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VECTORS

back to index



Vector

\

=4l ée
length : 13]|
direction vector : € : €]l =1
zero vector 0
unit vector € ; €] =1
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Scalar multiplication

b=oad

Piet Schreurs (TU/e)



Sum of two vectors

¢=3+b
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Scalar product

3-b =3l 16l cos(d)

1 ER

properties

L L)
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Vector product

properties
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¢ =3 b={||3|] [|bll sin(¢p)}7

= [area parallelogram] 7

bxd=—3xb
3

*
oy
*
o
I
ol
o
oy
|
ol
=
(g

9 /278



Triple product

3+ b-c={|4lB] sin(¢ }
= (area parrlg) * (h |ght) [volume| = |V

V>0 — {3b¢c right handed
V<0 — {3b,¢ left handed
V=0 — {3b,c dependent
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Tensor product

b Z

3b = dyad = linear vector transformation

3b-p=3b-p) ="

3b- (ap + BG) = «d3b- B+ P3b-G = &7 + B3
conjugated dyad (EB)C = b3 # 3b
symmetric dyad (EB)C =3b

Piet Schreurs (TU/e)
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Vector basis

random basis {c1, S, G3}
orthonormal basis {é1, &, &}

§-8§=0; — &-6=0 |
right-handed basis &1

Piet Schreurs (TU/e)
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DL

(_."1 * 52 . 83 75 0
(8jj = Kronecker delta)

DL
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Components of a vector

d= a6+ a6 + a36; = E a;j€ = ajé€;

i=1
€
2[31 a 33] & =€T§=§T€
&
as
a oo .
7 a;=a-¢ i=12,3 —
63 ai 3°§1 51
L e 22 2 |=|3&|=3|&|=3¢
€1 ) ) as 3-& €
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Cartesian coordinate system

X3
€3 ).
. X2
-
€1
X1 A

Cartesian coordinates : (x1,x2,x3) or (x,v,2)
Cartesian basis : {€1, &, &} or {&, &, €}
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Cylindrical coordinate system

X3
z
&
&
xx
cylindrical coordinates
cylindrical basis
€ (0) = cos(0)éy +sin(0)e;

Piet Schreurs (TU/e)

—sin(0)€é; + cos(0)é, =€

e
....... ' ér
& X2
0 ...
- r
(r,0,2)
{Er(e)aet(e))éz}
€:(0) = —sin(0)é1 + cos(0)e, ; &, =¢6;
06, . . . o
a—et = —cos(0)€é; —sin(0)é& = —&,
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Spherical coordinate system

X3
\‘\'\ gr .
-\\‘%’,,é}
& oo
& X
51 '
)
X1
spherical coordinates (r,8,d)
spherical basis : {€:(0,0),€:(0),€4(6,d)}

€.(0,d) =cos(0)sin(¢p)é; + sin(0) sin(Pp)é + cos(Pp )&z
€:(0) =—sin(0)é; + cos(0)é
¢ (0, d) =cos(0) cos(¢d)é; + sin(0) cos(d)& —sin(d) &
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Spherical coordinate system

%—éer = —sin(0) sin(¢)& + cos(0) sin(Pp)& = sin(P)é;

22 = cos(8) cos()é + sin(6) cos(p)& — sin(d)és = &
2—2 = —cos(0)é —sin(0)& = —sin(P)& — cos(P)éy

% = —sin(0) cos(¢) &1 + cos(0) cos(Pp)& = cos(P)é;

% _ —cos(0) sin()& — sin(0) sin(P)& — cos(Pp)és = —&,

b
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Polar coordinates

polar coordinates : (r,0)

polar basis : {€(0),&(0)}
€ (0) =cos(0)é; + sin(0)é
o dae) i} d&(0)
€:(0) = 40 = sin(0)é; + cos(0)e; — 0 - € (0)
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Position vector and Cartesian components

X3 j 3 7 dX
.'. ez
€1
€3 X
€ Xo
&1 D
X1
X =Xx161 + X0 + X363

X+ dX=(x1 +dx1)é1 + (x2 + dx2)é + (x3 + dx3)€3

dX = Xmél + ngéz + dX3§3
dX1:d)_("é‘1 N dXZZd)?'gQ 3 dX3:d)_("é‘3
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Position vector and cylindrical components

=ré(0) + z&;
+d%=(r+dr)& (0 +d8) + (z+ dz)&, = (r+dr) { &(0) + %& de} + (z+ dz)é
=r&(0) + z&, + r&:(0)d0 + dr&,(0) + &(0)drdd + dz&,

XL XU

dX =dré(0)+rd0é&(0)+dzée,
1
dr=dx-& ; dGz;d)?-é} v dz=dX-&
20 / 278
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Position vector and spherical components

ré.(6,d)

(r+dr)é. (0 4+ do,d + do)

_ (r—l—dr){é‘(e &) + ae, ~ do + 21 dcb}

= r&(0,¢) + rsin(d)é (6)d9—|—re¢( ,d)dd + dré. (0, d)

X =
X

+d

X1

d% = dr&(0, ) + rsin(d) dO &(0) + r dd &y (0, )

N S S
dr=dx-¢é ; de_rsin(d))dx & dd)—rdx €
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Variation of a scalar function f(x)

f(x + dx)
%dX df
f(x)
X x + dx
df = f(x+ dx) — f(x)
_ df 1 d?f 5
—f(X)‘I— EXdX‘I—E dex +—f(X)
df
=~ a XdX
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Variation of a scalar function f(x, y, z)

df = f(x+dx,y+dy,z+ dz) — f(x,y, z)

of of of
:f(x,y,z)—l—a— dx—f—a— 3, dz+---—f(x,y,2)
Xl(xy,2) Ylixy,z2) (x,y,2)
of of of
~— dx + — dy + — dz
0X | (x,y,2) 0¥ | (x,,2) 0z (xy 2)
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Spatial variation of a Cartesian scalar function

da da da
da—dxa—l—dya—y-i-dzg
. . .0a . . .0a L . .0a
= (dX- x)& ( y)a—y+(d ez)E
—are |62 48,22 5
R ) Yoy  °0
= dx-(Va)

gradient operator

<t
I
| — |
ol
QO
+
el
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+
ol
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Spatial variation of a cylindrical scalar function

92} 49224 g, 2

da=dr o7 20 oz

= (dX er)a'i‘(? dx et) ae+(d ez)a
—axe 8241522502
- "2 ‘90 Yoz
= d%-(Va)

gradient operator
- 0 _10 .0 _7o 7.
V—era'i_et;%'i'ez&—g V=V'e

Piet Schreurs (TU/e)
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Spatial variation of a spherical scalar function

0a da da
da = dra + de% + d‘b@
. _.0a 1 ., _.0a 1 . _ . 0a
—(dx-e,)a-I- mdx-et)%-k(;dx-ed,)%
PO R SE LIS W
B "or " rsin(¢) 08 ' r %2
= dx-(Va)
gradient operator
- 0 . 1 o 190 7o _7.
Ve e e 90 T g S YTV €

Piet Schreurs (TU/e)
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Spatial derivatives of a vector function

gradient : grad(3) = \E]
divergence : div(d) =V -3
rotation : rot(d) = V3

Piet Schreurs (TU/e)



Cartesian components

0

i 0 0
V3= (§X—+ey—+ez ) (axé + 3,8, + a;&;)

L)

0x oy 0z
= Exax,xEx + Exay &, + Ea; xE + & a5, E +

€,a, 6, + € a, ,E + a6 + Ea, 6 + €a, €,

90
ox é"x
=[& & & a% [ac a a:] tie:y
d €z
dz
—&"(Va') €
—éa+éa+Ea (ax8 + a, &, + a,€&,)
- an yay zaz x Ex ly €y z€z
day, O da, .
= 93 ai/y—i— aaz =tr(YgT):tr<Va)

Ax
V3 *—a+*—a+*—a (ax&y + a, 8, + a,&,)
*x 3 = %
a €y ~ eyay ezaz axéx + ay €, + az€;
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Cylindrical components

}{aré, + a€: + a.€;}

=, _ 0 10
Vaz{e,aJret aeJreZ
= &-a,,6 + erat,ret + eraz,rgz +
1 1 1 1 1
arter+et 3ttet+et az € + = aret_et ater
ezar,zer + ezat,zet + €;a; ;€;
0 0 0 o0
T T 1 1
yr=84 (Ya")é+ | ——a -a €
r r
0 o0

1. 1.
= &a, — = &3
r

1 1
ar,r + 7 at,t + az,z + 7 ar

<l
Wl
Il

1 [ d - . -
+ € Za x (a,€ + a6 + a,&;)

i)
a r 20
o 1
=& ar, €+ ar €+ az, 1€ 0+ B x— ar, & + a8 + ar,t6 — at€ + a, 16, ¢ +
= at,r€z az,rét + { ar t€z + at€z + az,ter} + ar,z€t at,z€r

- |:_az t at z:| €r + |:ar,z - az,r:| €t + |:3t,r - FQr,t + _at:| €z

<
*
nu

ar zer + at zet + az zez}
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Laplace operator

02 02 02
2 a2 T oz
02 10 1 92 02

Cartesian V2 =

lindrical 2 _ L
cylindrica \% 32 73 TR T o
2 22 1\ 1@ LI
herical 2 _ S —— ) —+= Y
spherica \% a2 "7 ar (rsin(d))) e T o2 T tan(¢p) o
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TENSORS

back to index



2nd-order tensor

tensor = projection  vector n—  vector
A-p=g
tensor = linear projection A-(acm+pr)=cA-m+pBA-i
representation A= 0615151 + 0625252 + 0633353 + ..

finite and not unique

Piet Schreurs (TU/e) 32 /278



Components of a tensor

A= 0615151 + 0625252 + 0635353 + ..

o1(a11€1 + 3126 + a1363) (b11€1 + b126> + b13&3) +

02 (22161 + 3206 + a2363)(b21€1 + bxé + b3&) + ...

= A11616) + A12E16 + A136163 + Ar1 6261 + A2€r6r + Axzérés +
A3183€1 + A€3&r + Az &8s

Auir A A € ;
=& & & ]| An An Axn & | =€ A€
A1 Az Ass €3

column notation

.
A=]An Ax Az A An Axn An An A |
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Spatial derivatives of a tensor function

gradient : grad(A) = VA
divergence : div(A) =V -A
rotation : rot(A) = V x A
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Divergence of a tensor in cylindrical components

VA =&-Vi(§Axé)
=& -(V€)Ajwéc+ & - &(ViAik)é + & - &Au(Vié)
=&+ (Vi&)Ajek +8;(ViAj) ek + 8Ai(Vié)

1 1
Vi€ = 0j204; P € — di2d2) P &

. 1. 1. . . 1. 1.
€ - (8i201) P 8i202; P &)A€k + 8 (ViAj) €k + 8 Ajk (8i201k P 8202k ; €)

. 1., 1. ~ . 1. 1.
€ + (81201 P 8i282; P € )A€k + 8 (ViAjk) €k + (81201« P 8202k P € )Aikdj
. 1. 1. . " " -
=&+ (8y TE&— o) P € )A€k + (V;Aj) €k + (8201« TE& - 8202k P €A
1 N R 1. 1.
= 0y P Aik8k + (VjAjk) &k + (8j2014 P 8202k P €A

1 R L 1 o R
= ?Alkek + (VA& + P (A216 — Axn€;)

1 1 . 1 1 . 1 R .
(;An - ;A22)61 + (;An + ;A21)e2 + ;A13e3 + (VjAu) &
= gr€k + VjAjkék
=g'é+(V'AE

[ (A1 —An) (An+Axn) As ]

S|

=(V'AEé+g’é with g'=
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Special tensors

dyad 3b
null tensor 0]
unit tensor |
conjugated A€

null tensor — null matrix

unity tensor — unity matrix

conjugate tensor — transpose matrix

Piet Schreurs (TU/e)

USRI

0-5=0
I-5=p
A°-p=p5-A
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Manipulations

scalar multiplication B =«A
summation C=A+B
inner product C=A-B
double inner product A:B=A°:B° =scalar
NB : A-B£B-A
A2=A.A : AS=A.A.A : etc.
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Euclidean norm

m = ||A]| = max||A-€|| vV € with |l€l=1
e
properties
L Al >0
2. Al =[] [|All
3. IA-BIl < [|AllBI|
4. 1A+ B < [|A[+[[BI|
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1st invariant

h(A) =tr(A)

1 S o
=————[¢-A-(& %)+ cycl]
Cl1 *Cr+C3
1 S5
=——=1[6 A (& &)+ cycl]
€1 % €2 €3
—E MG e AEEAE
= A1 + Axp + Asz = tr(A)

properties
1 h(A) = (A%
2 J()=3
3 Jl(ocA = O(Jl(A)
4 J(A+B)=4(A)+ #(B)
5 L(A-B)=A:B — L(A)=A:l

Piet Schreurs (TU/e) 39 / 278



2nd invariant

S(A) = 3{tr*(A) — tr(A%)}

7'_,[?:'1-(A &) x (A-3) + cycl]

properties

L(A) = J(A°)
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3rd invariant

J3(A) = det(A)

1 o o o
= ———=I[A-c)-(A-&)x(A-G)]
Cl1 *Cr+C3
1 . . .
=——I[A-&):-(A-&)x(A-&)]
€1 % €+ €3

= A11A20 A3z + A12A23A31 + A1 A Ars
— (A13A22A31 + A12A21 Ass + Az A Arr) = det(A)

properties
1. JL(A) = K(A°)
2. A =1
3. JL(axA) = &3 J5(A)
4, J3(A-B) = J3(A)J3(B)
5. det(A) =0 < A singular & [A -p =0 with B #* (_)1
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Eigenvalues and eigenvectors

A-i=An with

A-n=An —

Ai—Ai=0  —

Ai—N-i=0 —

(A—A)-7=0 with

A — Al singular —

det(A—Al) =0 —  characteristic equation

characteristic equation : 3 roots

Ai (A_)\Ii)gl :Q

A = Ai i + Aafiaiiy + A3fiziiz

Piet Schreurs (TU/e)

det(A —Al) =0

- n
=1 — n+n,+n5=1 } ~i
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Relations between invariants

Cayley-Hamilton theorem
A3 — Ji(A)A% + Lh(A)A— J5(A)1=0

relation between invariants of A~!
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Special tensors

inverse Al 5 Al.a=

deviatoric A=A Ltr(A)l

symmetric A=A

skew-symmetric A°=-A

positive definite 3-A-3>0 V 340

orthogonal (A-3)-(A-b)=3-b VYV 3b
adjugated (A-3)«(A-b)=A?.(3xb) V 3,b

Piet Schreurs (TU/e) 44 / 278



Inverse tensor

det(A) 40 « I A1 | Al.A=1

property
(A-B)-3=b — 3F=(A-B)'-b
(A-B)-3=A-(B-3)=b — —
B-i=A'.b — F=B'.Al.p
(A-B)'=B!.A!
components (minor(Ajj) = determinant of sub-matrix of Aj)
Al = Lt (—1)"* minor(A;)
7 det(A) !

Piet Schreurs (TU/e) 45 / 278



Deviatoric part of a tensor

properties

A=A Lir(A)l
%tr(A)I = A" = hydrostatic or spherical part

(A+B)?=A?+ B
tr(A9) =0
eigenvalues (1;) and eigenvectors ()

det(A9 —pul) =0 -

det(A — {3tr(A) + p}l) =0 - p=A—3tr(A)
(A —pul)-m=0 -

(A—{tr(A) + 1) - Mm=0 -

(A=A)-m=0 - M=

=1
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Symmetric tensor

A=A
properties
1. eigenvalues and eigenvectors are real
2. A; different — A L —
3. A; not different — #; chosen L

eigenvectors span orthonormal basis {7y, f., i3}

o o L1
ojnj=0-n; — nj= —o0-n; —
O
R I o o o -
Ni=Nj=-—nNj-0-Nji=-—nNj-0-N;j — n,--o‘-nj:0 — n,--nj:O
o; 0j
spectral representation of A A=A-1=A.(fii + fono + fi3ii3)

= Ay ryny + Aoy + Aziiziiz
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Functions of symmetric tensor

Al = iﬁlﬁl + lﬁzﬁz + lf_)’3ﬁ3 +
A1 Ao 7\3

VA = \/Miih + Aafafia + \/Asfisiis

InA = InAAyiL + InAxhais + InAznizris

sin A = sin(Ay) iy + sin(Ap)Aaia + sin(Az) i3s3
J(A) =tr(A) = A1 + A2+ A3
hH(A) = L{tr?(A) —tr(A- A)}

= (M + 22 +23) — (AT + A +A3)}

b (A) = det(A) = AAoA3
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Skew-symmetric tensor

AS=—A

properties

1. A:B=tr(A-B)=tr(A°-B°) =A°: B
A=—-A — A:B=-A:B°

B°=B — A:B=-A:B } - A:B=0

B= — tr(A)=A:1=0

A-G=F — G-A-G=G-A-G=—qG-A-§ —
g-A-g=0 — ¢G-p=0 — gLp —

3 @& suchthat A-Gg=p=d=xg

w = axial vector

Piet Schreurs (TU/e) 49 / 278



Axial vector

A-G=2| An An Ax @ | =87 | Angi+ Ang + Asgs
A3z A Ass q3
D* G = (W1 + W& + W38) * (q161 + G2& + q383)
= wi1q2(&) + w1qs(— &) + waqi(— &) + waqs(&)+
w3q1(&) + wzga(—€1)
Waq3 — W3Qq2
T T
=€ Ww3qr —wiqs | =€ ¢g -
Wwiq2 — W2q1
0 — W3 w2
A= w3 0 —wi

A A A q1

— Wo w1 0

Piet Schreurs (TU/e)

A11q1 + Awage + A13g3

A31q1 + A3z2q2 + As3qs
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Positive definite tensor

3-A-3>0 v 340
properties
1. A cannot be skew-symmetric, because :
a-A-3=3.-A°-3 —
3-(A—A°).-3=0 - 3-A-3=0 V 3
A skew-symm. — A°=-A
2. A=A — ﬁ;°A'ﬁi:7\;>0 —

all eigenvalues positive —  regular
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Orthogonal tensor

properties

1.

Piet Schreurs (TU/e)

— — —

(A-3)-(A-b)=3-b v

'ﬂJl
o

(A-V)-(A-V)=[A-VIP=V-V=[VI> — [A-V] =]V
i-A°A-b=3-b — A-A°=1 — A°=A"!
det(A-A°) =det(A)? =det(l) =1 —

det(A)=4+1 — A regular

det(A) =1 — rotation det(A) = —1 — mirroring
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Rotation of a vector base

m=Q-m mm =Q-
f, =Q-my - MM =Q
3 =Q-ms fi3ms = Q
QMW =7.-Q-i7" =(f-7)m-i =
QM =pm-Q-@ =m-§ (H-m")
(m — qQ(m —

o — - AT =
m=Qid — 1i=Q'm

Piet Schreurs (TU/e)

:;‘,l :;‘,l St

[

Il
'Sl
13

33

131

w N

130
=l
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Rotation about three axes

3

1
5t =g 1 0 0
5,V = Vg 1 sg Q=10 cV —sb
eV = g 4 Vg 0 s M
51(2) — @z (1) _ sz (1) [ 2 o @ 7
22 _ (1) —
2 2 — 2 1 1 Q2 a 0(2) . ?2]
53( ) 75(2)31( J+C(2]g3( ) | —s 0 ¢ ]
51(3) _ C<3)gl(2) +s(3)32(2) [ e 53 7]
52(3] _ _5(3)512) + C(3)§2(2) Q, = s B ¢
.8z 0 0 1
3 T8 L _
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Rotation matrix

= (1) T
3 = Ql é
- =1 - 2 TATH Tz Tz
£=0,7Q,7Q,7é=Q"¢
g(z) :Q2T§ (1) - Ei X2 X X
eE=WE
e =g, Te " ¢ -
23 _c(2)4(3) s(2)
Q=] cWsB) 4 5Ms2eB) (1)03) _g1g2)503)  _g(1)e(2)
o s(MgB) _ c(Mg(2)c(3) (13 4 (Mg2g3) (1) (2)
A=cTAe=¢"A"F —
A" =¢.8"A8-E =QTAQ
AT=TA

Piet Schreurs (TU/e)
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Adjugated tensor

(A-3) % (A-b)=A?.(3Db)

Ll

ol

property A . A? =det(A)l

Piet Schreurs (TU/e)



Fourth-order tensor

tensor = projection  tensor —  tensor
‘A:B=C
tensor = linear projection ‘A (aM+BN)=a*A:M+pB*A:N
representation A= 061515151 C_jl + 06232525232 + OC3§3B353C73 +..

finite and not unique

components *A = & AjEre
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Conjugated fourth-order tensor

fourth-order tensor
total conjugate
right conjugate
left conjugate
middle conjugate
outer conjugate

symmetries

total A =
right A =
left A=
middle

outer A =

Piet Schreurs (TU/e)

4A:

‘A=3bcd

‘“A°=dcb3
‘AN =3bdc
‘A —pzed
‘A" =3ebd
‘A =b3dc

“A° ;. B:*A:C=C°:*A:B°
‘A, 4A:B=*A:B°

A . B:iAtA=B°: ‘A

4AmC

4AOC

v B
v B

v B,C
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Fourth-order unity tensor

‘1:B=B v B

components N =8,8,6,8 + 6886 + &6 &8+ ...
= €i€j€;€i = €;€;0iidjkEkEl
not left- or right symmetric “1:B=B#B°=*:B°

B:“1=B#£B =B:"*

symmetric unity tensor

Piet Schreurs (TU/e) 59 / 278



Products

rules

‘“A-B="*C — Ajjkm Bmi = Cijui
‘A:B= Cc — A,'jk/B/k = C,J
‘A:B+#B:*A

‘A:‘B=1"C - Aijmn Bnmii = Cijui
‘A:‘B+#£‘B: A

‘A:(B-C)=(*A-B):C

A-B+B-A°=*":(A-B)=(*I'-A):B

Piet Schreurs (TU/e)
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KINEMATICS

back to index



Deformation of a three-dimensional continuum

Piet Schreurs (TU/e)



Material coordinates

Piet Schreurs (TU/e)

to



Position vectors

r
Ao
A
)_(‘0 é'3 X
&
-0
€1
undeformed configuration (tg) Xo = %(é, to) = X01€1 + X02€ + X033
deformed configuration (t) X=%X(&,t) = x161 + x26 + X363
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Euler-Lagrange

Euler : "observer” is fixed in space

a=Ag(%,t)

da=ag—ap=Ag(X+d% t)— Ae(% t) = d%- (Va)
t

. .9 02 0

V=% T %0 T %0

Lagrange : "observer” follows the material

a :AL()?O»t)
da=ag—ap = AL(X + d%, t) — AL(X, t) = d% - (Voa)
t
- .90 L0 0
VO - aX01 ax02 € aX03

position vectors
vx=I N Vo)_(b =1
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Deformation

displacement : U=X—Xy = 1161 + u8 + U363

Piet Schreurs (TU/e)



Deformation tensor




Deformation tensor

to F t
dX03 dX3
dX2
l
dXo1 dX02
d)_<'1 =F. d)_<'01 ) d)_('g =F. d)_('og 3 d)_('3 =F. d)_<'03
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Volume change

to t
dXo3 dX3
dX2
dXOl ‘dX02
dX1

dV = dX) *x dXo - dX3
= (F-dXo1) * (F-dXo2) « (F-dXp3)
= det(F) (dXo1 * dXo2 - dXo3)
= det(F) dVj
=JdVv,
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Area change

dA 7 = d% x d% = (F - d%o1) * (F - dXo2)
dATi- (F-d%s) = (F-d%u) * (F- d%p2) - (F - dXo3)
= det(F)(dX1 * dXp2) + dXo3 Vo odXps —
dATi -F = det(F)(dxXo1 * dXo2)
dA 7 = det(F)(dXor * dXoz) - F !
(F)dAg i - F1
= dAg iig - (F " det(F))
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Inverse deformation

%4
J= d— =det(F) >0 — Fregular — dXp= Fl.dx
dVy

relation between gradient operators

|=F—T.FT—>(W>:F—T-(6O>?) o V=FT.%
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Homogeneous deformation

= |

N/

VoX = F¢ = uniform tensor —
R=(% -F)+ft=F-%+¢
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Elongation

elongation factor in initial €-direction

_ dX%-dX dXonFTFedin [ld%ol?
dXo1 - dXo1 dXo1 + dXo1 lld X012

(501 FT. F-§01>

5 T 5 5 5
=&1-F F-é1=¢6:-C-én
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Shear

F
/_\ .
dXo» N dx
dxo1 €
€02 o1 0
~ dx
€1
shear of initial (&,&2)-directions
L . dx; - d% dXor-FT - F - dX
€01, €02) =sin (T —0) =cos(0) = — — = = =
V&, &) =sin (3 —0) = cos(®) = e el =~ [dmildml
_ l|d%o1lllld %02l (€01 - F "+ F « &p2) _ o1-F' -F-&
A(&1)lldXo1lIA (€)1 dX02ll A(€1)A(&2)
_ €1+ C-ép
A(€1)A(&2)
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Principal directions of deformation

to
t to
2 t ds, 1
y dsp2 2 /
gl ds;
& dso3 ds
3/ 3
ds; ds, ds3
1 o1 2 dss 3 dsos | Y12 = Y23 = Y31
dv dsidsyd
J:—_ﬂz)\l)\ﬂw

d Vo B d501 dSOQ d503
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Strains

e ="f(A)
ef(A=1)=0 e f(A) monotonic increasing
elimy—1f(A)=A—-1 e f(A) differentiable
4 €,
linear g=A-1 .
3=~ %n
__ &
logarithmic &5, = In(}) 2 o
=1 -
Green-Lagrangeeg = 3(A> — 1) i J E
1
Euler-Almansi €., = % (1 — ﬁ) -1r
ol
_3ol 05 1 5 2 25 3
A
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Strain tensor

T{N(&1) — 1} =& - {% (FT'F—l)} €1 = €1 -E-én

ToF—1)-& 2

}50145'502

(€o2) B {7\(501)7\(502)

Y(&o1, €02) =




SMALL (LINEAR) DEFORMATION

back to index



Linear deformation




Rigid rotation

P ¢ Q
L__X dxo

u=ug = —ldxy — dxocos()] = [cos(Pp) — 1]dxg }
_)

v = vo = [sin()dx
ou ov

™ =cos(p)—1 ™ =sin(p) —
Lo du gy (Bu) v
& 0 0 2 aXo 2 aXo
slzﬂzcos(d))—l;éo 1"

aXo
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Elongational, shear and volume strain

elong. strain 1 (A%(&1) — 1)

A(&) —1

shear strain Y(&1, &2) =sin (5 —0)

7—0

dv

volume change J= FIA
J

volume strain J—1

Piet Schreurs (TU/e)

Il |

I

Il

€1 E-én
€01+ €+ €01
2 ) . .
—————=— ) €1-E-ép
(Mem)?\(eoz)
2 501 L A Eoz

AA2A3 = (e1 +1)(e2 +1)(e2 +1)

e1t+ext+es+1l=tr(e)+1

tr(e)
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Linear strain matrix

€11 €12 €13 €21 = €12
E= €1 ¢€x €23 with €32 = €23
€31 €32 €33 €31 = €13
€1 0 0
principal strain matrix e=| 0 & 0
0 0 €3
spectral form € = g1n1N1 + €xnaiiy + €30313
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Linear strain : Cartesian components

gradient operator
displacement vector

linear strain tensor

Exx  Exy  Exz

Ezx  Ezy &z

2uy x Uy T Uy x  Ux 7+ Uz x
2uy,y Uyz + Uz,

T | U +oUxy
2u, ,

Uz x+ Uz Uzy+ Uy

83 / 278
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Linear strain : cylindrical components

dient ¢ C_z 0 iz 10 G 0
gradient operator =8 — + &~ —
or r ae “ 3z
displacement vector 0= u,€(0)+ ué(0) + u,é,
linear strain tensor % {(V )¢+ (VU)} [e’Tgé
Err Ert Erz
£= Etr &t &tz
Ezr Ezt €2z
1
1 2Ur,r F(Ur,t —ut) + Utr Urz+ Uz,
_ 1 1 1
=5 Fure —ue) + ue 25 (uy + ug ) FUzt 4 Ut 7
1
uz,r + ur,z 7uz,t + ut,z 2uz,z
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Compatibility relations

Pe | ey ) 0%y,
dy? 0x2 0x0y
d%¢,, N ez 0%
0z2 0y? 0y0z
0%, | 0%co 0%
0x2 0z2 " 0z0x

e | 0%, 0% | 0%,
dydz  0x2  0xdy 0x0z
0%,, | 0%, 0%, 0%,
0z0x  Jy2  dydz Qydx
0%, 0%ty 0%, | 0%
Oxdy  0z2  0z0x 0zQy

1 0%, 0%y 20%, 1 ey 20w 2 dep

r2 002 9r2  rdrd® r dr r dr r2 30

Piet Schreurs (TU/e) 85 / 278



Planar deformation

planar deformation  up = u1(x1,x0) ; o = (X1, %0) ; Uz = uz(x1, X0, X3)

Piet Schreurs (TU/e)



Planar deformation

pIanar deformation uy = ul(Xl,XQ) y Uy = U2(X1,X2) y Uz = U3(X1,X2,X3)

plane strain n=u(x,x) ; w=uw(x,x) ; u3=0
€33=0 ; Yi3=7vY23=0
compatibility : €1122 + €22,11 = 2612112
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Axi-symmetric deformation

r
0
0 " " " "
30 ) =0 — U= ur(r,z)&(0) + ue(r,z)&(0) + u;(r, z)&
1 2Ur,r _%(ut) + Utr Urz + Uz r
e=5 | —Flue) +ue, 21 (uy) Ug z
Uz + Uy, Ut 7 2Uz,z
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Axi-symmetric deformation with u; =0

z

p
0
0 -
%( )=0and u; = — d=ur,z)é(0)+ u,(r,z)é,
1 2u, » 0 Upz+ Uy,
&= 5 0 2%(ur) 0
Uz r+ Uz 0 2uZ,Z
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Axi-symmetric plane strain

plane strain deformation

ur = u,(r,e)
Ut:Ut(rve) — €z =Yz=Ytz=0
u, =0

linear strain matrix

plane strain deformation with u; =0

. 1 2ur 0 0
ur:0r } — §:§ 0 %(ur) 0
z 0 0 0
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STRESS

back to index



Stress vector

Ak
A/{ﬂo AA

ﬁ:

Piet Schreurs (TU/e) 92 / 278



Normal stress and shear stress

normal stress : pn=p-n
tensile stress : positive (¢ < F)
. . . e
compression stress : B negatlve (¢>7%)
normal stress vector : Pn = pnhl
shear stress vector : Ps =P — Pn

shear stress : ps = |1BsIl = \/I1pII> — p2
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Cauchy stress tensor

Theorem of Cauchy :

o)
I
Q
Su

d!' tensor o such that

Piet Schreurs (TU/e) 94 / 278



Cauchy stress matrix

Piet Schreurs (TU/e)

pP1

P3

€ p=¢€ o€
012 013
022 023
032 033

O O

WDy
la
13

011
= 021
031
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Stress cube

033

022

DL

011 012 013
O21 O22 023
031 032 033

=)
|
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Cartesian components

0-ZZ

Oxx Oxy Oxz

I
|

Oyx  Oyy Oy
Ozx Ozy Oz
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Cylindrical components

Piet Schreurs (TU/e) 98 / 278



Principal stresses and directions

- Ay = 0100
spectral form O -y = 020y — 0 = 0111 N1 + O2haiiy + 031313

Q

01 0 0
principal stress matrix op=| 0 o0 O
0 0 03
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Stress transformation

area 1
O
Tx
01
—_—
\cx
€2 /f éLarea sin
= \L 0> area cos
€1
0 =016 + 0,26
i = —sin()é + cos(x)é&
p=0-n=—0ysin(x)€ + o cos(x)é

0x = 07 5in (o) + 02 cos?(x)
To = (00 — 07) sin(a) cos( )
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Mohr's circles of stress

0o = 07 sin?(a) + 05 cos? () = 0'1(% - %cos(Zoc)) + 0'2(% + %cos(Zoc))

:%(014'(72)—%(01—02)&5(2& —

(1) {00 — 101+ 02)}* = {301 — 02)}” cos?(20x)
T = —cos(a) sin(a)oy + cos(a) sin(a)or = %(02 —o1)sin(2a)  —
2) & ={i(on—o01)}’sin*(2a)

1)+02) — {oa—Lilor+0m)} +7%={101—0)}

v

Ox Om G/ ;: xcl

Ta

RVEVA -’ *
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Mohr's circles of stress

inside o1, 03-circle
{o—3or+o)P+P? =0+ =[plP=p-F=n"c’an
n
with B2 = (o — 3 (01 + 03))2 <o?=(0oy—3(o1+03)" — o2+Tr<a’
outside 05, 03-circle
{o—Yos+o)P+T =+ =|pl>=p-P=n
n
with B2 = (o1 — 3 (03 + 02))2 > o= (0p—3(03+02)" — oF+T2>a?

outside o1, 0p-circle

o3+ )P+ =0+ =[pP=p-F=n"c'on
= n?a® + ndo® + n2p?
with B2 = (03 — 3(01 + 02))2 > o? = (0o — 3(01 + 02))2 - o2+ >a?
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Uni-axial stress

N .

true or Cauchy stress o= Z = Oxx — O = OxxExEx
. . N
engineering stress Op = —
Ao
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Hydrostatic stress

y
T L Ox =P
f ’ Oy =P
<f--- 4—8 Ozz =P
Pil. x
z/ ;
y
Oy = —P
e 1 «j Ozz = —p
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Shear stress

= 21tR?t

o = T(&€ + €€) with / # j
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Plane stress

o 022
€3 021

2 011

0'33:01320'2320 — 0'5320 —

relevant stresses : 071, 022, 012
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Resulting force on arbitrary material volume

Gauss theorem  : Jﬁ-()dA:J V-()dvV —

K:J'[paﬁ—ﬁ-cT]dV

%
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Resulting moment on arbitrary material volume

Piet Schreurs (TU/e) 108 / 278



BALANCE LAWS

back to index



Mass balance

to t

pdV:JpodVO YV o J(pJ—po)dV():O YV —

Sle——rs

Vo Vo

pJd = po vV XeV(t)

dM =dMy — pdV =podVy — pJ=ps — pJ+pl=0

Piet Schreurs (TU/e)



Balance of momentum : global

a4

R:%:%vawvz%Jvopwdvozj‘/o%(pm dVo ARVA
- J‘_/ (pw+ V) + pvj) dVo v %
0 mass balance : pJ+pJ=0 —
— J pv) dVy = J ovdV vV oV
Vo \
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Balance of momentum : local

% %
= T - iy 5\7 - = _ _
V.o —I—pq:pv:pa—l—pv-(Vv) vV XeV(t)
. ov - . R
stationary 5t =0 Vo' +pGg=pv: (Vv)

static : equilibrium equation

<
Q
\'

+
e}
Ql

I
ol

Piet Schreurs (TU/e) 112 / 278



Equilibrium equations : Cartesian components

O'xx,x + Oxy,y + Oxz,z + pagx = 0
Oyx,x + Oyyy + 0z 2 + pqy =0
Ozx,x + Ozyy + Ozz,z +pq; = 0

Piet Schreurs (TU/e) 113 / 278



Equilibrium equations : cylindrical components

V-0 +pG=0
o

:o.C

1 1

Orr,r + Fo-rt,t + 7(0-” - 0-1.“1.“) + O-rz,z + Pqr = 0
1 1

Otrr + 7Gtt,t + 7(0tr +0) + 0tz +pq: =0

1 1
Ozr r + FO-Zt,t + Fo-zr + Ozz,z + Pqz = 0
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Balance of moment of momentum : global
t

p

A

0
. DLp D D D
Mo=—=—| X*xpvdV = — Xxpv)dVy = — (X * pvJ) dV,
o Bt DtJVX*pV DtJVUX*pVJ () ng Dt(x*pvJ) ()
:J— ()%*p\7J+z*p\7J+z*p{7J+z*p\7J) dVo v
Vo
mass balance :  pJ+pJ=0

J z*pwdvozj %% pvdV VoV
Vo v
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Balance of moment of momentum : local

J )?'*pEidV—l—J' z*ﬁdA:J %% pvdV VoV

v A v

Transformation of surface integral with Xxp=73:(Xp)
J_)?*ﬁdA =| %:(Xp) dA:J_ :(Xo-0) dA:J i-{3e: (X0))° dA
A A A
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Balance of moment of momentum : local

)‘(’*pEjdV—I-J’ 36:0'CdV—|—J z*(v.of)dvzj XxpvdV ¥V V o
Jv \ % %

?*{pf]’—l—(ﬁ-o‘)—p\ﬂ dV—I—J %:0°dV=0 V V —
Jv %

_3€Z()'CdV=6 VvV V = 3%:0°=0 V XeV

JVv
032 — 023 0
€ijk = —1|0|1 — 013 — 031 = 0 —
021 — 012 0
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Cartesian and cylindrical components

og=o" =
Cartesian : Oy =0y ; Oy =0z ; Ozx=0x
cylindrical : O =04 ; O =0x4 ; Oy=0;

Piet Schreurs (TU/e)



Equilibrium of forces : Cartesian

Oxz + Oxz,2dZ
Oy, + 0y, ,dz
0z, + 02 ,dz

Oy
o
W< P
o XX
zy - / o-yx
Oxx + O, x X Ozx
Oyx + Oy xdX
OZ2x T Ozx,xdX
z Oxy + O'Xy,y?’{v
Oyy + ny»ydy
: zy t 0zy,ydy
o
y i/ XZ
X Gyz
O-ZZ

(0sx + O xdx)dydz + (04 + 0y, dy)dxdz + (0x; + 0y ,dz)dxdy —
(0w )dydz — (0, )dxdz — (04, )dxdy + pgydxdydz =0
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Equilibrium of moments : Cartesian

ny(y + dy)
Oxy (y + dy)
O-XX(X) (TXX(X + dX)
ny(X) O'yX(X+dX)
Oy (y)
oy (y)

0y dydz %dx + 0, dydz %dx + ny,xdxdydz% dx
— 0y dxdz 2dy — 04, dxdz 3dy — 0y xdxdydz 3dy =0

Oyx — Ox, =0 = Oyx = Oxy
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Equilibrium of forces : cylindrical

Utt(e + de)
d

(6 + do)
(\/’ —0,(r)rd0dz — 0,,(2)rdrd®
d

— 0,(0)drdz — Gtt(G)dr dOdz

O (r + dr) + 0y (r + dr)(r + dr)d8dz
+ 0,,(z + dz)rdrd®
tr(r
(
(

+ 0.(0+ de)drdz
— Ot e‘i’dG) dedz
+ pq,rdrd8dz = O

Oy rrdrd®dz + 0,,drd®dz + 0, ,rdrd0dz + 04 +drd0dz
— 04+(0)drd0dz + pqg,drdddz = 0

1 1 1
Oprr+ — 0-rr + Oz + — O-rt t— Gtt +pq- =0
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Equilibrium of moments : cylindrical

Utt(e + de)

K(G + do)

o (r)rd0dz 2dr

Onlr+dr) 4oy (r+ dr)(r+ dr)ddz ydr
er(r+dr) — 0¢(0)drdz 3 rd®

— 0r(0+ dB)drdz %rde =0

O‘t,rdrdedz — O‘,trdrdedz =0 — Oy = Opt
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LINEAR ELASTIC MATERIAL

back to index



Linear elastic material

011
022
033
012
021
023
032
031
013

Piet Schreurs (T

tensor notation
index notation
matrix notation

G Cuz
Co1n G
Gz Gas
Conn G
G Cae
Cuun oz
Coir G
G G
G G

o="C:e
0jj = Cijki€i ; ij,k,1€{1,2,3}
~Ce

ile)

Cuzs Guoar Gure G2 Guz Gus Gus
Cozz Cooor Gz Gozz Gooz Cooiz Goosn
Cazz3 Gaor Gasiz (a3 Gazoz (zaiz Gasan
Gzz CGoor Gz Giozz Goz Gioiz Gioan
Gz G Gz Gazz Gasn Gaizs Cam
Cnzz Cozor Gz (ozzz Gz Cosizs Gossn
Caozz Gaor Gaorz Gaozz Gaozz Gaoiz Gaost
Gz G Gz Giz Gz Gus Gasn
Gz Gaar Gz Gse Gz Gaizs Gasn

€11
€22
€33
€12
€21
€23
€32
€31
€13
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Symmetry

011
022
033
012
021 =
023
032
031
013

Piet Schreurs (T

C1111
C2211
C3311
C1211
C2111
C2311
C3211
C3111
C1311

Cuz
Coom
Gz
Ciox
Caiz
Ca3z
Caom
Gz
Cizm

Cuss
Coo33
Caz33
Cio33
Cazs
Cas33
Cao33
Gasz
Cissz

C1121
C2221
C3321
C1221
C2121
C2321
C3221
C3121
C1321

specific energy

symmetry

Gz CGue Cux
Co1x Gz Coons
Cz1o Gazzz Gass
Cioiz Cizzz Crons
Carz Caxe Cax
Cs12 Gozzn Csns
Gz Gz Gaons
Gz G Gz
Gz Gz Gz
W=3e"Ce
c=Cc"

Cuz
Co13
Caa1z
Cio13
Cos
Cas13
Cao13
Gz
Gz

Cust
Co31
Ca331
Ci231
Cas
Cxsa1
Cao31
Gzt
Ciza1

€11
€22
€33
€12
€21
€23
€32
€31
€13
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Symmetric stresses

011
022
033
012
021 =
023
032
031
013

011
022
033
012
023
031

Piet Schreurs (T

C1111
C2211
C3311
C1211
C2111
C2311
C3211
C3111
C1311

Cun
Coon1
Gz
Con
Gosn
Gan

Cl 122
C2222
C3322
C1222
C2122
C2322
C3222
C3122
C1322

Cl 122
C2222
C3322
C1222
C2322
Gz

Cuss
Coos3
Cas33
Cio33
Caz3
Cas33
Cao33
Casz
Cissz

Cuss
Cao33
Cas33
Cio33
(o333
Caiss

Gz Gun
Coz1 Goonz
Gzzr Gaanz
G Cronz
Cann Ganz
Cn Gosnz
G Gaonz
Gizn Gz
Gzor Gane

0jj = Oji
Gz G
Con Gz
Cazor Gaanz
Cioor Coonz
Gz Gz
G G

Cuz
Co32
Caszo
Cioz
Caz
Ca332
Cao32
Gz
Cizz

Cuz
Coo32
G332
Cioz
Cos2
Gai3o

Cus
Coonz
Casznz
Cions
Cais
Casn3
Caonz
Gz
Cizns

Ciins
Cons
Cazns
Cions
G323
G2

Cuz
Co13
Caa13
Cio13
Cos
Cas13
Cao13
Gz
Gz

Gz
Co13
C3313
Cio13
Gz13
Gz

Cuat
GCooan
Gz
Ci231
Cas
Csa1
Gaaa1
Gzt
Ciza

Cuzn
Co31
Ca331
Cioz1
G331
Gzt

€11
€22
€33
€12
€21
€23
€32
€31
€13

€11
€22
€33
€12
€21
€23
€32
€31
€13
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Symmetric strains

011
022
033
012
023
031

011
022
033
012
023
031

Gun
Coon1
Caanin
Cion
Cosnr
G

Cun
Coom
Caann
Cion
Csn1
G

Piet Schreurs (TU/e)

Cuize
Conzz
Cazn
Cioz
Cazzz
Gai22

Cux
Coro
Ca322
Cioz
Caz22
Gz

Cuss
Cao33
Ca333
Cio33
Cass3
Casz

Cuss
Coo33
Casz3
Cioz3
Cas33
Gz

Gz Cuos
Cr32 oz
G332 G323
Ciozz  Ciz3
Cazzz Cozos
Gz Gans

Cin G
Coo1 Goonz
Czn Gaanz
Co1 Cionz
Co1 Gosnz
G G

Ejj = Eji

[Cri21 + G2
[Cozo1 + Coo12

[Ci221 + G212
[Cozo1 + Cosz12
[Gio1 + G

]
]
[Ca321 + Ca312]
]
]
]

[Cr132 + G
[Conzo + Coon3
[Cs332 + Cazn3
[Ciozo + Cions
{C2332 + Ca323

]
]
]
]
]
Gaizz + G123l

Gus  Cus
Coo13 Gozat
Gz Gz
G213 Cioan
Goziz Cazat
Gus  Gaai

[Ci113 + Cusn
[Coz13 + Coo31
[Cz313 + Caza1
[Ci213 + Cioa1
%C2313 + Casa1

]
]
]
]
]
Gz + Gzl

€11
€22
€33
€12
€21
€23
€32
€31
€13

€11
€22
€33
€12
€23
€31
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Symmetric material parameters

011
022
033
012
023
031

CGun
Coon
Gz
Cionn
Gan
Gin

011
022
033
012
023
031

Piet Schreurs (TU/e)

Cux
Coom
Cazx
Cia2
G322
Gz

Cuizs
Coo33
C3333
Ci233
(o333
Gz

C1111
C2211
C3311
C1211
C2311
C3111

[Cr121 + Guol
[Cozo1 + Coo1o]
[Cazo1 + Ca312]
[Ci2o1 + Gio12)
[Cazo1 + Cos12]
[Ga121 + Garo)

[Cr132 + G
[Conzo + Coonz
[Ca332 + Caznz
[Cioz2 + Cions
[Cozza + Casnz
[Gai32 + Gz

Ciit = Ciji

[Ci113 + Cusil
[Con13 + Caosil
[Ca313 + Caza1l
[Ci213 + Ci231]
[Coz13 + Cazail
[Ga113 + Gauail

Gz Gz 2Cuar 2Cus 2Gus €11
Coozo Gomz 2Gomr 2Gmsn 2Gms €22
Gz Gaszz 23 2Gazz 2Csans €33
Ciozo Gz 2Cio1 2Ciz2 2Cions €12
Cxo Gozzzs 2Cosor 2(Co3z2 2(Co3n3 €23
Gz Gz 2Giar 2Giz 2Gus €31

€11
€22
€33
€12
€23
€31
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Shear strain

Piet Schreurs (T

011
022
033
012
023
031

Cun
Coon
Gz
Cionn
Cs11
Gin

Cllll
C2211
C3311
C1211
C2311
C3111

Ci2
Coox
Caa
Ci222
Cas
Gz

Cl 122
C2222
C3322
C1222
C2322
C3122

Cuss
Coo33
C3333
Cio33
Cas33
Gaisz

2Cuo
201
2G3321
2C1201
2Co301
2Gin

2£;j =Yi

Cuss
Canzs
Ca33
Cizss
Cosss
Gaisz

Cl 121
62221
C3321
C1221
C2321
C3121

2C1132
2Con32
2(3332
2C1232
2332
2Cuz

Cuse
Cansz
Gz
Cio
Coso
Gz

2C1113
2Com3
2(s313
2Ci13
2Co313
2Guz

Ciiis
Con1s
Caa13
Cios
Cozis
Gz

€11
€22
€33
€12
€23
€31

€11
€22
€33
Y12
Y23
Y31
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Material symmetry

monoclinic — orthotropic — quadratic — transversal isotropic — cubic —
isotropic

Piet Schreurs (TU/e)



MATERIAL SYMMETRY
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Triclinic : no symmetry

011
022
033
012
023
031

G
Coo11
Cas11
Cio11
Cosna
Gin

Cri2
Gz
Ca322
Cio2
Cozo
G122

Ci133
Conss
Ca333
Ci233
Co3s3
Gai33

21

material parameters

Piet Schreurs (TU/e)

Cii21
G
3321
G
Cozo1
G121

Cuiz2
Coozo
Ca332
Ciozo
(o332
G

Gz
Gz
Ca313
Cio13
G313
Gz

€11
€22
€33
Y12
Y23
Y31
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Monoclinic : 1 symmetry plane (here 12)

011
022
033
012
023
031

Piet Schreurs (TU/e)

Guin
Coo11
Cas11
Cio11
Cosna
Gai11

G
Conoo
3322
Ci222
Cozo
G122

Cuisz
Conss
(3333
Cio33
G333
G133

3

G
Cono1
Gz321
Ci2o1
Cozot
Gaio1

Gz
Conzo
(3332
Ci232
(o332
Cai3

Gz
Gois
G313
Cia13
G313
Ga3

€11
€22
€33
Y12
Y23
Y31
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Monoclinic : tensile test

O11
022
033
012
023
031

Piet Schreurs (TU/e)

G
Coo11
Gz
Cio11
Cosa
Gt

G
Gz
(3322
Cio2
Cozo
G122

Cuiss
Conss
(3333
Ci233
Coss3
CGa133

G
G
G321
G221
Cozo1
Caio1

Gz
Coozo
(3332
Ci232
(o332
Cai3

Gz
Gtz
Gz313
Cia13
G313
Ca3

™

O OO OO

[
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Monoclinic : tensile test

O11
022
033
012
023
031

Piet Schreurs (TU/e)

G
Coo11
Gz
Cio11

0
0

G
Gz
(3322
Cio2
Cozo
G122

Cuiss
Conss
(3333
Ci233
Coss3
Ca133

G
G
G321
G221
Cozo1
Caio1

Gz
Coozo
(3332
Ci232
(o332
Cai3

Gz
Gtz
Gz313
Cia13
G313
Ca3

™

O OO OO

[
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Monoclinic : 1 symmetry plane (here 12)

Gin
Coon1
Gz

Cion
0
0

Piet Schreurs (TU/e)

G
G
Gz

Cio
0
0

Cuizs
Coo33
(3333

Cio33
0
0

Gin
Goom
Gazm

Ciom
0

0

3

0 0

0 0

0 0 -

0 0 13 material parameters

Gz Gozns
G130 Gaas

136 / 278



Orthotropic : 3 symmetry planes (12, 23, 31)

[0y
I
cocoxOX™

Piet Schreurs (TU/e)

[eN eV N

cocoonNnNWnXo

oO~0O0 o oo

Soocoooco

3

9

material parameters
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Quadratic : 2 isotropic directions (here 1 and 2)

I~y
I
cooxO>

Piet Schreurs (TU/e)

coo2O

cCooNXI=

oo Xooo

O~ o0O o oo

~O O OoOOoOOo

3

6

material parameters
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Transversal isotropic : 1 isotropic plane (here 12)

3

DO >
>0
[@E= vy

Piet Schreurs (TU/e) 139 / 278



Transversal isotropic : shear test in 12-plane

g:[cll 012]:[0 T} —>det(g—01):0—>{01:T
021 022 T 0 0y = —T

or| | A Q €1 . 01 =Ae1 + Qex= 1= Ky .
Tl A 0, = Qe + Aeo=—1=—KYy

- | K=1A-Q)

Piet Schreurs (TU/e) 140 / 278



Transversal isotropic

K=1A-Q)

[
|

‘ 5  material parameters

SCoo O
cocooO
oOM~0 O O o
~NO OO oo

oo xXo oo

Piet Schreurs (TU/e) 141 / 278



Cubic : 3 isotropic directions (here 1, 2 and 3)

3

L#3(A-Q)

lig)
Il

‘ 3 material parameters

cCoo0cQ0OX™
Coo0cO™O
o~ocooo
~ooooo

0
0
0
L
0
0

Piet Schreurs (TU/e)
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Isotropic

-

L=1(A-Q)

‘ 2 material parameters

coo0O>
cooQO>O0
cooXOO

0
0
0
L
0
0

o~ o oo
~O O O oo
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LINEAR ELASTIC ISOTROPIC MATERIAL

ENGINEERING PARAMETERS

back to index



Stiffness

g=Ce
o11 A Q Q@ 0 00 €11
022 R A Q 0 0O €22
033 o Q Q A 0 0 O £33 . _1 _
oo | =l 0o 0 0 Lo o] vyn with L =3(A-Q)
023 0 0 0 O L O Y23
031 0 0 0 0 O L Y31

Piet Schreurs (TU/e) 145 / 278



Compliance

€11 A2 — @2

€22 Q% — AQ

e33 | 1| @®—AQ
Y2 | D 0
Y23 0
Y31 0

with

a g q O

g a qg O

_|lg9 g a0

~ {0 o0 0 !/

0 0 0 O

0 0 0 O

Piet Schreurs (TU/e)

nem

[
[0y
ng

[

@ —-AQ @

A2

-Q* @

Q2 o AQ A2

0
0
0

[l
e}

—AQ
—AQ
—Q?

0
0
0

0
0
0

D/L
0
0

ogoooo
~

D =det(C) = A* +2Q° — 3AQ?

O —-—O O oo

011
022
033

023
031

— OO O oo

gooooo
~

011
022
033
012
023
031
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Tensile test

ef=[¢ e e 0 0 0];0"=[0c 00 0 0 0]

0=Ae+2Q¢ey A2+AQ—2Q2
0=Qe+(A+Qleqg — &g = — Q € o= A+ Q
I T TATQ

(14+v)(1—2v) (14+v)(1—2v) 2(1+v)

Piet Schreurs (TU/e)

o11 A Q Q@ 0 00 €11
022 @R A Q 0 0O €22
033 o Q Q A 0 0 O €33 . _1 _
oo | =l 0o 0 0 Lo o] vyn with L =3(A-Q)
023 0O 0 O O L O Y23

L 031 ] L 0 0 0 0 0 L 1L Y31 ]
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Shear test

Piet Schreurs (TU/e)

CooOX™XO
CooOoXOO

[eNelaNoNoNo)
oOMr~oO o oo

~O OO oo

€11
€22
€33
Y12
Y23
Y31

with

L=1(A-Q)
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Volume change

o1 A Q Q@ 00O €11

022 QR A Q@ 0 0O €22

033 - Q Q A 0 0 O €33 . _1 _
oo |10 0o 0 Lo o]y with L =5(A=Q)
023 0 0 0 0 L O Y23

031 0 0 0 0 0 L Y31

§T=[€11 e €33 0 0 0]

vV
(011 + 022 + 033)

3(1—2v
= % %(011 + 022+ 033) =

J—1=¢€11+€xm+e33=

1

K %tr(g)
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Isotropic compliance and stiffness matrix

€11 1 —v —v 0 0 0 011
€22 —V 1 -V 0 0 0 0922
€33 o 1 -V =V 1 0 0 0 033
Yo | E| 0O 0 0 21+v) 0 0 012
Y23 0 0 0 0 2(1 + 'V) 0 023
L Y31 | 0 0 0 0 0 2(1+v) 031
[ 011 | 1—v v v 0 0 0 €11
02 v 1—v v 0 0 0 )
033 o v v 1—v 0 0 0 €33
on | %] o0 0 0 i(1-2v) 0 0 Y12
023 0 0 0 0 %(1 — 2V) 0 Y23
| 031 | 0 0 0 0 0 (1—2v) Y31
. E
with o=

Piet Schreurs (TU/e) 150 / 278



LINEAR ELASTIC ISOTROPIC MATERIAL

TENSORIAL FORM

back to index



Column/matrix notation of Hooke's law

€11
€22
€33
€12
€23
€31

011
022
033
012
023
031

Piet Schreurs (TU/e)

-V =V 0 0
1 —v 0 0
—-v 1 0 0
0 0 1+v 0
0 0 0 1+
0 0 0 0 1
v v 0
1—v v 0
v 1—v 0
0 0 1—2v
0 0 0 1
0 0 0
h E
Wt X = =2

&1
€22
€33
€12
€23
€31
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Isotropic stiffness matrix

€2

(1-v)

|
Flzooo
|
o)k
5
&
& joeo o
-
= coo

011

022
033
012

023
031

o
~
[
~
)
1o
-




Isotropic stiffness tensor

- Ev | E
o= [(1 —|—v)(1—2v)] trie) + [(1 —l—v)} €

= Qtr(e)1+2Le

=ctr(e)l+cre

_ [c0||+c14ls] e with  41° = 1(“1+ %)

=%C:¢
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Stiffness and compliance tensor

o = “C:¢ €
= [coll +c 4Is] T €
with 417 =3 (“14+ 417)
= cotr(e)l + cre
= cotr(e)l+ a1 {7+ Ltr(e)l}
= (co+za)tr(e)l 4 c1e?

= (3co+c)itr(e)l + cre?

= (Bg+a)e"+ced
— ohtgd
vE
=T va—w ¢
_ 2 __ Y _
Yo= B+ a)a E_9

Piet Schreurs (TU/e)

eh +¢d
1 h 1 d
o — O
3C0+C1 +C1
1

1
P ttr(o)l + o {o— ttr(o)l}

o
- tr(o)l+ — o
(B3co+ 1) (o) a
(@)) 145
-+ ="1I"|:0
(3 +c)a c1 ]
[yoll +y14ls] ‘o
‘S o
E
=——=2/
a 1+v
7l71+v71/
W_cl_ E 2
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Stiffness and compliance components

= [coll+ca*’]: e
= [codidu + 13 (8udjc + diudji)] e

= Coé,'jskk + C1€j

(<))
= (Eij + — 5ij£kk)
C1

E v
= T\ Ty ik

Piet Schreurs (TU/e)

&j

C 1 445
— I+ ="l |:0
{ (B3co+c1)c (&] }

o
S B S
[ Bao+a)a M
1
o 2 (8adjk + 5;@,‘/)} Ok

< Sjjokk + ! ojj
(3C0+61)C1 FOkk C1 Y

! ojj U P
C1 Y 3c0+ UKk

1+4+v v
£\ T 1 bk
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Specific elastic energy
W =

=L(o"+09): (ygll +y14ls) (0" + o)
yol[l : oh] = vol [I 3| %tr(o‘)] = vol tr(o‘)] = 3yp0
Yol[I: 0] =vo ! [tr(c)] =vo1[0] =0

— 10" + o) : (300" + 710" +7107)
o": 0" = Ltr(o)l: tr(o)l = §tr(0)(3) = 3tr’(o)

oo = %tr( W:lo— %tr(o)l] = %trz(O') — %trz(o) =0

- [%(VO + %Yl)] tr?(o) + [§V1] o’ 0

1—2v 1+v 1 1
R 2 1 d. d_ 2 d. d
= {2 3E ]tr (0‘]+[ —}0‘ o —18Ktr (U)+—4GU o

:Wh-I—Wd
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PLANAR DEFORMATION

back to index



Orthotropic material

Stiffness

Compliance

Piet Schreurs (TU/e)

011
022
033
012
023
031

€11
€22
€33
Y12
Y23
Y31

ng

DO >

SN Q o

1
lig)

nem

n O

O nX

&1
€22
€33
Y12
Y23
Y31

011
022
033
012
023
031
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Plane strain (from C)

011
022
012

€11
€22
Y12

Q@ R
B S
S C

O >

|
cQO >

Piet Schreurs (TU/e)

€11
€22
€33
Y12
Y23
Y31

011

012

€33 =Y23 =731 =0

033 = Reqn + Senn

Qe 0 €11
Be 0 €22
0 K Y12
ge O o11
b: 0 022
0 k 012
160 / 278



Plane strain (from S)

r s
€33 =0=r011 + 50 +co33 — 033 = —_011 — 02
€11 a qg 0 o11 r s o11
€ |=1qg b 0 on | —| s [ e 0 } 022
Y12 0 0 k 012 0 012
1 [ ac— P qgc—rs 0 o1 a. g. O o1
=2 | gc—sr bc—s®> 0 on | =1 g be 0O 0
¢ 0 0 kc 012 0 0 k 012
1
o11 ac q¢ O o11 A Q. O €11
02 |=| 9 b 0 o | =] Q Be 0 €22
012 0 0 k 012 0 0 K €12

Piet Schreurs (TU/e) 161 / 278



Plane stress (from S )

€11 a q r 011
€90 g b s 022 _ _ _
e | | ros ¢ O3 033 = 023 = 031 =0
Y2 | k 012
€33 = ro11 + SO
Vs / s 33 11 2
Y31 m 031
[ e11 | a qg 0 o11 [ as gs O o11
e |=|qg b 0 022 =| go bs O 022
| Y12 | 0 0 k 012 | 0 0 O12
[ o1 ] —-b q 0 €11 [ As Qs O €11
on |=gip | 9 2 20 ¢n |=| Qo Bs 0 €2
| 012 | 0 0 9= Y12 . 0 0 K Y12
e=S o ; c=°C ¢
~ =0 = = = ¢
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Plane stress (from C)

R
033 =0=Re11 +Sepn +Cezz — €33=—"—=€11— =€
C C
o11 A Q@ O €11 R R S €11
op |=| @ B 0 en [—| S T C 0 } €22
o12 0 0 K Y12 0]t Y12
1 AC—R? QC—RS 0 [ €11 As Qs O €11
= E QC—-SR BC- S2 0 €22 = Qs Bs O €22
0 0 KC | | v 0 0 K Y12
€11 A Qo 07 7'[ en ac qo O en
e |=| Qs Bs 0 €2 [ =] gs bs O €22
Y12 0 0 K Y12 0 0 k Y12
g=C,¢ i £=3
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Plane strain/stress

Ay Q 0 ap qp 0
C = Q B, 0 ; ép ={q by O
0 0 K 0 0 k

Piet Schreurs (TU/e)



Isotropic material

Compliance ¢e=3S¢
i €11 i i 1 -V =V 1T 011 i
€22 —V 1 —V 0922
€33 _ 1 -V =V 1 033
e | E 2(1+) 012
€23 2(1+) 023
| €31 | i 2(1+v) | | o3 |

Piet Schreurs (TU/e) 165 / 278



Plane stress (from S )

v
033 =023 =031 =0 — €33 :_E (011 + 022)
[ e11 | 1 1 —v 0 o1
g2 | =F |V 1 0 022 =509
L Y12 ] 0 0 2(1 ‘|"V) 012
i 011 T E 1 v 0 €11
o | =— | v 1 0 €n | =C ¢
1—~2 1 -0z
L 012 ] 0 0 5(1 _V) Y12
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Plane strain (from S )

€11
€22

011
022
012

1
€33 =0= E (—vo1 — Vo2 +033) — 033 =V(011 + 022)
I 1 —V 0 1T 011 i i -V i
1
= E —V 1 0 022 + -V 033
L 0 0 2(1+‘V) 1L 012 ] L 0 ]
1 i 1 -V 0 1T 011 i i —V i 011
- — 1 0 on |+ | v |[v v 0] o
L 0 0 2(1 +’V) 1L 012 ] L 0 ] 012
14+ 1-v —v 0 011
= —-v 1-v 0 02 | =50
0 0 2 012
E 1—v v 0 €11
= v 1—v 0 €22 =Co
(14+v)(1—2v) 0 0 %(1_%/) £1 =e=

Piet Schreurs (TU/e)
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THERMO-ELASTICITY

back to index



Thermoelasticity

Anisotropic
e=¢nter="1S:0+AAT —
=g, te, =SOHAAT
o="%C:(e—AAT) -
g=C(c~AAT)
Isotropic
e=1'S:0+aATl — e¢=S0+aAT]
o="*C:(e—axATl) — g=C(e—aAT])
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Orthotropic thermo-elasticity

A+Q+R
R+B+S
R+S+C

— AT

€11
€22
€33

Y12

Y23

Y31

/

0 0 0O

o

0 0 0 K 0 O

L 0
0

0 0 0 O
0 0 0 O

M

€11
€22
€33

023
031

170 / 278
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Plane stress

R S 1
&3 = ¢ 811_6822+E(R+5+ C)aAT (from C)
= ro11 + 502 + AT (from $)
[ e11 ] [ a qg O 011 1
€22 = g b 0 o»n | +aAT | 1
| Y12 | | 0 0 k 012 0
[ o1 ] [ As Qs O €11 As + Qo
o | =] Qs Bs O en | —aAT | Bs+ Qo
| 012 | . 0 0 K Y12 0
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Plane strain

033 = Reyn +Seop —a(R+ S+ C)AT (from g)

=—£ 0'11—50'22—EAT (from i)
c C C -
[ o091 ] A Q@ 0 €11 A+ Q+R
ox | = Q B 0 €n | —xAT | B+Q+ S
| 012 | | 0 0 K Y12 0
[ en ] [a g O o11 14+q:S+acR
€2 | =] g be O 0y | +aAT | 14+ qg.R+b.S
L Y12 i L 0 0 k 012 0
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Planar general

o11 A, Q O €11 Op1
022 = Qp Bp 0 €22 — AT @,;,2
| 012 | | 0 0 K Y12 0
[ e11 ] [a qg» O 011 Op1
€22 = ap bp 0 022 + AT 9,,2
| Y12 | | 0 0 &k 012 0
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ELASTIC LIMIT

back to index



Elastic limit criteria

failure mode

mechanism

plastic yielding
brittle fracture
progressive damage
fatigue

dynamic failure
thermal failure

elastic instabilities

Piet Schreurs (TU/e)

crystallographic slip (metals)

(sudden) breakage of bonds
micro-cracks — growth — coalescence
damage/fracture under cyclic loading
vibration — resonance

creep / melting

buckling — plastic deformation
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1D vyield

f(o) :02—0§0:0 —
glo)=0’>=0) =g

g+ = limit in tensile test

0= 0p

Piet Schreurs (TU/e)



3D yield

flo) =0 — glo)=g:

yield surface in 6D stress space
flo1,02,03) =0 — g(01,02,03) =g

yield surface in 3D principal stress space

03

01 -

Piet Schreurs (TU/e) 177 / 278



Principal stress space

hydrostatic axis & = %\/5(@'1 +é&+6) with |6l =1

plane L hydrostatic axis
*

& =8 —(8-8)6=8—1E+&+8&)=1(26—-&—&)

8 = 1V6(28 — & — &)

& =& & =1V3(a +&+ &)« V628 — & — &) = $V2(& — &)
vector in TT-plane €:(Pp) = cos(p)é; —sin(P)é,

Piet Schreurs (TU/e) 178 / 278



Principal stress space

= 018 + 028 + 038 = 7" + &7
= (5-8&,)8, = 0"8, = 1V/3(01 + 02 + 03)8, = V30,
o' = 3V3(01 + 02 + 03)
=0—(0-6,)6,
= 018 + 02& + 038 — $V3(01 + 02 + 03)%\@(51 + &+ &)
= 01€] + 026 + 0363 —
1(018 + 028 + 0381 + 01& + 028 + 03& + 018 + 028 + 038)
= (201 — 02 — 03)& + (—01 + 205 — 03)& + (—01 — 02 + 203)8&3)
o? = 187 = V59 54
= %\/(201 — 02 — 03)2 + (=01 + 202 — 03)2 + (—01 — 02 + 203)?

Y
|

|
Q

2
= \/g(crf + 03 + 03 — 0107 — 0203 — 03071)

=Vvol:o

Q
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Principal stress space

& = & + 69 = 6"&, + 0%8,(¢)
= 0"8, + 0%{cos(¢)&; —sin(P) &}
= 0"3V3(& + & + &) + 0%{cos(§) 5 V6(28 — & — &) —sin(P)3V2(& — &)}
={3V30" + 16 6% cos(d)}er +
{%\/5(;” _ %\/60" cos(d) — %\@Ud sin(d)}e +
{%\/5(;” _ %\/60" cos(d) + %\@Ud sin(d)}é&

= 0161 + 026 + 0363
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Maximum stress/strain

Ojj = Omax €j =€max ; 1hJj1=11,2,3} (orthotropic materials)

Piet Schreurs (TU/e)



Rankine

‘o-max‘ - max(\oﬂ N i = 1>2\3] = Omax,t = Oy0

02

(brittle materials; cast iron)

03

01

02

Piet Schreurs (TU/e)
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Saint Venant

Emax = Max(|&il 3 1 =1,2,3) = €max, = €40 =

Oy0
E

02

0y — VO] 7———"0'},0

(brittle materials; cast iro

01 — V02 = 0y0

Oy0 O1

Piet Schreurs (TU/e)
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Tresca : 2D yield contour

1
Tmax = 2 (Gmax -

1 —
Gmin) = Tmax,t = EGyO — OTR = Omax —

Omin = Oy0

02

01 =
02

K”\
01 = 0y0
0
0y0

=0

0yo 03

A

Piet Schreurs (TU/e)
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Tresca : 3D yield surface

Mohr — invariant for hydrostatic stress —
yield surface // hydrostatic axis
IT— plane L hydrostatic axis

01 = 02 = 03

03
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Tresca : st-plane

Tmax

)
[

Piet Schreurs (TU/e)



Von Mises

WdZWtd
1 1 1
d_ L d.od_ L g 1.2 _ d
w _41GG ‘o 4G{(r.(r 1’ (o)} ( 2GJ2(G ))
:¥(c§+c§+c§)—m(01+02+03)2
:E%{(01_02)2—1—(02_63)2—1—(63_01)2}
Wd 1 1 2 2 2\ 1 12 2 1 12 2
t —Eg {(0'—0) +(0—0) +(0—0-) }—Eg o Rg O-yO
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Von Mises : Cartesian stress components

Ovm =

= 0

(02 + 02, + 02) = (O Oyy + Oy 02z + 022 0) +2 (02, + 0%, + 02,)

y0
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Von Mises : 2D yield surface

02

01

Piet Schreurs (TU/e)




Von Mises : 3D yield surface

% {(01 —02)% 4 (00 —03)% + (03 — 01)2} _ 0}2/0

Piet Schreurs (TU/e) 190 / 278



Beltrami-Haigh

W:Wt

1 1
W=wh4+w!=_—"1t?0)+-—=09: 0

) | 18K 46
(- __= 2, L o o
(18K 126 ) (1t ozt ol g lor o+ o)

_ 1 1 2 1 2 _ 1 2 __ 1 2
W"‘_<18K 126)‘T Tac T T2EY T2E

1 1 2 2, , 5 5 5
2E(— - _
(18K 126)(014-02—1—03) +4G(01+02+G3) 020
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Beltrami-Haigh : 2D /3D yield surface

03

02

01

L " //
/




Mohr-Coulomb : 2D/3D vyield surface

02

Out

Ouc R . Out 01

oL 9 1
Out Ouc
Ouc
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Drucker-Prager
02

ﬂ(fl

2 -d. ~d 6sin(¢) _ 6cos(¢)
/309109t 3567 P = 3=sin(g) C
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Other yield criteria

1
parabolic Drucker-Prager (3_/2 +3 ﬁo-yojl) > =00
1
Buyokozturk (3J2 +V3Boy0 — 0.2112) 2 — a0
02, 010 03 0%
Hill BN 0% |, %12
' X2 xy Tyt
Hoffman

L oD o (2o DYoni ()2 (L)
X, X ) RHT\Y, v )" Axx )T\, )"

1 1
(§> 0'%2 — (—XtXC) 011022 = 0
Tsai-Wu

Lo Do (- Domr () ()t
Xe X ) T\ v )R A ) T v ) T
1
(§> 0'%2 +2F12 011022 = 0

1 1
XeXe YiYe

with FZ >
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GOVERNING EQUATIONS

back to index



Vector /tensor equations

gradient operator : vV=vV'e

position : X=x"¢
displacement : i=u'é

strain : £ = % { Vi
compatibility : V2{tr(e)}—V-(V-¢
stress : o= ETgé

balance laws : V-0 +pg = pii
material law : o="C:¢

Piet Schreurs (TU/e)
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Cartesian components

z
L .
Z u
g z X = x& + y&é, + z&,
y )ST:[X y z]
€, X
. T_[2 2 a
€y y V —[ax oy az:|

Piet Schreurs (TU/e)



Cartesian stress components

z
R
7

I

&« ’ g

&, X
€y y
&
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Cartesian components

T— . T_[ 2 2 2 LT

)S_[X}/Z] ;o Vo= 9x dy az} ) y—[ux uy uz]

Uy x  Uxy + Uy x  Uxz+ Uz

1
£= 2 2“y»y Uy z + Uz,y
.. 2u,,

280, — Exxyy —Eyyc =0 = cyc. 2x
Exx,yz + Eyzxx — E€zx,xy T Exy,xz = 0 — cyc. 2x
gT = [ Exx &y €z Exy Eyr  Ex ] (€22)
gT =0« 0y 0z 0Oy 0z 0z ] (0,,)
Osxx,x T Oxy,y + Oxz 2 + PGx = plx (ny = ny)
Oyx,x + Oyy,y + 0yz 2z + 0qy = pUy Oyz = Ogzy
O'zx,x + Ozy,y + Ozz,z + pg; = puy (()‘ZX = O'XZ)

- C

ng
uem
uem

=3

e

Piet Schreurs (TU/e)
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Cylindrical components

z ]
g, X =ré (0)+ zé,
g xT = [r 0 z]
I é,
x =rcos(0); y =rsin(0)
€ X
1% , dé dé
Y = €t — = —€,
2 z do do
T_[r 2 10 2
0 , Vi=[35 to 5]
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Cylindrical stress components

e S e i
A%/}z
2,
.ér
€; X
ey y
& €r
0
r
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Cylindrical components

x'=[r 0 z]

1 2ur,r %(Ur,t - ut) + ut,r Ur,z + Uz,r
QZE 2%(Ur+ut,t)

2rt,t — et — Eeer =0 —  cyc. 2x
Err itz + Etzr — Ezrrt — Ertrz = 0 — cyc. 2x

T

£ = [er € €22 € € €z | (e2)

gT =[0r Ox Oz Op O Oy | (02)
1 1 ..

Orr,r 1 T Ort,t + r (O — 0w) + Orz,z +Pqr = pUr (07t = O¢r)
1 1 .

Otr,r + 7 Ottt + T (Gtr + crri.“) + Otz z + pqr = put (Gtz = 0_zi.“)
1 1 .

Ozrr + P Ortt + r Oz + Orz,z + pq: = pu; (Gzr = 0_rz)

c=C¢ ; e=S

e}
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Material law

1

Ooooom
=N

O OO O SuO

x

o oo

o O

“ n Oo oo
TQ nwo oo

O T -0 oo

OOOOOM

cocoocogo
X

000200

xnOLooo

Cnuwnooo

TIQOXxooo

I
Qi

=R; M=1L

B=A;S

quadratic

A;S:R;M:L;K:%(A—Q)

B
C
C

transversal isotropic

(A-Q)

1
2

B=A;S=R=Q; M=L=K#

cubic

1A-Q)

K

A; S=R=Q;, M=1L

B:

isotropic
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Hooke's law for planar states

plane strain
€33 =¢€13=¢€23=0 ; 033 =v(011 + 02)
1-v —v 0 i % O
1 E I—2v 12
s==Y v 1-v 0 C= 1:/2: 11_72% 0
E 0 o0 1 e B
plane stress
033 =013=003=0 ; ¢€33= 1__ (e11 + €2)
1 = .
s ItV E WY o c— £ |5 T
2 T+v  1+v -= 1-—v  1-v
E1 "o 1 v | %" Yo 1
_ 0
axi-symmetry : — =0 + up =0
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Planar deformation : Cartesian

planestrain  : £, =¢€;=¢€,=0 Uy = Ux(x,y)
plane stress : 0, =0y, =0,, =0 u, = uy(x,y)

(ux,y + Uy,x) ]

SIS

§T = [ Exx &y Exy ] :[ Ux,x  Uyy

285,57 — Exxyy — Eyyx =0

T
o = [ 0 0y Oy |

Oxx,x + Oxy,y +0gx = pux (ny = ny)
Oyx,x T Oyy,y + 0qy = pUy

Ap Qp 0 ap Qqp 0
C=|@ B 0 ; ép =G b 0
0 0 2K 0 0 3k
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Planar deformation : cylindrical

plane strain €, =€, =€, =0 uy = u,(r,0)
plane stress : 0, =0, =04, =0

el = [ Er & En ] = [ Ur,r %(ur'i'ut,t) %(%(Ur,t—ut)+ut,r) ]

2€rt, it — Erryet — Ett,r = 0

(:)'TZ [ O O On ]
Orr,r + % Ort,t + % (o-rr - 0-1.“1.“) + pgr = pur (Urt = o-tr)

Otr,r + % Ottt + % (0¢ + 0rt) +pge = pile

A, @ O ap qp O
g =| Q B 0 > é =1 g b O
0 0 2K 0 0 % k
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Planar deformation : axi-symmetric + u; =0

plane strain @ €, =€, =€, =0 ur = uy(r)
plane stress @ 0, =0, =05 =0 ur =0

&T = [ Err &t ] = [ Urr %(U,) ]

€ = Ury = (r€et) r = €tt + rEpe s
gT - [ Or Ot ]

1 ..
Orr,r + 7 (Urr - o-tt) + pgr = pu,

Ap Qp
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SOLUTION STRATEGIES

back to index



Governing equations for unknowns

unknown variables

displacements i=1idX) — F= (60)?)C — E, ¢
stresses o — glo) =g(o1,02,03) = g:
equations

compatibility V2 {tr(e)}—V-(V-€)°=0

equilibrium V-0 +pg = pii ; o=0"
material law o=0(F) - o=%C:¢e — e£=%:0o
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Governing equations for unknowns

unknown variables

displacements i=1idX) — F= (60)?)C — E, ¢
stresses o — glo) =g(o1,02,03) = g:
equations

compatibility V2 {tr(e)}—V-(V-€)°=0

equilibrium V-0 +pg = pii ; o=0"
material law o=0(F) - o=%C:¢e — e£=%:0o

boundary conditions
displacement i=ip VYV XeA,
edge load p=i-0=pp vV XeA

Piet Schreurs (TU/e) 211 / 278



Saint-Venant's principle

T | | |

P:J'c(x)dA:cA : A=bxt

>

Piet Schreurs (TU/e) 212 / 278



Superposition

u
A
FZH I u
FZ% | up + U
'A

Piet Schreurs (TU/e)



Solution :

displacement method




Planar, Cartesian : Navier equations

Oxx,x + Oxy,y + pgx = pux N Oyx,x + Oyyy + Pqy = puy
Oxx = Ap&xx + Qpeyy

0y = Qpexx + Bpeyy
Oxy = 2Ke,y

Apox + Qpeyy x +2Keyy,, + pagx = piix
2Kexy x + Qpexx,y + Bpeyy,y + pay = pily

Apux,xx + quy,yx + K(Ux,yy + Uy,xy) + pgx = pilx
K(Ux,yx + Uy,xx) + qux,xy + Bpuy,yy +pqy = puy

Apux,xx + Kux,yy + (Qp + K)uy,yx +pPgx = PUX
Kuy,xx + Bpuy,yy + (Qp + K)ux,xy + pPgy = puy

Piet Schreurs (TU/e)
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Planar, axi-symmetric with u; =0

displacements ur=up(r) ;U = uy(r,2z)

: . _1, . _
strains Err = Ur 5 €t = Furs €2z = Uz 7
stresses 0, =0 ; o0,~0 ; o04=0

. 1 .
eq. of motion Orr,r + 7(O-rr —0w) + pqr = pily

displacement method

O = Aperr + Qpett - @plaAT
Oy = Qperr + Bpstt - @pQOﬁAT

1 1 B
Uprr + — Upy — CZ — ur = f(r) with (= —-£
r r v Ap

o] . @pl @,,1—@,,21
—— (i —q) + == a(AT) , + =
Ap (@ q)+Ap «AT),r+ Ap r

Piet Schreurs (TU/e) 216 / 278
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with f(r)= AT



Planar, axi-symmetric with u; = 0, isotropic

displacements ur=up(r) ;U = uy(r,2z)

: . _1, . _
strains Err = Ur 5 €t = Furs €2z = Uz 7
stresses 0, =0 ; o0,~0 ; o04=0

. 1 .
eq. of motion Orr,r + 7(O-rr —0w) + pqr = pily

displacement method

O = Aperr + Qpett - @plocAT

— eq. of motion —
Ot = QpErr ‘I’ Apett - @pz(XAT } q !

1
Ur,rr+_ur‘r__2ur:f(r)
r r
. ] @pl
h o ()= (i, —q) + =P~ «(AT),
wit (r) 2, (b —qr) + A, a(AT),

Piet Schreurs (TU/e)
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WEIGHTED RESIDUAL FORMULATION

back to index



Weighted residual formulation for 3D deformation

equilibrium equation V-0 + pG=0 VxeV
approximation — residual \%

weighted residual

JW(;)-A(z)dVZJw- [ﬁ-a%pc‘;’] dV
v 14

—

w(X) = weighting function

equivalent problem formulation

va-[ﬁ-awpa]dvzo V w(®) & V.oS+pi=0 VRXeV
4
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Weak formulation

va [ﬁ-o%pa} dV =0

vV —
Ve(oS-w)= (VW) : 0 +w-(V-0°)
“ﬁ-(cc-w)—( W)€ o+ w pa] dvV =0 v w
Vv

J(W/)C odV:JvT/ pEidV—l—J'vT} BdA vV w
v 14 A
J(W/)C:advzfe(m VoW

v

Piet Schreurs (TU/e)
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Weighted residual formulation : linear

J(ﬁomczadvo:Jw-padvoJer-ﬁdAo:f;o(m

Vo Vo Ao
o=%C:¢
4 L1 = - = —\C
="C:3 {(Vou) + (Vo) }
= *C: (Voi)
J(ﬁ W) C : (Vodd) dVo jv*v-padejfv-ﬁdAo: ()
Vo Vo Ao

Piet Schreurs (TU/e)
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FINITE ELEMENT METHOD

back to index



Discretisation

discretisation

Piet Schreurs (TU/e) 223 / 278



Isoparametric elements

isoparametric (local) coordinates
(51)52)53) ; 71S£l§1 l:1v2a3

Jacobian matrix

J= (VexT) " dV® = det(J) d&,dEadEs

Piet Schreurs (TU/e)

&
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Interpolation : 4-node linear element

NY(E) o + N?(E) o + N3(&) &° + N* (&) a*

interpolation functions

=3z(E&—1)(&—1) ; N =—1(&+1) (5 —1)
1
7

1
=3
e+ 1)(841) ; N*=—1(& —1)(&+1)

Galerkin
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Interpolation

Ve Ve e

we - Ke-i¢ = w - f

K¢ : element stiffness matrix
—e
f. : external nodal forces

o
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Integration
1 1 1

f(&1,&2,83) dE1dErdEs

J glx1,x2,x3)dVe =
E1=—1&=—1&=-1

Ve
nip . . . .
=) cPfEf e ED)
ip=1
3
4 A£2
V3l
im &1
2 1 3va
1 1
J'g(Xl,)Q) dve = J J (&1, &) d&rdEp = Z cPFEY,
ve E1=—1&=-1 ip=1

Piet Schreurs (TU/e)
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Assembling

'Sy
o
>
)
Il
Sy
oy
T
1l

Kg=f, — d=K?'f,

Piet Schreurs (TU/e)



Boundary conditions

rigid translation

kit ko kiz - a 0
kot ko ko --- a 0

ka1 k3o ka3 --- a|=1]0

stiffness matrix is singular ~—  determinant is zero —  exit 2004

prevent rigid body movement with BC's
other BC's : prescribed displacements / loads / temperature
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ANALYTICAL SOLUTIONS

back to index



Cartesian, planar

Aptx xx + Kux,yy + (Qp + K)uy yx + pgx =0

Kuy s + Bpy,yy + (@p + K)txxy + gy =0

Piet Schreurs (TU/e)



Tensile test

Oxx = P Oxx = P
B x = — x
a p— —
EXX:lO-XX:B — UX:£X+C ) uX(XZO):OHCZO
E E E
ungx — ux(x:a)zga
Eyy = Ve = —V—= — uy——vgy—l—c ;o u(y=0=0 — ¢c=0
P pa
uy = —VEY s ouly=a/2)= _VEE
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Orthotropic plate

2 \ y
1

011 1 Ei vk 0 11
o2 |\ =750 vieEs B 0 €22 ~
on 12Va1 0 0 (1—v12v21)Gio Y12
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Transformation from material to global coordinate system

uem Ilq

*

*

2[011 022 012 ]T

ng

92[% Oyy Oxy ]T

[ 2§ 2¢s
T. =] s2 2 —2cs
~ o
—cs ¢s c?2—s?
[ ¢ 52 cs
T.=| s ¢ —cs
—2¢cs 2cs c2—s
*
g =1:9
=C'¢ — T,o=C"T
=S"¢" — T.e=5"

Piet Schreurs (TU/e)

ef=[en e v |
B T
€= [ Exx &y Vxy ]
[ 2 2 —2¢s
T =] & 2cs
¢cs —cs c?2—s?
[ 2 g2 —cs
T'=| & ¢ cs
2cs —2cs c2—s
R
e=T.¢
- =TI, CT,
- e=T.'S T,

2
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Axi-symmetric, planar, u; =0

1 1
Up e+ — Upr — CZ 5> Ur = f(r)
r r

with (= By
P
Y . @pl ®p1 - ®p2 1
d f(r)=— — — (AT = AT
an (r) Ap (i, —qr) + Ap o ),r + Ap . X
general solution
0, = - D,=A rH = Dr=AA-12% -

AMA-1)+A=C] M 2=0 —
N=0C 5 A=4( 5 U =ar‘+cr®
u,:cer—I—CQr_C—i—D,
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Orthotropic material

general solution u=crc+or S+,

1 -1, -
Err = ClCrC — olr ¢ ‘l’ Ur.r

_ = ur
5tt:C1rC Lyorote 2
r

u

Op = (Apc + Qp)Cer_l - (Apc - Qp)CZr_C_l + Apar,r + Qp?r - (®p1)‘XAT
ur

Ot = (QpC + Bp)clrcizl - (QpC - Bp)c2riéi1 + Qpl_lr,r + Bp? - (®p2)“AT
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Isotropic material

. (&) _
general solution u =cr+—+1u,
r

2 —
Er =CL— CQF "+ U,

_2 ur
it = CL+ Cr ©+ —
.

c _ u

Op = (Ap + QP)C1 - (Ap - Qp)r_z +Apur,r + Qp Tr - (®p1)0(AT
C ur

Ot = (Qo+ Ap)ar = (Qp = Ap) 5 + Qplirr + Ay~ — (Op2) AT
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Cylinder

a<r<b, planestress, axisymm,

Orr _ _E 1 v Err _ _E 1
Ot 7| v 1 €4t 7 | vy

utzov

qr:O

T
1 2
Orrr + 7 (Urr - Utt) =0 - r=ur rr + e r — Uy = 0
) 1)) 2v(1+v)
general solution U, =cr+—; Op =.; Op=., €z = >— €1
r 1—v
BC's on(r=a)=—pi ; Onlr=5b)=—pe
open cyl. 0, =0
2 2
pia® — peb v
closed cyl. Opy = ———— ax.eq. —  u, = u(open) — =0, r
y zz b2 _ a2 ( q ) r r( p ) E zz
plane strain 0, = V(0 + 0)

Piet Schreurs (TU/e)
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Prescribed edge displacement

lup =001 m|a=025m|b=0.5m|h=0.05m|E =250 GPa|v =0.33]

9

- x 10
x10 T T T T
10 10 N —
. i
N g
N '«
9.9 : g 8 s
2]
9.8
_ 6
= <
£
= 97| <
EN o
4
9.6
2
95
9.4 o
0 0.1 02 03 0.4 05 0 0.1 0.2 03 04 05
rm] r[m]
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Edge load

O-rr(r = a) = —Pi
On(r=>b)=—pe
C1, C2 >

_ pid —peb?  PP(pi—pe) 1

o= T2 b2—a2 2
_ pia® —peb? | a?b*(pj—pe) 1
=Tp e TRz

OTR = 2Tmax = Max [|0y — Oyl |04 — 0|, 102, — 0]

ovm = \/% {(or —0u)? + (01 — 022)> + (022 — 01 )2}
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Open cylinder

| pi =100 MPa|a=025m|b=05m|h=05m|E =250 GPa|v = 0.33]

8

8 x10
,x10 ‘ ‘ ‘ —
70'" — TR
. ___o, -OuM
1.5 N : t 2.5
~ __0O
22
1
_ 2
= T
£ o5 “:
© 15
0
1
-05
-1 05
0 0.1 0.2 03 0.4 05 0 0.1 0.2 0.3 0.4 05
rm]

r[m]
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Open cylinder

Piet Schreurs (TU/e)

1.9r
1.8r
1.7r
=16

> 1.5¢

1.2r

11
0

0.1 0.2 0.3 0.4
r[m]



Closed cylinder

2 2
. el pia —peb
axial equilibrium Oy = 262
b2 _ 32
v
Ura = E¢tal = _E Ozzr
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Shrink-fit compound pressurized cylinder

2 2.2 2 242

o —pcb; pca; b; o pcb; pca; b;
rri 2 2 2 _2)\,2 ’ tt; 2 2 R2_ 2)\,2
bf—as  (bf—a;)r bf —a:  (bf—a;)r

2 212 2 212

o — P pcagbg oy = P pcagb
Mo 2 _ 2 2_2)2 o 2 _ 2 2 _ 22),2
b2 —a2 (b2—a2)r b2—a2  (b2—a2)r
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Shrink-fit compound pressurized cylinder

2 peajb? _ 2 peaibe
Ur,'(r:ai):_E big_alg ) Uro(r:bo) Ebg—oag
1— 2 1 2p2 1
r = ag) = LY Pedo ¥V _Peraly

E R2-2°"E

1—v pcb? 1+v peaih? 1
Ur(r — bi) — 1 bl _ 1 1
’ E b?—a? E (b?—a?)

rn=ai+u(r=a) ; ro=bo+ uolr=bo)

contact pressure

re=bi+u.(r=b)=a,+u,(r=a) —

pe — E(b; — a,) (b3 — a3) (b} — a7)

1

ao(b? — a2 ){(b3 + a2) +v(b2 — a2)} + bi(b2 — a2

Piet Schreurs (TU/e)

2){(b? + a2) —v(b? — 2?)}
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Example

|ai=04m|b;=07m|a, =0699 m|b, =1 m|E =200 GPa|v =0.3]

Piet Schreurs (TU/e)

o [Pa]

x 10°

[
|

O

t

0.4

r[m]

0.6

0.8
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Pressurized hole in infinite medium

b—oo 5 pi=p ; p=0 = Op =——% ; Ou=—

” s
1420 . . . . 1 x10
\ __ O
\ v
1.2] \ 0,
05f o
1 \
ol e T
— 08 =
E &
= °
06 o5
04
-1
02
% 05 1 15 2 25 3 % 05 1 15 2 25 3
r[m] r[m]
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Stress-free hole in bi-axially loaded infinite medium

a® 22
r r

_ Omax ou(r =a) _ 2T _
Ke = T T _T_2

stress concentration factor

|pe=—100 MPa|a=02m|b=20m|h=0.5 m| E =200 GPa|v =0.3]

8

-
12210 : : : : 210
' a
— O
1 %
15 -0
03|
= w
E o4 &1
> =]
04
05
02|
% 05 1 15 2 25 3 %

rm]
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Centrifugal load

X = ré (0) + z&, with z=0

5 .« 5 . dér R -
x:re,+re,:re,+rd W =ré + rweé;

X = P& + 18, + Fwé; + rdé, + rwé; = (F — rw?) & + (2Fw + rd) &
constant rand w — X = —rw?é, = i, &

X1
o
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Rotating disc

a<r<b, planestress, axisymm, u; =rigid rot., i.(r) =—w?r, g, =0

O E 1 v Err _ E 1 v ur, . _
D B PR e

r

. — 2 .
O-rr’r+7(o-rr_o-tt) =pur = r2ur,rr+rur,r—ur: lTvr2pur=Ar3
A= 122

. C 1 3

general solution u=cr+—+ §Ar
r

BC's — C,
BC'ssolidcyl. (a=0) u(r=0)#0c0—c=0 ; o,(r=b)=
BC's central hole cyl. op(r=a)=0 ; o,(r=b)=
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Solid disc

ur(r=0) # o0
on(r=b)=0

C1,C >

lw=6c/s |a=0m|b=05m]|t=0.05m]|p=7500 kg/m?|
| E =200 GPa|v =0.3 |

10° x 10

RREN — O,
10 ---%m

o [Pa]

0 0.1 0.2 03 0.4 0.5 0 0.1 0.2 03 0.4 0.5
r[m] r[m]
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Solid disc

o [Pa]
>

Piet Schreurs (TU/e)

0.2
r[m]

0.4

4.4
42

T 3.8

&

© 3.6
3.4

3.2

0.1

r[m]

0.4 0.5



Disc with central hole

0-rr(r = a) =0
0-rr(r = b) =0

C1,C >

lw=6¢c/s |a=02m|b=05m|t=0.05m|p=7500kg/m?|
| E =200 GPa|v=0.3 |

-6 =x 10
535%10 2.
23 2
2.25 - B AN
_ 15
E 2.2, i
3 215 °
21
05
205
0
0 01 02 03 04 05 0 01 02 03 04 05
r [m] r[m]
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Disc fixed on rigid axis

b u(r=a)=0
a z 0-rr(r:b):o
c1,C >

lw=6c/s|la=02m|b=05m|t=0.05m|p=7500 kg/m3| E =200 GPa|v =

5

s
14X 10 14X 10
iUTR
12 12 i ---%m
10 N
10 8
T 8§ s
[ L8
o g ©
6
4
2 4
0
(] 0.1 0.2 03 0.4 05 0 0.1 0.2 03 0.4 05
rm] rm]
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Disc fixed on rigid axis

7

X 10
7
5
£,
-
) /
. /
1 /
0
] 0.1 0.2 03 0.4
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Rotating disc with variable thickness

o(t(r)ro,)
or

t
equilibrium —t(r)ow = —pw?t(r)r* with t(r) = Ea a
.

general solution stresses

2¢ 4 200 4 3tV 55,

cr,,:—tar +a_tar —5_|_—prr

Gtt—?d d1-|-2;2d d2—15—:_—3$/pw2r2
with  d=-1134v o d=-1- /St
boundary conditions op(r=a)=o,(r=b=0 —

2 —dipdi o2
ﬁ:3+va2a*d1 2 b b?> —a “pdig

at, 54 b — a2 g—d ph
2cc 34v ( b? — a~ % p 32 )

at, 5+v b# — a2 g p
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Disc with variable thickness

| isotropic | plane stress| w =6 c/s |
la=02m|b=05m [t,=0.05m]|p=7500 kg/m3| E =200 GPa|v =0.3]

s 6
18%10 1 g2 10
) G
" — TR
16| o o
" 16 ™
14 o,
12 1.4]
10| T
12
8| o
6 1
4
0.8]
2
0 0.6
(] 0.1 0.2 0.3 0.4 0.5 (] 0.1 0.2 0.3 0.4 0.5
r[m] r[m]
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Thermal load

radial gradient

Piet Schreurs (TU/e)

external load fr)=——a(AT),

AT(r)=ao+air + apr® + azr® —
]
fFlr) = -2 o« (a1 + 2a2r + 3a3r?)  —
Ap
_ Op1 4
u,(r)z—oc(3alr + 7 agr + 5 a3r)
Ap
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Solid disc, free outer edge

b u(r=0)# o0
z r on(r=b)=0
C1,C >

a’ =[1002000]|a=0m|b=05m|E =200 GPa|v=0.3|a=10"51/°C|

T [deg]
@
3

0.1 0.2 0.3 0.4 0.5 0.2 0.3
r[m] rm]
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Disc on a rigid axis

r
— w
b \ o
a 5 . u(r=a)=0
0-rr(r:b):O
c1,C >

|isotropic | plane stress|a’ = [100 20 0 0]
la=02m|b=0.5m |E =200 GPa |v=0.3]oc=10"%1/°C|

7

1x 10
100
90 05
80
0
70
5
3 60 -0.5
o
50 -1
40| —%
-15(|___0,
30 o
- )
(] 0.1 0.2 03 04 05 ) 0.1 0.2 0.3 0.4 05
rm] r[m]
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Large thin plate with central hole

y

ARRAEN
HHH
X

o a2 a* a2
O = [(1— ﬁ> + <1+3F —4 2) COS(ZG)]
o a2 a*
Ou = [(1 + ﬁ) — (1 +3F> c05(29)}
o )
> 2
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Large thin plate with central hole

stress concentrations

O'tt(r:a,e:%):30' N Gtt(r:a,GZO):—G
; o
stress concentration factor K, = 22X =3
o

stress at larger r
Oy = g [1+ cos(20)] = o cos?(0)
O = g [1 — cos(20)] = o [1 —cos?(0)] = asin®(0)

O = — g sin(20) = —o sin(0) cos(0)
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Large thin plate with central hole

y

0_— -
- r ;
- —_—
|a=0.05m|o=1000 Pa|
1000 3000
0 0
— "
- 2500 O
U" _ 0
500) -
2000
= =
g T R £ 1500
o =)
2000 SRR T T ST S S m s s s mm
-500
500
10005 0.1 02 03 0.4 05 % 0.1 02 03 0.4 05
r[m] r[m]
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EXAMPLES : INTEGRATION CONSTANTS

back to index



Disc, edge displacement

<
o (ApC— Qp) b up e (ApC+ Qp)b%a%C up
P A Q)a% (AL — Q)b T T (ALt @)@ + (Ap — Qp)b2C
. (Ap — Q)b e (Ap + Qp)ba’

(Ap+ Q)@+ (Ap— Qb2 " (Ap+ Q)2 + (Ap— Qb2
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Disc/cylinder, edge load

O-rr(r = a) = —pi
On(r=>b)=—pe
<
1 aCHlp, — pitlp, 1 alHp2lp,  plt120p
T ApC+ Qp b2¢ — a2¢ 2= ApC— Qp b2¢ — 32¢
1 1 1 a’b?
jd b2 5 = i —
AT 7 (p — peb”) R Y e (pi — Pe)
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Rotating solid disc

3A,+Q _
o = 0 : cl = 14 P b c+3
2 T OAALCH Q) b

(3A, + Qp)

b2
A A Q) P

=0 ; a =

Piet Schreurs (TU/e)
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Rotating disc with central hole

b f(r)= _L w?r
a 7 AP
0-rr(r = a) =0
O-rr(r = b) =0
<
. 3A,+Q,  [bST3—att3

T A AL Q) \ b2 — 2% B

o At Qp <a2“b6+1 — aé+1b2“> (22%)p

2T AAL— Q) 20— 720

(3A, + Q) (3A, + Q)

_ 2 2 .
Cl_Ap(Ap+Qp)(a —I_b)ﬁ ’

Piet Schreurs (TU/e)

2 A A — Q)

(a°b%)B
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Rotating disc fixed on rigid axis

o

_ B
&= AT Qb Ta T + (AL~ Q)b a0
M b4a*C+1 + APC* Qp b,(‘+1a4
Ap Ap
_ B
% = A0t Qb e T 1 (AT~ Q)b 1ot
w poetigh 3A, + Qp pA a1
Ap Ap
B {3AP+QP 4 AP_Qp 4
= b + 3
YAt Qp)b2g(Apf AEN A”Q % )
Pt @p 42 pt Q@ o 4}
Q= a“b” — a‘b
P A QB (A, Q)2 Ap Ap
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Solid disc with radial temperature gradient

r
b u(r=0)#o0
z r on(r=b)=0

<

A
=0 : c1:cx{ao—l—%(%alb—l—%agb2—l—%a3b3)}
)
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Disc on a rigid axis with radial temperature gradient

u(r=a)=
a z on(r=b)=0
<

Cc1 = _OC(AP + Qp)
(Ap + C)p)b2 + (Ap - Qp)a2
Ay, — Ap, —
{(pAiQp)f (312 + Taa® + %3333) — b%ap — ﬂﬁ (3a1b+ 1ab” + %a3b3)}
p p
—oa(A, + Qp)a*h?
C =

(Ap + Qp)b2 + (Ap - Qp)a2

A A, —
{(’3:7@’) (a1a+ %3232 + %3333) +ap + (pAiQp) (ab+ %a2b2 + %33b3)}
p p
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NUMERICAL SOLUTIONS

back to index



Tensile test

y

e

Ba

U(x =a)=025x103m

Piet Schreurs (TU/e)

u,(y =a/2)=-0.3125 x 10*
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Shear test

L S

pl p

[

| isotropic | plane stress| p = 100 MPa|a = 0.5 m| h = 0.05 m|
| E =200 GPa|v=0.25 |

[ecoecsaseassasaasaas
logoagaaaadagogyagaan,
lopponopesapoeoeopao|

I,
l@agonesasagaagagaaas)
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Orthotropic plate
y

| orthotropic | plane stress | p =100 MPa |a=0.5m|h=0.05 m|x = 20°|
|E11 =200 GPa | E22 =50 GPa | E33 =50 GPaI

|’V12 =0.4 |’V23 =0.25 |’V31 = 025|

| G12 =100 GPaI G23 =20 GPa| G31 =20 GPa |
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Axi-symmetric, orthotropic, uy =0

|E11 =200 GPa | E22 =50 GPa | E33 =50 GPaI
|vi, = 0.4 |vo3 = 0.25 |v31 = 0.25]
| G12 =100 GPaI G23 =20 GPaI G31 =20 GPa |p =100 MPaI

HUHP

i 1% 0.02 0.04 0.06 0.08
r[m]
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Prescribed edge displacement

&

lup=0.0l m|a=025m|b=0.5m|h=0.05m|E =250 GPa|v = 0.33]

- 10
100 . : : 12 =
— O
o,
, ] 10 \ S
9.9 N s
. 2
98 . ] 8
= s
£ 44 & 6
En ©
9.6 1 4
os | ) /
9.4 0
0 0.1 02 03 0.4 05 (4 0.1 0.2 03 04 05
r(m] rm]
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Edge load

| pi =100 MPa|a=0.25m|b=0.5m|h=0.5 m|E =250 GPa|v = 0.33]

s
leos 2.4% 10 =
G — VM|
" 2.2]
15| e
o 2|
. 2|
1 18
= T 16
£ o5 &
© © 14
OF ] 12
1
-05
038
-1 0.
0 0.1 02 03 0.4 05 0 0.1 0.2 03 04 05
r[m] r[m]
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Large thin plate with a central hole

y

0_— -~ 0
-— r —
0 = x
-— —
|a=0.05m|o=1000 Pa|
1000 3500
— %]
3000 -0
500
2500
[ R/ A U S B _ 2000
T 5
[ £ 1500
o -]
-500 2000F TR
500
-1000 —]
0
A
15005 01 2 0. 04 05 500 01 2 0. 0.4 05
r[m] r[m]
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