 0.4 0.45 0.5
r [m] r [m]
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a2l
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Radial temparature fields
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Appendix E

Examples

In this appendix a number of examples is shown. The general relations for the analytical
solutions can be found in chapter 9 and are specified here. The integration constants are
calculated for the specific boundary conditions and loading, and are given here.

a23
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E.1 Governing equations and general solution

p A, +Q A,—By1
and f(r)= A_p (i — qr) + % a(AT) . + PAP PZ aAT
orthotropic material :
general solution Up = cer + CQT_C + U, B
Err = 1Cr T — 0T by ; T A e s
r

orr = (ApC + Qp)clr<_1 — (Ap¢ — Q;,,)czr_c_1 + Aptiy, + szé—j — (Ap + Qp)aAT
_ _— _ Uy
o = (Qp¢ + Bp)err* ™ — (QpC — Bp)ear™ ™! + Qi + By — (By + Qp)aAT

isotropic material :

general solution U = C1T + & + U,
T _
-2 | = —2 | Ur
Epp = C1 — C2T "+ Upy ; e =c1+cor T+ 7
C2 _ U
orr = (Ap + Qp)er — (Ap — Qp)ﬁ + Aptiryr + Qp 77“ — (Ap + Qp)aAT
Co _ U
Ot = (Qp + Ap)cl - (Qp - Ap)ﬁ + Qptr, + Ap 77, - (Ap + Qp)aAT

For plane strain and plane stress the material parameters can be found in appendix A.



E.2 Disc, edge displacement

a2

f(r)y=0 — @, =0
ur(r =5b) = wuy

o (r=a) =0;

FEdge displacement of circular disc

orthotropic material :

¢

general solution Up = C1T

Err = ClCTC_l - C2CT_C_1 ;

+ cor

Ett = clrc_l + czr_c_l

orr = (ApC + Qp)cer—l — (Ap¢ — Qp)czr_C_I
ot = (QpC + Bp)errs ™ — (Qu¢ — By)ear ¢!

(Apc - Qp)bc Up

c1 =

isotropic material :

C

. 2
general solution Up = 1T + —
r

Erp = €] — Cor 2 ;

2
Opp = (Ap + Qp)cl - (A;n - Qp)?
ou=(Qp+ Ap)er — (@~ Ap) 5

(4 -Q)b
(Ap + Q;n)a2 + (A4p — Qp)b2 ’

Ccl =

(Ap¢ + Qp)a2C + (Ap¢ — Q;n)b2C

€y = €1 + Car”

(Ap¢ + Qp)bCCL2C up,
(ApC + Qp)a2< + (Ap¢ — Qp)b2C

;G2 =

2

(Ap + Qp)ba? "
(4p + Q;n)a2 + (Ap — Q;n)b2 ’

;7 2=
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E.3 Disc/cylinder, edge load

Cross-section of a thick-walled circular cylinder

orthotropic material :

general solution Up = clrC + 027“_C

1

-1 —(— -1 —(¢=1
err = 1Cr T — c(r¢ ; e = c1r - corC

Orr = (APC + Qp)clrc_l - (ApC - QP)C2T‘_C_1
on = (@pC + Bp)clrc_l —(Qp¢ — Bp)@r—@—l

. 1 astp; — b$t1p, e 1 a“t1pXp; — ¢t 1ap,
PTACHQ, b —dX LT A, b — o
isotropic material :
. C2
general solution Up = C1T + —
r
Erp = €1 — Cor 2 ; €t = ¢ + cor 2
C2
Opyr = (Ap + Qp)cl - (Ap - Qp)_g
2
ow = (Qp + Ap)ar — (Qp — Ap)ﬁ
1 1 5 5 1 a?b?
c1 = ia” — peb ;= i —
1 Ap + Qp b2 _ a2 (pl pe ) 2 Ap _ Qp b2 _ a2 (pl pE)
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E.4 Rotating solid disc

b f(?") = _Ai w2r
p
z ur(r =0) # o0
o (r=10) =
A rotating solid disc
orthotropic material :
Up = Cl'r'C + C27‘_C - Lﬁrs with g = L pwz
A, 9-¢
3A
Opyr = (APC + QP)CITC_I - (ApC - Qp)C2T'_<_1 - 7;014_‘_ Qp ﬁ?"2
p
B
o = (Qp¢ + Bp)clr<_1 —(QpC€ — Bp)czr_c_l — 73QPA+ P g2
p
34, +Q _
co =0 : - y4 P__ 3 ¢+3
i ' A4+ Q)

isotropic material :

1 1
UT:CIT+%2_ Aipwzr?’:ClT-l-%—A—pﬁr?’ with ﬁzépwz

ool =

(34p + @p)

orr = (Ap + @p)er — (Ap — QP)% B A, Br?
o = (Ap + Qp)cr + (4p — Qp)% _ W 430, Zngp) Br?
co =0 ; L= M ﬂb2

Ap(Ap + Q)
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E.5 Rotating disc with central hole

_ o
B flr)= X wer
1 z o (r=a)=0
O-rr(r = b) =0
A rotating disc with central hole
orthotropic material :
Up = Cl'r'C + C27‘_C - Lﬁrs with g = L pwz
Ap 9-¢
3A
Orr = (ApC + Qp)erme ™ — (ApC — Qp)ear 1 — %Qf” Br?
p
- e 3Q,+ B
ot = (QpC + By)errs ™ — (Qu¢ — By)eagr 71 — 7QPA P 32
p
. 34, +Q, peH3 _ C+3
FT A, Q) P X
3A, + Q) a26—2pC L — g CH1p20-2 2,2
= g () @
isotropic material :
_ 2 _1p o5 L as _ 1.
Ur—017"+r 8pr7‘ —clr—l—r Apﬁr with ﬁ—spw
c 3A, +
Orr = (A:D + Qp)cl - (Ap - Qp)r_z - 7( pA Qp) ﬁT‘2
D
c A, +3
Ot = (Ap + Qp)cl + (Ap — Qp)_z — (177% 672
r Ap
(BAp+Qp) 5 42 (BAp +Qp) |, 9,9
= Aot s a= a’v*)3
4,4, 1) @ T 4,04, - ")



Rotating disc fixed on rigid axis

z yn
up(r =a) =
o (r=0)=0
Disc fixed on rigid axis
orthotropic material :
1 1
Uy = cer + 627“_C — A—pﬂrg with (= 9-¢ c pwz
3A, +
Orr = (ApC + Qp)err® ™ — (ApC — Qp)ear 71 — 7124 @y Br?
p
- 1 3Qp,+ B
o = (QpC + BP)CITC T (Qp¢ — Byp)car -1 762114 P ﬁ?‘2
P
c1 = B
L (A Qa4 (A — Q)b TatH!
_3AP + Qp bt =St 4 ApC — Qp p—Stlg4
A, Ap
_ g
Cy =

(A,C + Q)W a4 (A, — Q)b T Tad]
ApC + Qp b<+1a4 o 3Ap + Qp b4a<+1}
Ap A,

isotropic material :

2 1 p 53 c 5 _ ,
rEart o g Wt =art oo h =1
s arty g4, " ar+ - Apﬁ?“ wit pw
& 3A, +
Opr = (Ap + Qp)cl — (Ap — Qp)r—g — (17147% ﬁTZ
P
¢ A, +3
ou = (Ap+ Qp)er + (4 — Qp) 5 — Ay +3Cy) Br?
r A,
; (M0, 22 )
c = by .
1 (Ap + @p)b* + (A — @p)a® Ap Ap
= B {Ap+Qp a4b2_wa2b4}
(Ap + Qp)b* + (4p — Qp)a? Ap Ap

a29
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E.7 Thermal load

r
] Ap+ @y
= = (AT
z r up(r =0) # o0
o (r=0)=0
Solid disc with a radial thermal load
orthotropic material :
general solution Up = 017’C + CQT_C + U, B
Epp = ClCTC_l - CzCT_C_l + Up ; e = 18 o epr T 4 tr
r

O = (ApC + Qplerr™ = (ApC = Qplear™ ! + Aty + Qp=" — (A + Qp)aAT
- (- _ Uy
ot = (Qp¢ + Bp)err* ™ — (QpC — Bp)ear™ ™! + Qi + By — (By + Qp)aAT

isotropic material :

general solution Ur = 17 + e + U,
T _
-2, = —2 | Ur
Epp = C1 — C2T "+ Upy ; e =c1+cor T+ 7
Co _ U
orr = (Ap + Qp)er — (Ap — Q;n)ﬁ + Aplyr + Qp 77“ — (Ap + Qp)aAT
C2 _ U
Ot = (Qp + Ap)cl - (Qp - Ap)ﬁ + Qpliyy + Ap 7T - (Ap + Qp)aAT



