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HOMOGENEOUS TRUSS
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Homogeneous truss

length o
truss cylindrical —
cross-sectional area uniform Ao
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Elongation and contraction

y

z 1
I+ Al Al
elongation factor A=—=2 + =1+ —
lo lo lo
contraction A
W=7 A
IA
volume change J= =Ap?
bAo
A

exampl. circular cross section — upu= 7 2
0 0
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Stress

z
N(x) N(x)
A Y A S i D
N L— U [ A—— A
X
axial tensile force (external) N
cross-sectional force (internal) N(x)=N
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Axial stress

y
o o
~— B—p—
'z/ N N
«______ U [V A V4
N/ N
z
axial stress o=o(y,z)
cross-sectional force N(x)=N=1| o(y,z)dA
A
stress uniform in cross-section N :J' ocdA =0A
A
true stress o= N
T A
. . N
engineering stress Op = —
Ao
relation o N_ A N L o
I = —=——=—20,
A A Ay u?
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Linear elastic behavior

axial stress ~ strain o0 = E¢
contraction strain e=A—-1 —
eg=pn—1=—ve=—v(A—-1)

volume change J=(e+1)(—ve+1P2~e(l—2v)+1

material E [GPa] v [] material E [GPa] v []
Aluminum 69 - 79 0.31-0.34 || Copper 105 - 150 | 0.33-0.35
Cast iron 105- 150 | 0.21-0.30 || Steel 200 0.33
Stainless steel | 190 - 200 0.28 Lead 14 0.43
Magnesium 41 - 45 0.29 - 0.35 || Nickel 180 - 215 0.31
Titanium 80-130 | 0.31-0.34 || Tungsten 400 0.27
Diamond 820 - 1050 - Graphite | 240 - 390 -
Glass 70 - 80 0.24 Epoxy 3.5-17 0.34
Nylon 1.4-28 | 0.32-0.40 || Rubber 0.01-0.1 0.5
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Equilibrium

lo,As P
I,A : f.
D» ‘ é"e
[,A i fiPf
> - A
external force fe
internal force fi = fi(u)
equilibrium of point P fi(u) =fe
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Linear deformation

lo, Ao P
P pal
Lu
=l A= Ay fe
Do —
I~ Ar A £ f P
D: *—> &éﬁ
external force fe
internal force fi = 0,Ap
equilibrium of point P fi(u) =fe
fi(u) linear direct solution possible
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Direct solution

EA
f,-:G,,AO:E.sAozl—Ou:Ku
0
o
fi=fo = Ki=fo — u=u= = Ej\of

N
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Proportionality and superposition

A, P
- b, Ao "
o
Do éé" el
lo, Ao P
P 7Y
xXu
Do 1 ﬁafel
lo, Ao P
P> Fa)
u; + ou
" é}ﬁfel + afer
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FINITE ELEMENT METHOD
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Truss element

N(0) 1 2 N(/°)
1 2
L) f;l L) f,'2
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Two-dimensional element

fiza
U2
{2
fi12
t12 fio1
u
/f « 21
1
fi
U1
fi1 cff —c —c
fi12 sfh Loy | —s —s
P = ﬁ = k(uy — uy) = k(u21€ + Uxs — u11€ — U12S)
i21 Clis
fino sfs s s
2 ¢ —c?® —cs U1
cs s —cs —s? U1o e e ¢ = cos(a)
=k 2 2 = K u .
—c® —cs ¢ cs U1 ~ s =sin(«)
—cs —s> ¢ s? oo
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Assembling

Piet Schreurs (TU/e)
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Assembling : internal forces

fe32
L fen
f;a
B
fa / 21 fizr
i12 b
£
i s
fe12
¢ i
fe11 fe22 i
fex1
fe11 fi i1 fi1 0
fe12 fi12 f3o fil2 0
fer | _ | fix | _ finy O i
fo22 fiz2 f2 0 ity
fear fia1 £, + 15 fo1 f5;
fez2 fiz2 f30 + 15 f5 f5

Piet Schreurs (TU/e) 21 / 694



Assembling : nodal displacements

fi11 kac? k%cs 0 0 —koc? —kocs u11
fi1n kics k32 0 0 —k?cs —ks? U1
fn | | 0 0 00 0 0 i
f;'zz o 0 0 0 0 0 0 uno
fiz1 —k3c?2 —k?%cs 0 0 k3% kics Us1
fiz —kics —k3s2 0 0 ks  ks? Usn
0 0 0 0 0 0
0 0 0 0 0 0
0 0 kbe? kPecs  —kbPc?  —kPes
0 0 kbes  kbPs? —kbPes —kPs?
0 0 —kbPc®2 —kbes  kPc?2  kbes
0 0 —kbes —kbs?  kbes kbs?
k?c?  kics 0 0 —k3c? —k3cs
kics  k?s? 0 0 —k?cs —k3s?
0 0 kbc?  kbes —kbc? —kbes
0 0 kPcs  kbs? —kbes —kbs?

—k3c? —kics —kbc? —kbes koc? + kPc?  k?cs + kPes
—kics —k?s?  —kbes  —kbs?  k?cs+ kbPes  k?s? + kbs?

Assembled system equations fi=Ku
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Boundary conditions

equilibrium
rigid translation

no forces needed

Piet Schreurs (TU/e)

Ka=0 with a#0 — K singular
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Prescribed nodal displacements and forces

reorganizing u

Il
| — |
=S
RS
_
™~
Il
| — |
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Partitioning for boundary conditions

reorganizing u= |: ~u :| : f: |: ~u :|
yP fp
equilibrium Ku=f
partitioning [ Kuw Kup ] [ Yy } _ [ fu ] N
Kou Kpp up f,

Kuuuu + Kupl.:!p = fu

Kpully + Kpp, = £,
solving u,, Koty =, = Kty = u, =K (F, — Kypu,)
calculating £, fo=Kput, + Ky,
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Links

equilibrium Ku=f

partitioning
K¢ Ki Ky Ur fr_
Krf Krr Krl u, = fr + ir
Kir K, Ky u; f+1

Kpur + Ku, + Kquy=1f;
Krfyf + Krryr + Krlyl = fr +_fr
Kieur + Kpu, + Kyu =1£,+ £,
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Link relations
U= Llryr

Flou+fsu,=0 Vv {su,bu) —
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Partitioning for links

substitution of link relations —

elimination of f,

Kegur+ (Kg + KoLy )u, = £
(Kor + LK) upt

(Krr + KrlLlr + Lrlﬁlr + Lr/KIILIr) u,

Ky Kp+KqLy
K+ LKy K,+KuL,+L,K,+ LKL,

Ku=f
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Program structure

read input data from input file
calculate additional variables from input data
initialize values and arrays

for all elements
calculate initial element stiffness matrix
assemble global stiffness matrix

end element loop

determine external load from input

take tyings into account
take boundary conditions into account

calculate nodal displacements

for all elements
calculate stresses from material behavior
calculate element internal nodal forces
assemble global internal load column

end element loop

store data for post-processing
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Simple two-dimensional truss structure

y tr2dL 2bardef
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Transformation of nodal coordinate system

tr2dL2btrdef
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Tyings

T4

1 / 2 / 3 l F1 l F2 l F3
th F
truss stiffness %‘I' XT Fs
ki = ko = k3 =k l P
equilibrium
F+FR+FR—-P=0 ; —F2I—FI1=0
deformation
F1 F> F3
Vi = — — : vy = — —= : v3 =——
1 K ; 2 P ; 3 K

equilibrium equations in displacements

—kvi — kvo — kv — P =0 ; 2lkvi + lkvo =0

Piet Schreurs (TU/e)
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Example : link relations

link relation

1%
a=tniw o ow=[1 11[%]

elimination of v,  —  equation for retained displacements

—3kvi —3kvs— P =0

H
%Ikvl + %IkV3 =0 — vy = —%V3
solving
I—%kV3—%kV3—P:0 — —ng3—P:0 —
P P
V3:—%? — Vlz%;
P
link = w=—3
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FE solution

tr2dL3blnkdef

1 3
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NONLINEAR DEFORMATION
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Strains for large elongation

linear strain e=¢g=A—-1
logarithmic strain e=¢;p =In(A)
Green-Lagrange strain € =¢g = %(7\2 —-1)
€ T2 —1)
A—1
In(A)
0 A
1
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Linear strain

. . Al
linear strain e=¢g =A—1=—
lo
contraction strain eg=p—1=—veg,=—v(A—-1)

change of cross-sectional area

W= i:l—v(x—l) - A=Afl-v(A-1)p
Ao

restriction of elongation

1 1
1-vA—-1)>0 — 7\—1<; — 7\<£
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Logarithmic strain

logarithmic strain e=¢;m=InA)

contraction strain €qg =In(p) = —vep = —vinA

change of cross-sectional area

o= /AA — e Ve — ef‘vln[}\) — {eln[}\)}iv I N
0

A= AN

NB : In(x)="°log(x)=y — x=¢&
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Advantage logarithmic strain

/0%/1

/1%/2

/0%/2

Piet Schreurs (TU/e)

N o
01 12

8/(01) = h—h

lo

en(01) = In(4)

e/(12) = &4

en(12) = In(2)

€/(02) = % # ¢/(01) + ¢/(12)
em(02) =In(£) = In(£4) = en(01) + £/p(12)
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Green-Lagrange strain

Green-Lagrange strain e = ¢4 = (A2 —1)

contraction strain €d = 202 —1) = —vep = —vI(A* — 1)

change of cross-sectional area

1—v(A2—1)>0 — >\<,/1J;—“’
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Mechanical power for an axially loaded truss

mechanical power P=FI
s
8/2)\—1 — £/=)\=—
b
. /
em = In(A) — e =AML= ]
: I ]
g = 3(A2—1) - ég,zmle—zx27
0
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Mechanical power for an axially loaded truss

L
& &
P = Fl =
P = Fl =
P = FI =
P = Fl =

Piet Schreurs (TU/e)

lo, Ao
§>o I, A
F
Floe, = A—OAOEOé/
F
Fle = Al
F 1
Floe) = ZA/ZTOé,
—2- F _2.
FIA gl = ZAD\ Egl
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Mechanical power : stress ~ strain

T U U O
I

VO‘é/n
V(oA 1),
V(O'7\72)ég/

specific mechanical power :

Piet Schreurs (TU/e)

O'né/ =

Ok éln

0'é/n

VWo(Jo)ée =
VO(J(T?\fl)é/ =
VolJoA2)ey =

P=VoW,=VW

= O-plél =

= 0'?\71{:2/ =

VOO-néI
VOO-KéIn
Voop1€)

VoO'pgég/

Op2égl

72 .
oA “ég
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Equilibrium : linear

DL
&

>
S

external force fe
internal force fi = 0,A0 = E¢jAg = EAg /ﬂ
0
I . EA /
equilibrium of point P fi = TO U="Ffe 5 Ueact = E—j\o fe
f
fi
fel
0 .
gexact y
44 / 694
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Equilibrium : nonlinear

fi(u)
fe
Uexact u
external force fe
internal force f; = cA = fi(u)
equilibrium of point P fi(u) =fe
f;(u) non-linear iterative solution process needed
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lterative solution procedure

analytic solution
approximation u*

residual

Piet Schreurs (TU/e)

Uexact u

f;’(uexact) =fo — fo— f;’(uexact) =0

fo—fi(u™) = r(u”) #0
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Newton-Raphson iteration procedure

f}(uexact) = ﬁe - B
Uexact = U™ + du - fl(u +6U)_fe

df;

i)+ —| du=+t, — F+ K%u="f

du|,.
Kdu=f—Ff =r* — Su= L

u=re ,-—r U—K*r
fi(u)
K* fe
r*
fi" du
u* u
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New approximate solution

new approximation
error

error smaller

Piet Schreurs (TU/e)

K*

du

Uexact u

Ut =ut +du
$k

Uexact — U

—  convergence
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Convergence control

fi(u)
re* fe
f;-**
. du
:‘—’*
residual force [r'*| <c — stop iteration
iterative displacement [dul < ¢, — stop iteration
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Convergence
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Residual and tangential stiffness

internal nodal force f*=NA")=A"0"

of; ON(A dN dA
tangential stiffness K* = 3 B = afj ) ; = N 90

Al 1 drn 1

geometry A + A + A u — i

dN oA dN|" 1 1d *
tangential stiffness K* = n N 3 dn o = EJ(GA)

o[, 1 dAf
I dA lo dA
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Incremental loading

th At tht1
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Non-converging solution process

fe
fi(u)
- .
fi(u)
|
fe
filu)
u
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Modified Newton-Raphson procedure
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Path-following solution algorithm

Ko K1

81

fi1

Kodun =foo+ Mfer =g1 — dui=K;'er —
Ay =011 ; wm=u+Auu — f, K
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Path-following solution algorithm

a [ ,
&2 :

Auy

Kduy = go — fio = feo + Aofer — o —
Sup = Kyt (fog + Aafer — fin)
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Path-following solution algorithm

K K
81 | ' 0 1
82 :
fi1
AU2
AU2

[ A g ] { 2 } = (Am)? +(g)P=C —

(Aus + K Yoo + Ky Horha — K M) + (Fuo + Mofir)2 = 2 —
AN — b = Awm,um — fiz, Ky
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WEIGHTED RESIDUAL FORMULATION

back to index



Weighted residual formulation N,

O D e

=% & ]
N - Afi _
equilibrium d——l—Ei(s) =0 - d(0AR) +q(s)=0 Vsel0,{]
ds ds
approximation d(cd,:\ ) +3G(s)=A(s) #£0 Vsel0,(]
weighted error A(s) is "smeared out” over[0,{] — J w(s)-A(s)ds
s=0
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Weighted residual formulation

s={ —
A
J w-{d(" ”)+a} ds =0 Vo w(s)
s=0 ds

partial integration of 1st term  —  weak formulation

r_z 9% (AR ds = r_z WG ds + [(t) - V() — #(0) - 0)]

Piet Schreurs (TU/e) 60 / 694



State transformation

s={ -
J W (AR ds = (i) YV w(s)
—o ds

S

d() dspd() 1d()
al) _gsat)_>al) : ds = Ad
ds  ds ds, A dsp ’ S = Ao
integral transformation
2= dw
| "o oA dsy = fol) v W)
50_0 dS()

Piet Schreurs (TU/e)
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lterative solution process

50:80 -
J IV (6" + 50)(A* + 8A)(F* + 57) dsp = Faol

s0=0 dSO

Piet Schreurs (TU/e)
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Linearization

==t gy
J — (0" + 00)(A* + 8A) (A" + 6n) dsg = feo(W)
=0 dso

vV w(so)
S0

so={o dw so={o dw

J W soATH dso—i-J' W 5 A*STi ds,

50:0 dS() 50:0 dS()
50:% d—’

— foo(W) _J W A dsp v w(so)

so=0 dSo

Piet Schreurs (TU/e)
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Material model — iterative stress change

o=l o7
J W (6" + 50)(A* + A)(A* + 87) dsy = feo(W) ¥V w(sp)
so=0 dSo
so=0o 4= so=0o 4=
J W oA dso—i—J' I p* 57 dso
50:0 dS() 50:0 dS()
50:60 d—’
- eo(vV)—J IV 5 A i dsy v w(s)
so=0 dSo
do|* do|* d(6s) dol|* ., d(6d)
— o(\ 50— —| &A= — e
o=0(A) — A dN| dw  dr| " Tds,
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Rotation — iterative orientation change

dX _dspdX 1 dx

"Tds T dsds A ds
. 1 dx]" 11" d(ox 1.]" 11" d(ox
57 = B d—SO] A+ H 550) = [‘X n] A+ H 550)
[1 0% dsa) 11" d(s0) o 17F d(s0)
- __X nn] dSo + |:X] dSo - [(I_ )X:| ' dSo
_ mml]* d(od)
A dSo
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lterative weighted residual integral
d(54)

Jso Lo dW E *
0 dSo dA dSo

So
so=Xo — —
J dw -0*A* (r‘fr*r‘ﬁ* . L d(5u)> dsp

=%

) A*n* dSo +

5p=0 dso A* dsy
50:[0 d—'
— foo(W) —J d—W - 0" A dsp Vo ()
s=0 950
o=bo g dol* d(60)
—% e A* =
J'soo dSO n (d)\ )n dso o0t

o=bo oy 1 d(81)
— ok *A*_ P, d
J o s " (“ N*)m dsp

So=
50:60 d—'

— fo(W) —J d—W 0" AT ds, Vo w(so)

=0 dso
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FINITE ELEMENT METHOD
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Element equation

)P DD
=% % ]

local coordinate :

T_Wﬁ do|*
d dA
E=—

£=1

£=1
dw _,( ... 12\, d(6d)
J d—a-m (G A )m

—1<&E<1 ;  ds

)

L 2\ L. d(od)
A /0>n 9t d&+

g . 40 _2d0)
=5 -

I Jg oA dE
E=—1

=—1
Piet Schreurs (TU/e)
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Components
&=1

J dw’”  (do

dg "\ dx

&=1

dw’ 12 d(bu)

A * *A*__ *T = d
J a’I’(“ A*/o>’~" gz 9%

——d&+
lo

d§

* 2

&=1 d T
= £ (w) — J W o A*p* dE,

Piet Schreurs (TU/e)
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Interpolation

suT = [ dur dup | = [ Suul +8ua? Suia? + Sux? |
V~VT = [ wii Ol + worh?  wiohl + wy? ]
with  PHE)=1(1-&) 5 PYAE)=L(1+E)

AR B sun
d(du) _ d& _ | &g 01 Fia O2 dun
dé d(bup) 0 % 0 dd% Suiny
d& duxn
.1 0 107,
_2{ o -1 0 1%
dy!
“dg d?bl
T -
dw _[ﬂ %}:[WH ws w ]| O
dE» df, dE d_dg 0
d 2
o G
-1 0
— Tl 0 -1
0 1

Piet Schreurs (TU/e)

70 / 694



Element equation

[t oo
eT &= 0 -1 c
=1 1 0 s
0

1o

o R S

e 1| 1 0

0 1

Piet Schreurs (TU/e)

dol|® 2
L2 42
4<d)\ /0)
-1 0 10 .
[c ] [ 0 -1 0 1]”’559’4r
s 1 (gt 2
ARICE
-1 0 10 .
[ —s C][O _101}d£5u
-1 0
0 -1 1 c " * A*
3]
0 1
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Element equation

—C
=t o/ido|t L 1Y | - ;
WETJ (%d—; *E> Cs [ —c —s ¢ s | desu+
E=-1
S
£=1 Al
- 11 —c *
weTJ <l *A*——) s —c —s ¢ d&oduc
T )= 2 Nl/) | —s [ ) )
C
e=1 .
— 5w - | oA dt
E=-1
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Element equation

£=1 do|® .1 cs
eT 1>xv *
4 L__1<2 a A /0> —c?

Piet Schreurs (TU/e)



Element equation

WeT J"il 1 E

B g——1\7 dA
et 11

7 lo*A*— =) d& M,

) “&—1 (26 A* /0> &My

&=1
— (we) - vaL FICYRIE

ou’

Piet Schreurs (TU/e)



Integration

tangential stiffness matrix

2 s —c2
*
Ke do A L cs s> —cs
= d\ lo —c? —cs ¢
—cs —s?  cs
2 —cs
1 —cs 2
* Ak
oA —
( I* —s® «¢cs
cs  —c2
internal nodal forces
*
—c
£& =" A* °
1
s

Piet Schreurs (TU/e)

cs
—C
—CS
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Assembling

element contribution weT K du® = weT ey —weT ¢ = we're
assembled equation wiKdu=w'fo—w'fi=w'r YV w
iterative equation system Kbu=r"
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Program structure

read input data from input file
calculate additional variables from input data
initialize values and arrays

while load increments to be done

for all elements
calculate initial element stiffness matrix
assemble global stiffness matrix

end element loop

determine external incremental load from input
while non-converged iteration step

take tyings into account
take boundary conditions into account

calculate iterative nodal displacements
calculate total deformation

for all elements
calculate stresses from material behavior
calculate material stiffness from material behavior
calculate element internal nodal forces
calculate element stiffness matrix
assemble global stiffness matrix
assemble global internal load column
end element loop

calculate residual load column
calculate convergence norm

end iteration step

store data for post-processing
end load increment

Piet Schreurs (TU/e) 77 / 694



Large deformation of a truss structure

tr2d1def

5000
0
T -5000
£
£ > -10000
15000
20000
0 05 1 15
t
x10*
0.005 5
0 4
_ 0005 _ 3
£ E
£ oo £,
= x & 5
= 5
-0015 1
-0.02 0

-0.025 -1
0 05 1 15 0 0.5 1 15




Buckling

symm F, c = ?
tr2dbuckuf
0
-0.2
,,,,,,,,,,,,, e ]
-0.4f — symm.perf 1
z -~ -symm.imperf !
w —anti-symm.perf B
—0.6{{- - - anti-symm.imper i
-0.8 v
:&02 -0.015 -0.01 -0.005 0

disp [m]

Piet Schreurs (TU/e)

)

anti-symm

/ / /
. k/ .

F. = ki

-
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ONE-DIMENSIONAL MATERIAL BEHAVIOR
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Time history plots
elastic, elastoplastic, viscoelastic, viscoplastic

o £

t1 tr t ty t

o £
t1 tr t

o €

t1 to t
o £

t ty o

Piet Schreurs (TU/e) 81 / 694



Tensile curve : elastic behavior

o o o

Piet Schreurs (TU/e) 82 / 694



Tensile curve : viscoelastic behavior

4
l;/soe

@ energy dissipation — heat

Piet Schreurs (TU/e) 83 / 694



Tensile curve : elastoplastic behavior

Piet Schreurs (TU/e) 84 / 694



Tensile curve : viscoplastic behavior

Piet Schreurs (TU/e) 85 / 694



Tensile curve : damage

@ necking / stable necking
9 softening

9 fracture

@ ductile / brittle

Piet Schreurs (TU/e) 86 / 694



Discrete material models

spring
dashpot

E

friction slider

Piet Schreurs (TU/e)

™ q

™ q

™q



ELASTIC
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Elastic material behavior

@ no permanent deformation after unloading
@ no path- or time dependency
@ no energy dissipation

Piet Schreurs (TU/e)
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Small strain elastic behavior

strain E=¢g=¢p=¢=A—1
stress O'—F—F—O'

A AT
linear elastic behavior o=Ec=EA-1)
modulus E = lim @ = lim E

Piet Schreurs (TU/e) 90 / 694



Large strain elastic behavior

atomic bond rubber

Piet Schreurs (TU/e)



Elasticity models

. o
€

constitutive equation o =0o(A)

do _ dode de

stiffness C\ = = dedn = ‘T

elastic models (examples)

linear true-log. o= ClIn(A) = Cg

linear eng.-lin. o, =C(A—1) = Cg

Piet Schreurs (TU/e)
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Hyper-elastic models, incompressible

incompressible deformation

AV
7 =J= det(F) =MMA3 =1

specific energy

W=> > G(h—-3(L—-3Y  with Cop=0
i

h=A+2A5+ A3

11 1
b=NN+MN+MNMN =5+ 5+
)\3 )\1 )\2

change of specific energy
dW = o1den, + oode, + o3den,

Piet Schreurs (TU/e) 93 / 694



Mooney models

Neo-Hookean W = Cyo(h—3)

Mooney-Rivlin W = Co(h—3)+ Cor(k—3)

Signiorini W = Cio(h —3) + Cor(l —3) + Coo(hy — 3)?

Yeoh W = Cio(h —3) + Ceol(h — 3)* + Gso(h — 3)°
Klosner-Segal W = Cio(h —3) + Cor(l —3) + Coo(h —3)2 + Coa(h —3)3

2-order invariant W = Co(h —3) + Cor(h —3) + Cii(h —3)(lh —3) + Cool(h — 3)2
Third-order model of James, Green and Simpson

W = Gol(h —3) + Coi(h—3)+ Cua(h —=3)(L—3) +
Coo(h —3)2+ Coa(b —3)* + Gua(h —3)*(h —3) +
Csolh —3)3 + Coz(b —3)* + Gia(h —3)(h — 3)?

Piet Schreurs (TU/e) 94 / 694



Ogden models
slightly compressible

w-y 2

i=1

oo

b 1 2
[ N CHESVER 3} +45K <J§ - 1)

K = bulk modulus
J = volume change factor = A1A2A3

highly compressible

N

w=3 T -3) 1) T

c
i=1 i=1 '

Piet Schreurs (TU/e) 95 / 694



One-dimensional models : Neo-Hookean

W=C10(A2+%—3)

2 1
Cio (2)\— ﬁ> A=2Cyp <)\2 — X)

G = a_O' =2Cpo (2)\-1- i)

o

oA A2
. 0o
£ =l gy = 0w
1 1
F — A= o0=Ay = 2Cioho (A — —
oA = 05 A Cio 0(7\ )\2>

density

gas constant = 8.314 JK " tmol~!
absolute temperature

average molecular weight

=BT (1)

T~ ™o

Piet Schreurs (TU/e) 96 / 694



One-dimensional models : Mooney-Rivlin

W = Cio (7\2+§—3>+C01<1 +2A— 3)

1 1\ 1
o =2Co (7\2 - X) +2Co1 (7\2— X) X
oo 1 2
G = P =2(Cypo (27\-1- 7\2> +2Co1 <1+ F)
oo
E = lim 5—6(C10+C01)
o~

1
F = cA= A
(0 b\ 0

_ At 21 2 1)1
= AO)\ |:2C10 (7\ )\> +2Cn1 (7\ )\) )\:|

Piet Schreurs (TU/e) 97 / 694



NUMERICAL IMPLEMENTATION
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Stress update

stress update

Piet Schreurs (TU/e)



Stiffness

stress update o=o0(t+At) = o (A(t+ At)) = o(N)
oo
iff = —
stiffness Gy N

Piet Schreurs (TU/e)



Implementation

tr2delas.m

tr2delam.m

Piet Schreurs (TU/e)


file:/home/piet/work/mlf/prg//tr2delas.m
file:/home/piet/work/mlf/prg//tr2delam.m

Strain excitation

o ey
initial length I | 100 | mm
initial cross-sectional area | Ay | 10 | mm?

Piet Schreurs (TU/e)
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Elastic models : stress

elastic constant | C | 100000 | MPa o ~ ¢ model 0 ~ €/, model
Poisson'’s ratio 0.3 - 0 ~ gg model P ~ g5 model

<

10° delasex11xds 10 delasex12xs
2. 1.
2 ft
15
= = 05
& &
= 1 =3
° 5 o
05|
o -05
o K
85 1 15 225 3 38 s 1 15 2 25 3 38
108 delasex13xxis 108 delasex14xxls
5
15|
4
= =10
g 3 g
=3 =3
o 2| © g
1
0
0
b5 1 1s 2 25 3 35 35 1 15 2 25 3 35

Piet Schreurs (TU/e) 103 / 694



Elastic models : force and area

elastic constant | C | 100000 | MPa o ~ ¢ model
Poisson’s ratio v 0.3 - 0 ~ £, model
C10° 1Delasex11lf ¥ 1Delasex11la
4 12
2| 10
P NE 8|
w £
-2| <6
-4 4
6 2|
65 1 15 2 25 3 35 85 1 15 2 25 3 as
A by
1x10° 1Delasex12if 1Delasex12la
1
05| 14
12
= 0 o
£ £
05 <
8|
] o
185 1 15 2 25 3 35 65 1 15 2 25 3 35
by by

Piet Schreurs (TU/e) 104 / 694



Elastic mod

els : force and area

10

6 1Delasex13If

0 ~ &g model
P ~ e/ model

FIN]

>

6 1Delasex14lf

25

Piet Schreurs (TU

25

35

1Delasex13la

1Delasex14la
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Elastomeric models : stress

elastic constant | Cp; | 20000 | MPa
elastic constant | Cyo | 20000 | MPa
x 10° delasex21xxls x 10° delasex22xxls
4 6
3| 4
T
2 g2
]
1 0
0 -2
s 1 15 % 25 3 35 s 15 % 25 3
Neo-Hookean Mooney-Rivlin

Piet Schreurs (TU/e)

35
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Elastomeric models : force and area

6 1Delasex21If

Neo-Hookean

Piet Schreurs (TU/e)

elastic constant | Cp; | 20000 | MPa
elastic constant | Cyo | 20000 | MPa
mee ‘ 1Delas‘ex22If ‘ ‘
. ]
0|
z—l
Y2
=3
-4
8.5 1.5 2 25 3 35
A
Mooney-Rivlin

107 / 694



ELASTOPLASTIC
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Elastoplastic material behavior

Piet Schreurs (TU/e) 109 / 694



Tensile test

On T
0,0l F
o'}ﬁq :
L e =0.002 &0
op proportional limit
0,0 initial yield stress
€40 strainat o,0 1 €0 =0,0/E
£€0.2 0.2-strain  : ¢, =0.2% = 0.002
oT tensile strength
OF fracture strength
eF fracture strain (=~ 5% = 0.05 (metals))

NB. : forming  — pressure  — larger strains

Piet Schreurs (TU/e) 110 / 694



Compression test

o
O—yO..
€
L= 0yo0

yield in tensile test 0 =0y
yield in compression test 0= —0y0
yield general 02 = 30
elastic region —0y0 < 0 < 0Oy
general yield criterion f=02— crio =0

Piet Schreurs (TU/e) 111 / 694



Interrupted tensile test

4 Ee
o € i
x £p
t1 to t
o)
o | A
Oy0f-
B/ :
L L] e
€p L €e
total strain E=¢€np
plastic strain €p
elastic strain €e (springback)
assumptions elastic parameters constant — Ao = EAe = EAe,

Piet Schreurs (TU/e) 112 / 694



Resumed tensile test

o
A
Oy o,
Oy0-|- f
B | :
€
<_,LJ A £
€p L €e
linear behavior B—A Ao = EAec = EAe,
current yield stress 0y =04
harden!ng 0y increases — 0y, > Oy
hardening model oy ~¢&p

history parameter €p

Piet Schreurs (TU/e) 113 / 694



Hardening

o A o A
Y, Y, 0y0
Cl— .
0 B 0 B4
€ J €
Al
Y/ Y/
AI

isotropic hardenlng : elastic area larger & symmetric w.r.t. 0 =0

tensil : 0=0

enste Y - f=0"—-02=0

compression : 0=—0y v
kinematic hardenlng . elastic area constant & symmetric w.r.t. 0 =g¢q

tensile : o= o

. 9+ 0y0 } S F=(0—qP—0%=0

compression : 0=qg— 0y y
combined isotropic/kinematic hardening

tensile : o= o

ne -+ oy - f=(6-qgP—-02=0
compression : o=q—o0, y

Piet Schreurs (TU/e) 114 / 694



Effective plastic strain

D

€ D o ¢

A E A
C
B
\ t Z/ €
B
E
OycC > OyA > €pC < EpA -

effective plastic strain (rate)
t

T=t
_ |Ae, o .
=) A=) —° AtzJ epldt=| Epdr
€ =0 =0

T=0

Piet Schreurs (TU/e) 115 / 694



Linear and power law hardening laws

linear hardening

Ludwik (1909)

mod. Ludwik

Swift (1952)

Ramberg-Osgood (1943)

Piet Schreurs (TU/e)

0, = 0,0 + HE,

&\

0, =0, + 0,0 | — (
Syo
n—1

H= n—Gy0 (—Ep )
€50 €50

oy = 0y (1 + mg})

o, =C(m+Egy)"

H=Cn (m + Ep)n_

with C =

1

0<n<1)

£ n—1
(%)
€40

— sn—
—  H=o0y,0mng,

Oy0

H

1

116 / 694



Asymptotically perfect hardening laws

ideal plastic 0y, = 0y0

Prager (1938) 0, = 0y tanh (—)

é 2 _ 2
H=20 [sech (i } :E[sech (iﬂ
€y0 y €y0
/

_ mq1l/m
Betten | (1975) o0, =0y {tanh <j> } (m>1)

O'yo
c m—1 : m %71 : mAq 2
H=E <—P> {tanh (—p> } [sech (—p> }
€y0 €40 €50
Voce (1949) o, =C(1—ne ™) with C= 1Uy0n (m>1)

H = Cnme™ ¢
€p

m —1/m
Betten Il (1975) o0, = 0,0 + (EEp) [1 + (—) }

EyO
Eyo

Piet Schreurs (TU/e) 117 / 694
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Cyclic load

H

01

//é

Piet Schreurs (TU/e)

€40 /

E€m
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Elastoplastic model

Oy
E o
H i
€p €e

o f=(0—qP—0, with f<0 | f=0AFf<0 — el

F=0AFf=0 —  elpl.
e 0y = O-y(GyO)Ep) 5 q=ql(ep)
o i=¢.+¢
. 1.
e o=F¢, — ee:EG
, . of ; N , ;

. sp*)\$:2)\(6—q) i €p =IEpl =2A [0 — gl

t
o = Epd'er\Ae,,I

=0 +

Piet Schreurs (TU/e) 119 / 694



Constitutive equations

6=FEé.=E(¢—¢,) =E(i—2A(0—q)}
_)
fF=0

G+2E(c—qA—Ee =0
f=0

Piet Schreurs (TU/e)



Isotropic hardening " monotonic” tensile test A — B

Acg H} A£e
Aep

Ao = EAe. = E(Ae — Agp)

Aoy, Ao

EH Ao E
Ad—mAe—SAs ; Aep = — = —— Ac¢

Piet Schreurs (TU/e) 121 / 694



Kinematic hardening

EK 1 E
Ao=—25 Ae 0 Aey=—Ao=——A
CTEYRSY 0 ST RO ETKRSS

Ao = EAe. = E(Ae — Agp)

Aq Ao

EK Ao E
Ad—mAe—SAs ; Aep=— = — At

Piet Schreurs (TU/e) 122 / 694
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Stress update

WHERE ARE WE 77

o o n+1
] LARTEY f (2)
(e} (e}

Piet Schreurs (TU/e) 124 / 694



Elastic stress predictor

Oe=0,+E(e —¢,)

° f=(0e—qn)?—0, <0 - elastic increment

° f=(0e—qn)?—02 >0 - elastoplastic increment

Piet Schreurs (TU/e) 125 / 694



Elastic increment

@ elastic solution is end-increment solution

9 continue loading history

o(thy1) = Oe ) Ep(tn+1) = Ep(tn) = &p,

0-y(thrl) = 0-y(tn) =0y, q(tns1) = qlta) = qn

Piet Schreurs (TU/e) 126 / 694



Implicit solution procedure

0—0,+2E(c—q)A—A,) = E(e —¢,)
f—f,=f=0

0"+ 80— 0p+ 2E(0* + 60 — g* — 8q) (N + N —An) = E(e — &) }

. . of of
of
— —2(o—
55~ 2lo—a)

of _ 0f 9q 3¢, Of oy 05,
9N 9q0c, ON | 00, g, OA
= [-2(0 — q)l[K]12(0 — q)] + [-20,][H][2]0 — ql]

= —4K(o—q)* — 4Hoy|o — gl

0" +60—0,+2E(c*+80—q* —8q) (AN + A —A,) = E(e —¢,)
f*42(0c" — q*)60 — [4K* (0" — q")* + 4H*oylo" — q*[ISA =0

Piet Schreurs (TU/e) 127 / 694



Implicit solution procedure

0" +00—0,+2E(0*+00—qg* —0q)(A" +dAN—A\,) = E(e —¢,)
f* +2(0* — g*)d0 — [4K* (0" — q*)> + 4H" 0|0 — g* 18X = 0

" =0"+d0
A" =N 4 6\
Aep, =2 —=A)(0" —qn) — & — g K*

Agp =|Agpl — & — o), H”

Piet Schreurs (TU/e)
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Stiffness : implicit

0—0,+2E(c—q)A—A,)—E(e—¢,) =0
f=0

80+ 2ES0(A—A,) +2E(0—q)dN— Ede =0
(60— q)d0 — 2K (0 — q)*8A — 2Ho |0 — q|SA = 0

2E(0—q)?

do=Ed
2K(0—q)?+ 2Ho,lo — gl © ¢

{1 F2EN—An) +

c E{2K(0— q)? + 2Ho,|0 — ql}
C {14+ 2E(N =) H2K (0 — q)2 + 2Hoy,|o — ql} + 2E(0 — q)2

yieldat t=t=t,41 — (G—q)Q:(fiandIG—qlzcry —

c E(K+ H)
T E+K+HH2E(K+H) (A=A,

Piet Schreurs (TU/e) 129 / 694



Explicit solution procedure

Ao+ 2E(0, — q,)AN = EAc
Af =0 — of Ac—i-g

|, an| A0

n

A+ 2E(0y — gn)AN = EAe

2(0p — gn)Ac — 4K, (0 — qn)zA)\ - 4Hn0-yn|0-n —qlAAN=0 —

(0 —qn) 1
AN = Ao = Ao
2Kn(0n — qn)? + 2Hn0yn|0n — qnl 2Kn(0n — qn) +2H, (05 — qn)
—a.)? _
Ao — E[Ka(0n — qn)* + Hnoynlon — gall A

Kn(op —qn)? + HnGyn|Gn — qnl + E(0, — gn)?

(o — Qn)2
Kn(o-n - qn)2 + HnGyn|Gn - qn|

Ae, =2(0, — qn) AN =

Piet Schreurs (TU/e)
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Increment splitting

o
............. Oe
o
il SRRRREREEEEEE Oy, +qn
0 I o
S B n
Lo ¢
ef
0c=0,+ E(e —¢,) — ACe =0e— 0, =E(e—¢,)
B = | sign(e — En)o-y,, — (0h — gn)l
|o-e_ O-n|

ef =e,+Ble—en) - Acf =e—ef =(1—B)e—¢,)

Piet Schreurs (TU/e) 131 / 694



Explicit stress update

Ao’ +2E (0, — q)AN = EA€f
2(0-n - q)Aof - 4K,,(0',, - qn)2A}\ - 4Hn0-yn|0-n - qn|A}\ = 0

A(r:[SAGe—I—AGf — o=0,+A0
A=A, + AN

A, =2A—=A))(o0—qgn) — €& — qK
Ae, =|Aey| — & — oy, H

Piet Schreurs (TU/e) 132 / 694



Implementation

tr2delpl.m

Piet Schreurs (TU/e)



Cyclic loading

s » —

A o3
initial length Ib | 100 | mm
initial cross-sectional area | Ay | 10 | mm?
Young's modulus E | 100000 | MPa
Poisson’s ratio v 0.3 -
initial yield stress 0y0 250 MPa

isotropic hardening coefficient H 5000 | MPa
kinematic hardening coefficient | K 5000 | MPa

1Delplimih 1Delplimkh
400 200
200 100
g g
2 0 = 0
° °
-200 -100
-400| -200)
=001 -0.005 [ 0.005 0.01 =001 -0.005 [ 0.005 0.01
€ €
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Clamped truss

—_—
T
X 10" 1Delplopgmm1
4t ]
3l J
Zz
w
ol J
l 4
0 ;
0 5 10 165 20 25 30
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Truss structure

1DelpI3baref 1DelpI3bareff
70(
600
200
500
400 150
=3 £
r r
300 100
200
50
100
0 0.2 0.54 0.6 0.8 0 0.2 0.54 0.6 0.8
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Softening material

1Delplsoftl X 10 1Delplsoft2

) /\ |
15

150 / /
100 A
w

o [MPa]
a
o
S
o
ul
—

0 0.005 . 0.01 0.015 % s 0
u [mm]

15



LINEAR VISCOELASTIC

back to index



Linear elastic material behavior

to tp t to tp t [3

1
= — — =FE —
I3 EG o I3

N:UA:EA&:?AI:kA/

constant Young's modulus E : Hooke's law

EA
linear spring : spring stiffness k= -

Piet Schreurs (TU/e) 139 / 694



Load cycle

t1 th t t1 th t

to to

no dissipation : no area under (o, €)-curve

t tr t ty
Ud:J' crde—i—J crda:J' Eeda—i—J Eede
to t to t
=1E[ef—ef+e5—¢€ll =0
NO ENERGY DISSIPATION

Piet Schreurs (TU/e)
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Linear viscous material behavior

N N
o £
to 1 t to t1 t
(o) (o)

€ 3
1 .
E==-o0 - o=né -

n
A
N:GA:nAé:nTA/:bA/
constant viscosity n  : Newtonian fluid
nA

linear dashpot : damping constant b= —

Piet Schreurs (TU/e) 141 / 694



Load cycle

o 3 o
a
t1 th t a
to t €
dissipated energy ~ area

ty to ty to [51 [%]
Ud:J O'dE-I-J' Gda:J néde—i—J néde:J' ncda—J' ncde

to ty to t1 to ty

=mncleg —eo— €2 + €1] = 2nca
TOTAL ENERGY DISSIPATION

Piet Schreurs (TU/e)
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Viscoelastic material behavior

ot

0o

€t ot

[

R
0 i —r ‘ tp U ?
- small deformations !!
- description of experimental observations
- modeling the material behavior (a.o. with spring-dashpot models)

Piet Schreurs (TU/e) 143 / 694



Proportionality

t3
to
t

B\

Ao AoAor, Ao

toti1ta t3 t totrto t3 t totito t3 t

linear isochrones —  proportionality

e(t) = AoD(t — tg) for V t>t

D(t — tp) is no function of the stresses

Piet Schreurs (TU/e) 144 / 694



Superposition

o €

AO‘O | I Ao-l

to t t
separate excitations

Ao = Aoy —  &(t) =AogD(t — tg) for t>t
Ao = Aoy —  &(t) =Ao1D(t—ty) for t>t

subsequent excitations
Ao = Aoy —  e(t) =AogD(t — tg) for fh<t<t

Ao =Aocg+Ao; —  g(t) =AcgD(t—ty) + Ao D(t—t1) for t>1t

Piet Schreurs (TU/e) 145 / 694



Boltzmann integral : strain respons

o ¢

th t1 & t to t

e(t) = AogD(t — tg) + Aoy D(t — t1) + Ao D(t — t) + ..

=Y Ao;D(t—t;) - limit n—o0 (t—1)
i=1
= E_to D(t—T)do(Tt) = E_t D(t —T) dZE:) dt

Piet Schreurs (TU/e) 146 / 694



Boltzmann integral : stress respons

Piet Schreurs (TU/e)



Step excitations

. . " t<t" : H(t,t*)=0
Heaviside function H(t, t*) { E> 1 H(Er) =1 }
H
1 o
0' t* t
Dirac function o(t, t*) = E{H(t’ t*)}
t>t* t>t*
J' 5(t,t*)dt=1 ; J' f(t)d(t, t*) dt = f(t*)
=0 =0
5
0' £ t
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Creep (Retardation) — creep function
o(t) = 0oH(t,0)  —  &(t) = 0od(t,0)
e(t) :Jt D(t —T)&(T) dT:Jt D(t —T)0pd(T,0) dT = 0o D(t)
T=0— =0

o1 1

€0
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Relaxation — relaxation function

e(t) = eoH(t,0) — E(t) = €0d(t,0)

o(t) :Jt E(t—T)é(T) dT:Jt E(t—T)egd(T,0) dT = eoE(t)

£ o
0o
€0
0 t 0 t
o E()<0 ¥V t>0
e E(t)>0 Vo t>0
oJ E(t)dt>0 — limese E(t)=0
t=0
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Harmonic strain excitation

harmonic strain (w = angular frequency [rad s71])

e(t) = gpsin(wt) —  £(t) = gow cos(wt)

€

€0 T -------

t
-
amplitude €0
angular frequency w [rad s71]

iod and f 27 [ 71] ; 1
eriod and frequenc =" s E—
p q Y © ; T
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Stress response

o(t) = Jt E(t —T)eow cos(wT) dT

T=—00

= gow Jt E(t — 1) cos(wT) dt

E=—00
t—T=s — T=t—s — dt=-—ds
= gow J E(s)cos{w(t—s)}ds
s=0
cos(wt — ws) = cos(wt) cos(ws) + sin(wt) sin(ws)
= ¢ {wJ E(s)sin(ws) ds} sin(wt) + € [wJ' E(s) cos(ws) ds| cos(wt)
s=0 s=0
= goE'sin(wt) + ggE" cos(wt)
E'lw) = wJ E(s)sin(ws) ds . storage modulus
s=0
E'w) = wJ E(s) cos(ws) ds . loss modulus
s=0
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Energy dissipation

one period o<t<Zm-_T=1
dissipated energy per unit of volume

re(T) T
Uy = ode = J ot dt
Je(0) t=0
T
= {egE’ sin(wt) + eoE” cos(wt)}{egw cos(wt)} dt
Jt=0
T
= egw { E'sin(wt) cos(wt) + E” cos*(wt)} dt
Jt=0
T
= egw {3E'sin(2wt) + 1E” + 1E" cos(2wt) } dt
Jt=0
2
) 1 1 =3
= Tefw |—E'=— cos(2wt) + E"t + E” — sin(2wt)
2w 2w 0

1 1
— 4+ F'—

1.2
= Eeow |:—El2w 2w

+E”%T] = me3E”
>0 = E">0 —
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Phase difference

o
phase angle 6  (phase difference a)

£

€0 E,/r---------] €

o &

\{

£
Q

o

hysteresis /

Piet Schreurs (TU/e)
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Relation between E’, E” and &,

stress response (6 = phase angle)

o(t) = opsin(wt + 6)
= 0p cos(d) sin(wt) + opsin(d) cos(wt)
o(t) = egE’sin(wt) + egE” cos(wt)

storage and loss modulus

, 0 EII
E'=— 5 — = tan(d
- cos(d) E/ an(d) —
- "
Op . E
E/I — 5 = —
—80 sin(d) 5 = arctan (E’)
amplitude oo = €0/ (E')> + (E")?
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Measured E’, E” and tan(d)

Eil tan(0)
E =
EI/
w w
10210° 102 10* 10° 107210° 102 10* 106

- measurement of E’ and E” can be done accurately
- E'(w),E"(w) — E(t) via fitting procedure
- range w  — temperature — DMTA

- measurement of E(t) in relaxation test is difficult
- fit is inaccurate
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Harmonic stress excitation
o(t) = ogsin(wt) —  &(t) = ogw cos(wt)

e(t) = Jt D(t —T1)o(Tt)dt

= Jt D(t — T)opw cos(wT) dt

T=—00
oo (o¢]
= 0g {wJ D(s) sin(ws) ds] sin(wt) + oo [wJ D(s) cos(ws) ds| cos(wt)
s=0 s=0
= 09D’ sin(wt) — ogD" cos(wt)
(o0]
D'(w) = wJ' D(s)sin(ws) ds . storage compliance
s=0
D" (w) = —wJ D(s) cos(ws) ds : loss compliance
s=0
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Relation between D', D" and b,

strain response

e(t) = gosin(wt —d)
= ggcos(d)sin(wt) — gpsin(d) cos(wt)
e(t) = gD’ sin(wt) — ogD” cos(wt)

storage and loss compliance

eo DII
D’ = =2 cos(5 — =tan(s
0cos( ) Y an(d) —
- "
Eo . D
D/I — 5 _
—0_0 sin(d) d = arctan <_D’>
amplitude €0 = 00/ (D)2 + (D")?
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Measured D’ and D”

D/
D/l

Piet Schreurs (TU/e)

D//

D/

102 10°

102

104

106

w



Relation between (D', D”) and (E’, E"”)

0o = g0/ (E")2 + (E")?
_)

€0 = 00y/ (D)2 + (D")?

[(E")?+ (E")?I(D")?+ (D" =1 (1)
D" E" v E"

’r_ E’ . " _
(1) & (2) - D' = (EN2 + (E")2 ) D" =
idem E' = L ; E" =

(D/)z + (D//)z

EII

D/I
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Complex variables

.T7C
e(t) = gosin(wt) = gg cos(wt — F) = Re {soe*’f

@t = Re [e"e’"]

e
o(t) = opsin(wt 4 8) = op cos(wt — F +8) = Re {0‘06 g]eiwt} = Re [o*e/®!]

complex modulus and compliance

o* oy o) .00 . .
Ef=—=—1¢e%="cos(d) +i — sin(8) = E' + iE"

e* €0 €0 130

e* €0 _: €0 L& . .
D¥=— == =22 cos(6) — i — sin(d) = D' —iD"

o* 0o 0o 0o

dynamic modulus en compliance

Es = |E" = VEP+(E"P = =
0
Dy = D" = /ID'P+ (D77 = =
0o
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Viscoelastic models

Maxwell %—M/\H—\_’ g

E
Kelvin-Voigt 2_@3&\_} g
n
Es
Standard Solid %7M L9
Ev ‘ Ee

Generalized Maxwell

Piet Schreurs (TU/e)

162 / 694



Maxwell model

Piet Schreurs (TU/e)

= ¢+ &y

_éE'i'érl:

m| a-

319



Maxwell : stress step excitation
o(t) = ooH(t,0) —  &(t) = 0pd(t,0)

i) = 205(¢,0)+ 20
E n

e(t) = %H(t,O) n % t =0y H (t+ 3)] — 6oD(t)
o T € T

0o
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Maxwell : strain step excitation

e(t) =eoH(t,0) —  &(t) = €0d(t,0)

E _t
o(t) =cgEe n'=¢ogEe Tm = eoE(t)

e | o

Ee
€0 0

Piet Schreurs (TU/e) 165 / 694



Maxwell : Boltzmann integrals

creep
1t n
elt) = - L:_m {(t—’r) + —} (1) dt
= Jt D(t —T1)o(Tt)dt
relaxation

Piet Schreurs (TU/e)
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Maxwell : harmonic stress excitation

o(t) = ogsin(wt) — 0(t) = opw cos(wt)

strain response
) 1 1 .
é(t) == £ 00w cos(wt) + ﬁ oo sin(wt)

1 1
e(t) = og [—] sin(wt) — op [—} cos(wt)
E nw
= ¢ep(t) en damps out
= 09D’ sin(wt) — ogD” cos(wt)
dynamic quantities

1 1
DI —— . DI/ - -
E ’ nw

D" E
0 = arctan (ﬁ) = arctan <T1_w>
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Maxwell : harmonic strain excitation

e(t) = ggsin(wt) — £(t) = gow cos(wt)

stress response

t E_t E
o(t) :J E(t —7)é(T) dT:anwefan en " cos(wT) dT
T=—00 =0
B Eeow E e_%t—l—
(B2 w2
anw . anw
w|sinfwt) + — | cos{wt
(ﬁ)2+w2 ] (we) (E)2 4 w2 Tl] (wt)
I3 Ew w|sin(wt) + ¢ Ew cos(wt)
= —_ i
| ER e | E
Ew?t? 7 . Ewtn,
= &p [m} Sln(wt) + €o {m] COS((.Ut)

= goE’sin(wt) + eoE"” cos(wt)

Piet Schreurs (TU/e)
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Maxwell : harmonic strain excitation

dynamic quantities

Ew? Ew() E" 1
£'= (‘E)z‘(i ;0 Eeme 0 ==
E w = w
n n

Piet Schreurs (TU/e)
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Kelvin-Voigt model

Piet Schreurs (TU/e)

%

E
———— MWWW———

1
il
n

0=0g+o0y=Ee+né



Kelvin-Voigt : stress step excitation

o(t) = ogH(t,0) — &(t) = 0pd(t,0)
né(t) + Ee(t) = o(t) = ogH(t,0)

E
s(t)ZEH(t)ﬁ-eP:Cef“t—l—% } N c—_%0

e(t=0)=0 E
E
e(t) = 2 [l—e_“ t} — 5oD(t)
E
o1 e |
£00
0o
— = —
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Kelvin-Voigt : strain step excitation

e(t) =eoH(t,0) —  &(t) = €0d(t,0)

o(t) = Ee(t) +né(t)
o(t) = Eeo +1epd(t,0) = eo [E +15(t,0)] = o0




Kelvin-Voigt : Boltzmann integral

e(t) = %Jt_ {1 — eﬁ(”’} (1) dt

= r D(t—T1)6(T)dT

T=—00
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Kelvin-Voigt : harmonic stress excitation

o(t) = ogsin(wt) — 6(t) = opw cos(wt)
strain response

t

= D(t —T)o(T) dT
T:O
1
—2 sin(wt) — oy + — | cos(wt)
( +w?2 N (§> +w2
n
WTg
B [E It 0t Jniwr o [m] coslwt)
oD’ sin(wt) —GOD”cos(wt)

Piet Schreurs (TU/e)
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Kelvin-Voigt : harmonic stress excitation

dynamic quantities

1 E 1
Diw=————"- —=——
(5)24—(»2 n?  E(1+ w?1)
n
p w 1 wT
(w) = ==
(§>2—|—w2 N E(l1+ w?t?)
n
D/I
tan(d) = — = wTk — b = arctan (%)

175 / 694
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Standard Solid model

o

constitutive relations
. 1.
® 0 =0+ O e 0O,=FEce. — ae:Ecve
. . 1
o {=¢,+ ¢&e e £=— 04
Ex
. 1
® &, = —O0y

Piet Schreurs (TU/e)
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Standard Solid model

o

€e

%

constitutive equation
0 =0 +0ve = Exce+Méy

= Epe+1(é—ée) = Exe+né—m

- Eoos—l—né—%(d—Eooé) o

E+Es).
G—I—%G:Eooe—lj%s

Piet Schreurs (TU/e)

Ove
E
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Standard Solid : step excitations

o T el T
=0
o |b— EP
O
E,,+°Es
— o 0 p—
t E—I—E t
£ T o T (Ep‘i'Es)SO
€0
Epe

=
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Standard Solid : Boltzmann integrals
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Generalized Maxwell model

Tm Tnz T T
t
ni
E E T; = —
+ Z e ; T E
equilibrium modulus Eo = |_) E(t)
glass modulus Eg = lim E(t) = Ew + Z E;
i=1 —  Standard Solid Model

Piet Schreurs (TU/e)
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Generalized Kelvin model

E; E;
; F
1 M2
1 1 _t ni
D(t) = — —(1— Ti ==
( ) 2 +; Ei( e ) ) T E,
=D;+) Di(l—e =)
I li D, = L lim D(t)
glass compliance e = _g = lim
equilibrium compliance Dy = t|l>moo D(t) = Dy + Z D;
viscoelastic liquid : extra serial dashpot with
end viscosity uM - D(t)=.. + ni t

Piet Schreurs (TU/e)
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NUMERICAL IMPLEMENTATION

back to index



Stress update

stress must be updated —
Bolzmann integral must be calculated

we assume " Generalized Maxwell model”

Piet Schreurs (TU/e)

183 / 694



Stress relaxation

-

Qg
=
-
=
I

—

=

To evaluate the integral, the time is discretized

Piet Schreurs (TU/e)
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Time discretization

N ot e
oft) = Exelt) + ) J e T é(t)dr
l:l )
= Ee(t) +
N A T he [t
Z e J Eie T ¢(t)dT+E; J e T g(T)dT
i=1 =0 T=t,

Only the integral over the current increment has to be calculated
This can be done analytically after assumption for strain rate :

incremental strain rate is constant

Piet Schreurs (TU/e) 185 / 694



Linear incremental strain

Piet Schreurs (TU/e)



Stress

Nor_ae
o(t) = Ece(t) + ) [e T 0y (ty) + E,-p,-Aa}
i=1
. At
with p;:% (1—e?>
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Stiffness

N t
o(t) = Exe(t) —I—Z [e_%ci(tn) + E,-p,-As] —

oo N
a—CA—CE—Eoo‘F;E,‘p,'
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Implementation

tr2dviel.m

Piet Schreurs (TU/e)



Strain step

Maxwell Ew=0|E=1] 1=0.01
Standard-Solid | E,o =1 | Ef =1 | 11 =0.01
dvielexmaiets dvielexssiets
0.1 T T 0.2 T T T
0.08 015
= 0.06 =
s S o1
©0.04 <)
0.05
0.02
00 04‘02 0.64 0.?6 0.68 0:1 0.12 OO 0.05 Oil 0.15 0.2

Piet Schreurs (TU/e)
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Linear viscoelastic models

Ex

Ey

T1

o
—a
N

~
Maxwell 0 100 0.1 0 0|0
Kelvin-Voigt 100 | 10 | 10712 | 0 0|0
Standard-Solid | 100 | 100 0.1 0 0|0
2-mode 100 | 100 0.1 100 ([ 0.1 | O
tfs] tls]
tfs] tls]

Piet Schreurs (TU/e)
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Multi-mode model response

E [MPa] | T[] E [MPa] | s
1 3.0e6 3.1e-8 2 1.4e6 3.0e-7
3 3.9¢6 3.0e-6 4 5.4e6 2.9e-5
5 1.3e6 2.8e-4 6 2.3eb 2.7e-3
7 7.6e4 2.6e-2 8 3.7¢4 2.5e-1
9 3.3e4 2.5e+0 || 10 1.7¢4 2.4e+1
11 8.0e3 2.3e+2 || 12 1.2e4 2.2e+3

1Dvielex12m
6000

5000

4000 g

3000

o [MPa]

2000

1000

t[s]
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CREEP

back to index



Creep behavior

€
| I Il
t
. primary / stage | / transient creep (delayed elastic effect)
. secondary / steady-state / stage Il creep (viscous flow)
. tertiary / stage lll / accelerating creep

Piet Schreurs (TU/e) 194 / 694



Creep strain rate

€
o
T
t
general model (e =Afs(0)fe(e)fr(T) (1)
power law model Ec=Ac"elTP (qt7 1)

Piet Schreurs (TU/e)
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Primary creep

0 T <04T,

@ dislocation coalescence  —  entanglement / pile-up —
@ hardening

@ time-dependent plasticity

éc = C(o) exp[—a(0)t]
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Secondary creep

@ 05T, <T<06T,

@ vacancy movement (self diffusion)

. Q o\"
Ec = Aexp (— R';' (E) (n=~5)
power-law-breakdown model

te=Aexp <_ %) (snh (a %>>5

Piet Schreurs (TU/e)
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Tertiary creep

0 067T,<T<08Ts,
@ grain boundary sliding — void initiation/coalescence — inter granular cracks
@ diffusional flow

@ modelled with damage mechanics

tertiary creep damage model (Kachanov & Rabotnov)

éc _ (o/0g)" . © _ (o/00)” (n>)
éo (I—aw)m ’ o (1—w)n B
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Stress functions

Norton; Bailey (1929)

Hooke-Norton
Johnson et.al. (1963)

Dorn (1955)
Soderberg (1936)
Prandtl (1928)

Garofalo (1965)

n

éc =Ko
. 9 n
e = 5 + Ko
e = Dio™ + Dyo™

Ec = BeXP(BG)
. (0}
éc=B {exp <0_—0> — 1]
¢, = Asinh <i>
0o
i =A [sinh (iﬂ
0o

No
Lemaitre, Chaboche (1985) Ec= <7\£> exp (oo™t 1)

Piet Schreurs (TU/e)

0
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Temperature functions

. AH —vyo
Kauzmann (1941) Ec = Aexp (— TTV>
. . o AH
Lifszic (1963) Ec = ? exp <— ﬁ)
AH
Dorn, Tietz (1949/55) €c = (t exp [— ﬁ]) fs(0)
AHT\"
Penny, Marriott (1971) €c = (t exp [— ﬁ}) fs(0)

AH
Boyle, Spence (1983) ec = C exp (— ﬁ) tmo"

Piet Schreurs (TU/e) 200 / 694



Time functions

Andrade (1910)

Andrade (small ¢)

Bailey (1935)

Graham, Walles (1955)

McVetty (1934)
Findley et.al. (1944)
Pugh (1975)

Garofalo

Piet Schreurs (TU/e)

1
€c = PBt3 + kt =~ 3t3
e = Ft"

M
Ec = Z ajtmj

j=1

e = G (1 —exp(—qt)) + Ht

Ec=¢€1 + eot”

. ait n art
T 14 bt 1+ bt

ee=c¢e(l—e ")+ it

&
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Creep model

€c €e

constitutive relations
o {=¢(q+ 6.
. 1.
e o0=F¢. — Ee:EO'
o i =Af(0)fe (&) fr(T)f(t) =f(o,ec, T,t)

constitutive equation

6=FEé. =Eé— Eéc= Eé — Ef(0,ec, T, t)
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NUMERICAL IMPLEMENTATION

back to index



Stress update
6=Eé—Ef(o,ec, T, t)

Ao = EAe — AtEf(o,e., T, t)
o0—0,=E(e—¢,) — AtEf(0,e., T, t)

@ implicit procedure
@ explicit procedure
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Implicit stress update

0O—0p = E(e_ E") _AtEf(O-a Ecy T) t)
0" +060—0,=E(e—¢,) —AtE(f* +6f) = E(e — &,) — AtEf* — AtESF

f
= E(e —¢,) — AtEf* —AtE% S0 —

f
[1 —I—AtE%] b0 =—0"4+0,+ E(e —¢,) — AtEf*
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Explicit stress update

o=0n+ E(e —&,) — At Ef(o-n» Ecny Th, tn)

Piet Schreurs (TU/e)



Stiffness

implicit
o—0,— Ec+ Ee,+AtEf(0,ec, T,t) =0
60—|—AtEg S0 —Ede =0
oo
af "\
C = <1+AtE— ) E
oo
explicit

o—o0,— Ec+ Eep,+AtEf(on,ec,, Tnyta) =0
o =Edée — C.=E
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Implementation

tr2delvi.m

Piet Schreurs (TU/e)



Creep versus viscoelasticity

e=¢etec ; E(t)=Ee'"
Maxwell model (E, 1) . .
€c=— 3 €e = E
E=¢ete éC:f(cr,ec,T,t)
Norton model (A, m) ) -
Ece=A0" ; Ee= I
Maxwell | E = 10° n=10° T=1
Norton | E=10° | A= % =10"° | m=1
10° dvielexmciets 10° delviexnlimts
8| 8|
= 6 T 6
- -
o 4 © 4
2| 2|
O0 2 4 8 10 O0 2 4 6 10

Piet Schreurs (TU/e)
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General creep model for SnAg-solder

ec(t) = o + Al0) [1—e (o, T)t }—I—B(G T)[ “T“—q

(0, T) = ¢, [sinh(Bo)]™ e~ #F

A(0) = cpo™

_
B(o,T) = c30™e RT
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General creep model for SnAg-solder

1 A

éC:Ao‘e_(xt'i'Bo‘e“t; éci:éc(tzo):“(A"FB); tm=—1In| =
' 2a B

bem =Ec(t=1tyn) =20VAB ; ecm=¢tc(t=ty)=¢e+A—B

1) 0

c 1.73 x 10° m 4.66
[3) 0.095 @1 70
G 2.06 x 1073 || n, 1.1
a3 9.65 x 107* || n3 2.38
@ 17.8

0.4
0.35|
03
0.25|
02
0.15|
0.1]
0.05|

100
ts]
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Special creep model for SnAg-solder
Wiese (2005) : 2-term model Sn4Ag0.5Cu

Piet Schreurs (TU/e)

gc=A0™me/ T + Ayo™e®/T

E =59.533 —66.667 T

A =4.10"7
A =1.10"12

m1:3

m1=12

€ = —3223
e = —7348

delviexwiimts

20
=
S1s

o

50

t[s]

100

150
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VISCOPLASTIC

back to index



Viscoplastic material behavior

viscoelastic (rate effects)

. . — viscoplastic
elastoplastic (permanent deformation) } P

Piet Schreurs (TU/e)



Softening

° polymers

Piet Schreurs (TU/e)




Viscoplastic (Perzyna) model

Oy
H E
n

Eup €e

constitutive relations

e f=0—-0, with f<0 — elastic
f>0 — viscoplastic

o 0, =0,(0y0,E) e 0=|o
o E=¢E.téEyp
1

e o=Fe — ee:Ec'r

of o .
& &y A % =A g v Ep = |£vp|

t
. EVP:J €y dT

=0
o A=vd(f) =7 (f/oy)"

Piet Schreurs (TU/e) 216 / 694



Hardening laws

_ = =2 =3 =4 =7
0y = 0yo + HEp + gy, + bEy, + c€,, + de,,

° parameters fitted with compression tests to prevent instability

° 7th-order polynomial is used for polycarbonate

Piet Schreurs (TU/e)



Constitutive equations

{ 6= Eie=E(i— &) = E[e — A (%)}

A=y
Ac = EAc — EAM (%)
AN = yhAL
0—0p=Ec— Ecp— E(A—Ay) (g)
A— A, =vdAL

° f>0isallowed — "overstress model”

(no consistency equation)
° viscoplastic multiplier A cannot be eliminated

Piet Schreurs (TU/e)
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NUMERICAL IMPLEMENTATION

back to index



Elastic stress predictor

Oc=0,+ E(e —¢,)

9 f=0.—0, <0 — elastic increment

° f=0e—0,>0 - elastoviscoplastic increment

Piet Schreurs (TU/e)



Elastic increment

O-(t"+1) - O-e
Evp(thrl) = Evp(tn) = Evp,,

Gy(tn+1) = 0-y(tn) = 0y,

Piet Schreurs (TU/e)



Elastoviscoplastic increment

{ Ao = EAe — EAM (%)}
A\ = yhAL

0—0,=FEe—Ee,—E(A—A,) (2)
o
A=A, = Atyd

@ implicit

@ explicit
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Implicit stress update

{ 0—0n=Ee—Een—EM\—Ay) (g)

A=A, = Aty

{ c*+6c—cr,,:Ee—Ea,,—E(?\*+67\—7\,,){(g)*+6(g)}
N A — Ay = Aty (0" + ) ? ?

linearization and reorganization

50 + [E (%” )
6"+ 0,4 Fe— Eep— E(A" —A) (g)
[—Atyg—i] S0+ {1 —Aty%—(;\)] oA

= A"+ Ay + Atyd*
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Implicit stress update

3¢ dd df do, de,, dd o\t dd oy
R =ZEnH(Z) == 22 H(2
oA~ df do, deyy dn _ df U (a> df (c)

90 df do  df

N—-1
@ _n( )y L
df 0y0 Oy0

ad)_dd)i_dcb (0)*
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Explicit stress update

o—o":Ea—Ean—E(A—An)(S)
o
A=A, = Atyd

0—0,= Ec—Ee,—E(A—A,) <z—>
A=Ay =Atyd,

o+E<ﬁ>7\=on+Ea—Ea"+E7\n<ﬁ>

n n
A=A, + Aty (g—>

n
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Stiffness : implicit

o—o0,=E(e—¢,)—EA=A,) (%)
A=A, = Aty &
50 — E5c — E S\ (S) —EA—2,) (i) 50
(0} o
o o

S\ = Atybh = Atyz 50+ Aty=3-5)

Ar2e 1
So=Ese—E(2) Y00 50— EA =) =) b0
o/ 1—vyAt3e o

E{l—yAta—d’}
(1—yAt22) 4+ E(2)yAtde + E(A - A)§{1—ym%}

C =

Piet Schreurs (TU/e) 226 / 694



Stiffness : explicit

{ 0—0,=FEe—Ee,— E(A—A,) (g—>

A=A, = At’Y(bn
50 = Ede — ESA (f—)
Op
SA =0
C.—E

Piet Schreurs (TU/e)
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Implementation

tr2dperz.m

Piet Schreurs (TU/e)



Prescribed constant strain rates

Al(t) = u(t) = uwpf(t) — )\(t)=1+@f(t) — f(t)=/—°<)\(t)—1>
/0 up
linear strain
gr=A=c — At)=ct+1 — f(t):L/I—Oct
0

1
Ae =A(te) =cte+1 — te=2<7\e—1>

logarithmic strain

Piet Schreurs (TU/e) 229 / 694



Tensile test at various strain rates

» —

o
initial length I | 100 | mm
initial cross-sectional area | Ay | 10 | mm?

Piet Schreurs (TU/e)

= =2 = =4 =7
0y =0y + Heyp + a8, + be?,p + cg,, + dgy,

E 1800
Oy0 37

Y 0.001
a 500

c 800

MPa
MPa
1/s

MPa
MPa

QT =>1<

0.37
-200
3

700
30000

MPa

MPa
MPa

¢ =1{0.01,0.1,1}
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Tensile test at various strain rates

NB: linear strain is used : ¢ = A = dGldt

1Dperzimls

400 T

350

—dGldt = 0.01]
—dGldt=0.1
250F |—dGldt=1

1 11

Piet Schreurs (TU/e)

1.2
A

13

14

1Dperzimlf
3000 , :
2500 —4Gidt = 0.01/\
so00 |91 =01
—dGldt=1
Z 1500 B S S
w
1000
500
o ‘ ‘ ‘
1 11 12 13 14
A
231 / 694



14

Tensile test at various time steps

4000

3500
3000
2500

£.2000,

w
1500
1000

500

0

—dGldt = 0.04|
—dGldt=0.4
—dGldt = 4

1

11

1.2

13

A A
Precribed elongation; nic = 100 — t. ={10,1,0.1};

600
800 —4Gldt = 0.04 1
aool | CCHE=04 |
—dGldt=4
g
£ 300 |
=]
200 1
oo
100 ]
o 11 12 13
1200
1000F —=Gpr=01
soo | CDX=001
_ ——GDt = 0.001
g
£ 00
o
400
200

0

1 15

2

25

3500

1.4

3000
2500

2000

Z

- 1500
1000

500

0,

—GDt=0.1
—GDt=0.01
—GDt = 0.001]

1

15

2
A A
Precribed force; F.x = 3500; nic = 100 — t. ={10,1,0.1};

Piet Schreurs (TU/e)
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NONLINEAR VISCOELASTIC

back to index



Nonlinear viscoelastic material behavior

(0] €in

compression test of polymers —

OA : linear viscoelastic

AB : nonlinear viscoelastic

B : " (maximum) yield stress” (oyma) follwed by flow (creep)
BC : softening

C : "minimum vyield stress” (oymi)

CD : hardening

different strain rate dependency

¢ 6 © ¢ ¢ ¢ ¢ ¢

Piet Schreurs (TU/e) 234 / 694



Strain rate dependency : PC

Ein

Oyma

? o

Piet Schreurs (TU/e)



Strain rate dependency : PMMA

€in

Piet Schreurs (TU/e)



Aging

ageinfg

€in

@ rejuvenation —  no softening

9 aging —  softening

Piet Schreurs (TU/e)
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Nonlinear viscoelastic model

@ Linear viscoelastic behavior

@ Non-linear viscoelastic behavior
@ Softening

9 Hardening

Piet Schreurs (TU/e) 238 / 694



Linear viscoelastic behavior

E1 >E

i + T

Ein

Piet Schreurs (TU/e)
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Nonlinear viscoelastic behavior

t

olt) = j E(p —p')E(£) dE
E=—00
( dcC 5 dcC
b= J 4 N J 25(0(0)

(=—00 (=—00

N X
E(x)=Ex+ ) Ee T
i=1

Ein
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Softening = tertiary creep

Piet Schreurs (TU/e)

E n(o) 4
D ——
i ge €,
E=¢ct+ &y
1.
oc=Eee — o= 5 o
& =sEro 0 s =sl
o
,/\\
Ein
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Hardening

Piet Schreurs (TU/e)

Ee &y

E s,
—WW———
A

A%
E=¢Ec+ €y

o=s+w=Ee.+ He

1

YEaETo S s=lsl
D=(1-g) ke, 5 E =l

o
o=s+w

242 / 694



Aging and hardening (newest model)

Ein
o {=éE.t¢&,
e o0=s5+A0,+w=EFEe.+A0, + He
1

BTEN S
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Aging and hardening (newest model)

o S(t,&,) =Sa(t)Ry(ey)

n=1
o Ry(e)=[{1+(ne™)"}/1+r)] © ; 0<R<1
o Su(t) = Si(tr) = ot crln ”fti}
0

o d§
L] teff(T)S) _J'EO o(T(T(E))OCG(g(E»))

o t=ep (M)

1

C
L AGy:Gy(t)_GyOZC_l{soc(t)_co}




Eyring viscosity

5 H  up ]
A exp|—=——=+——-D
n 0\/§sinh(§/(\/§’fo)) p[RT To
_ L RT
s=ls| ; p=—3s ; To=—-

Piet Schreurs (TU/e)



Bodner-Partom viscosity

Piet Schreurs (TU/e)



Nonlinear viscoelastic model older model

i W
ANN—2

o E=¢.+ &y
e o0=s5+w=Ee.+ He

o £, =

;
) ) D

A D
D = hv N Lv: .v
. ( Doo> 3 3 [Ey]

Piet Schreurs (TU/e) 247 / 694
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Nonlinear viscoelastic model older model

constitutive equations

. . . 1 ) E
e T ETRTETNE T D) G T,D)
0 = s+w=Eeg + He

. D .
o - (1 2)w.

Piet Schreurs (TU/e) 248 / 694



NUMERICAL IMPLEMENTATION

back to index



Stress update

Piet Schreurs (TU/e)

'ée =£&— EC(§> Tv D)Ee

D:<1—£>hév

Aee = Ae — AtE((5, T, D)ee

D
AD = (1— — ) hAg,
< DOO) ‘

O

250 / 694



Implicit stress update

€e—Een=¢€—¢&, —AtEL(5, T,D)e,
D
D—D,=(1—— | hAE,

(15 )

€+ 0 —€en=¢€—¢€n—AtEC(S, T,D* +8D) (e} + dee)

D* + 8D — D, — (1-%) hAE,

d
See + AtEL(S, T, D*)5¢e + AtEa—géDe’g

= —Ez +E€ente—€p— AtEC(g, T, D*)EZ
hAg,
: ]w

0]

D*
=—-D*+D,+ (1— )hAEV
Dw

[1+
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Explicit stress update

86 - Een =&— En - AtEC(gn) T) Dn)aen
Dy
D—D,=(1- hAE,
(1 gz

o0

€e=€— €&+ {1 - AtEC(gm T> Dn)} Een
D, _
D:D,,—I—(l—D )hAEV

o0

Piet Schreurs (TU/e) 252 / 694



Stiffness : implicit

C =

Piet Schreurs (TU/e)

oc=s+w=Ee.+ He
€e—Een =€ — €, —AtE((5, T,D)e.

D

00 = Ebde. + Hobe

dee = de — AtE;—géDee AtEC(S, T, D)bde.

6D_—g—DhAev — D=0
00 = Ebde. + Hobe

dee =0e — At E((S, T, D)be.

8D =0

E+H{1+AtE((5, T,D)}
1+ AtELS T,D)
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Stiffness : explicit

oc=s+w=Ee.+ He
e —Een =€ —E€p _AtEC(gna T» Dn)ae

Dy _
D:D,,—l—(l—D )hAav

oo

00 = Edee + Hbe
dee = be — AtE((S,, T, D,)dee

6D =0
E
pu— H
20 = T AL, T, D, 0
C — E + H{1+ AtE((s,, T, Dp)}

1+ AtEC(S,, T, Dy)
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Examples

PET PC PS PP

E | 2400 2305 3300 1092 MPa
v |035 0.37 0.37 0.4 -

H |15 29 13 3 MPa
ho |13 270 100 0 -

D, | 11 19 14 - -

Ao | 3.8568E-27 || 9.7573E-27 || 4.2619E-34 || 2.0319E-29 | s

AH | 2.617E+05 || 2.9E+05 2.6E+5 2.2E+5 J/mol
uwo | 0.0625 0.06984 0.294 0.23 -

T | 0.927 0.72 2.1 1.0 MPa

Piet Schreurs (TU/e)
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Tensile test at various strain rates

dleonexpcxxes

100

o [MPa]

Piet Schreurs (TU/e)
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Tensile test for various polymers

dleonexpsxxes

100

o [MPa]

Piet Schreurs (TU/e)
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VECTORS AND TENSORS

back to index



Vectors

Piet Schreurs (TU/e)

F=llale ; llel=1
x3i=b

F+b=2¢

5-b = |3]l1Bll cos(b)
¢=axb={lallBl}sin(@)i ;5 il =1
3+ b+ = {|1allIBlIsin(¢) } &l cos()
ab=dyad ; G=3ab-p=p-(3b)"
&,&,8) ; &-§u=0 ; &-&=1
= T T
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Second-order tensors

«xA=B ; A+B=C ; B-A=C
A:B=A°:B =scalar

J(A) =1tr(A)

h(A) =1 {t?(A)—tr(A-A)}

J3(A) =det(A) ; det(A)=0 — A =singular
Al.A= ;A =regular

A=A ; A°=-A

3-A-3>0 V 340

A-3)-(A-b)=3-b YV &b

Piet Schreurs (TU/e) 260 / 694



Fourth-order tensors

4A = Z O(,'iB,‘E,‘C?,‘ 3 4A :B=C

A=A V A
‘A.B=*C

Piet Schreurs (TU/e)



COLUMN AND MATRIX NOTATION

back to index



Matrix/column notation for second-order tensor

3 x 3 matrix of a second-order tensor

Aun A A
A=EA;§ — A=| Ax An Ax
Asr Az Ass

column notation

/:47—:[/411 Apn Az A An Axn An An Az |
/:4T [ A1 An A An A An Ax Az As |

t

conjugate tensor

Al Axn Az
A€ — AJ',' — AT = A12 A22 A32 — é\t
Az Ay Asz

Piet Schreurs (TU/e) 263 / 694



Column notation for A : B

C=A:B

= aAU% . ékBklgl = A,'jéjké,'/Bk/ = A,'J'Bj,'

= AuBi1 + A2 Bo1 + A13Bs1 +
A21B12 + A B + Az Bsp +
A31Bi3 + A32Bo3 + A33Bss

=[An Ax Az An An Ap

[ Bu Bx Bszs Bix By By Bn Bsy
=AIB=A

idem

Piet Schreurs (TU/e)

C=A°:B°

Az Az As |
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Matrix/column notation C=A-B
C=A.-B= E;A;kgk . E/Bugj = é‘,-A,-kSk,B,jé} = giAikBkjgj —

[ A11Bi1 + A12Bo1 + A13Bs
A11Bi2 + A12B2 + A13B32
A11B13 + A12B23 + A13Bss
A21Bi1 + A2 Bor + Az B3y
A21Bi2 + Az B + Az B3z
A21Bi3 + A Bas + Az Bss

(o
[

Az1Bi11 + As2Ba1 + A3z Bsy
A31Bi2 + A32B2 + A3z B3z
A31B13 + A32Bos + As3Bss |

Cn A11Bi11 + A12B21 + A13Bs1
Cx A1 B12 + A Boy + Az Bso
Gs3 A31B13 + A32Ba3 + A3z B3
G A11B12 + A12B22 + A13Bs2
C=| Gu | =| AuBui+ AnBo + AxBs
3 A21Bi3 + A Bas + Az Bs3
Cs2 Az1B12 + As32Boz + As3Bso
Ga1 Az1Bi1 + As2B21 + A3z Bs1
| Gi3 | | A11Bi3 + A12Bo3 + A13Bs3 |

Piet Schreurs (TU/e) 265 / 694



Matrix/column notation C=A-B

Ain O 0 0 Ap O 0 As O Bi1
0 A 0 Ao1 0 0 Aoz 0 0 Bx»
0 0 A 0 0 Ayp 0 0 Agp Bss
0 A1 0 A11 0 0 A13 0 0 Bis
C=]| Aax O 0 0 Axn O 0 Axs O By | =AB

0 0 Ax O 0 A»n O 0 Ax By3

0 A32 0 A31 0 0 A33 0 0 B32
Ay 0 0 0 Ap O 0 Ap 0 Bs
0 0 A3z 0 0 A, O 0 Ay || B
C=A-B - C(=AB=A5
C=AB=AB
=t —=r= =rc=zt
C=A-B° - (=AB =AB
C=A°B — C(C=AB=AB
= =t= —=tc=zt
C=A"-B" — (=AB=A8

-
~+
~+
a

Piet Schreurs (TU/e) 266 / 694



Matrix

1>

Ar111
A1
Azznn
Ar211
Ao111
Aaz11
As211
Az
A1311

An2
A2
Azz22
A2
A2
Az
Az202
Az122
A132

Piet Schreurs (TU/e)

4 JE— -
A= e,-ejA,-jk/eke/

A1133
A2233
Azs33
A1233
Aoi133
Aoz33
Az233
Az133
A1333

Ar112
Aor12
Az312
A1212
Ao112
Az12
Az212
Az112
A1312

rc

‘A

Ar121
Ao
Az31
A1221
Ao121
Aaz21
Az201
Az121
A1321

notation of fourth-order tensor

Ar123
A3
Az323
A1223
Ao123
Aoz23
A3223
Az123
A1323

BN

An132
A2232
Azs32
A1232
Ao132
Az32
Az232
Az132
A1332

Ar131
A2231
Az331
A1231
Ao131
Aoz31
Az231
Az131
A1331

Ic

‘A

A1113
A3
As313
A1213
Ao113
A2313
Az213
Az113
A1313

1>

267 / 694



Matrix/column notation C = *A:B

C="A:B —
& Cy& = &8 At : 8)Bpqla
= giéjAUmnénpéqupq = giéjAUmanm -
C=AB=48,

C=B:*‘A —
& Cij€ = €,Bpq€y : €mEnAmnij€i€;
quéqmépnAmnﬁéiéj = BnmAmnﬁéigj -
=B874,=8.A

u)
s'

Piet Schreurs (TU/e) 268 / 694



Matrix notation

llg)

hS
Iisy

A1
A1t
Asz1n
Ar211
Ao111

cr

‘C=*A.B=

A111pBp1  A112pBp2
Ax1pBp1  A2pBp2
Asz31pBp1  Az32pBpo
A121po1 A122po2
Ar11pBp1 A212pBp2

Az Aniss
Az Adoss
Aszzx Aszas
A2z Ar233
Ao1zo  Aoiss
=A B -
—=c=c

Piet Schreurs (TU/e)

‘C="*A-B

EiéjAUk/ €€ - ép qu §q

(=H ejA,-jk/ eké/p qu €qg = € ejA,-jk/ B/q €k€q

€; ejA,-jk,, Bp/ ek el —

A113pBp3  A111pBp2
A23pBp3  Az1pBp2
As33pBp3  Az31pBp0
A123pBp3  A121pBp2
A213pBp3  A211pBp2

A1112
Ax12
Az312
A1212
Ao112

£ =48

Ar121 B

A1
Asz21

A1221 Bo;

Az121

A112pBp1
A222pBp1
As32pBp1
A122p Bpl
A2125Bp1
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Matrix notation *C = B - *A

llg)

[les)
S

4C:

BipApi11
BopApait
B3pAp311
BlpAp211
| BapApin1
[ B;; 0
0 Bx
0 0

:éc

S

r

Piet Schreurs (TU/e)

B. %A =

€iBij€; « €,8qApqrs€rEs

€iBijdjp€qApqrs€r8s = €i€4BijAjqrs €rEs

= €i€j B,'pApjk/ exe  —

BipAp122
BopAp222
B3pAp322
BipAp222
szAplzz

0

0 321
Bss

0

BipApi33
BopAp23a
B3pAp333
B1pAp233
BrpAp133
312

522

I
||UU

BipApi12
BopApai2
B3pAp312
BlpAp212
BopAp112

BipApi21
BopApaa1
B3pAp321
BipAp221
BopAp121

Anir Auz Auss
A1 Az Adss
Aszir Aszz Asssz
A211 Az Arzss
Ao111 Aoize Aoiss

A1112
Ax212
Az312
A1212
Ao112

A2
A1
Asz1
A1221
Ao121
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Matrix notation

oy

‘c=*A:"B

Allqupqll
A22qupq11
A33qupq11
Aqupoqll
A21qupqll
Aun Aux
Axir Az
Aszir Az

A Az
| Aniir A1
AB =4 B

Piet Schreurs (T

AC = “*A;

‘B

= €€ AjjkIEkE) : €,€4Bpgrs€ &

= €€jAjjgpBpqki €k €l

Allqp qu22 A
A22qp qu22 A22qp qu33
A33qp qu22 A33qp qu33

11gp qu33

A12qp qu22 A12qp qu33

A21qp qu22 A21qp qu33
Az Aure Auz
Axzz  Axip A
Aszzz Az Aszan
Ar2zz A2z Ao
A2z Aoz Aziar

Allqp qu12
A22qp qu12
A33qp qu12
A12qp qulZ
A21qp qulZ

Bi111
Baon1
Bss11
B
Bio11

Bi122
B2222
Bs322
Ba122
Bi222

Allqp qu21
A22qp qu21
As3 ap qu21
Al2qp qu21
A21qp qu21

B33
B33
Bs33s
B»133
Bi23s

€ ejA;jk/é/pékq qurs €65 = € ejA,-J-qp qurs €rEs

Bi112
B2
Bs312
Ba112
Bi212

Bi121
Ba221
Bs3o1
Br121
Bi221
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Matrix notation

I~
I

511811
821821
831031
811621
821811

512012
522022
832032

012022
822812

813013
523023
833033

013023
823013

fourth-order unit tensor

4 - = - =
I = e,»ejéf/éjkeke/

512811
822821
832031
812021
8220811

symmetric fourth-order tensor

4s _1(4 4prc 1 1
F=i(4%) o r=d(irn) =14

Piet Schreurs (TU/e)

811812
821822
831032
811022
821812

—

Il
cCcoocoocoococoor

e NeNeNoN S

[=NeNeoNeNoNeNolN el

- OO ON O

[=NeNoNoNoNol X"

- OO NO O

OO OO OOOOoO

- H = O OO

[eNeoNeoNeNoN i eNeNe]

= O OO

OO OOOOOoOOo

OO OHOOOOO

HOOOOOOOOoO

OH OOOOOOoOOo
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Matrix notation

é'k 5[ —

,-jejekék/e/ = e;ejé,-jék/

€id

273 / 694

111000000
111000000
111000000
0 000OO0OOOTO OO
0 00O0OOOTOT OO
0 00O0OOOTOT OO
0 00O0OOOTOT OO
0 000OO0OOO OO OO
0 000OO0OOO OO OO

Q:

Piet Schreurs (TU/e)



Matrix notation

‘B="-.A

A11011
A21021
As1831
A11021
A21011

lisy]
Il

Piet Schreurs (TU/e)

‘B="4-A

= e,-ejé,-/éjkeke, . epqueq

€i€;010jk €k IpApg€q = Ei€;0i1djKAlqEiEq

= E;€jAigdjkEkEq = €€ AidjkErE

=A-4

A12812
Ax2822
A3z2032
A12022
A22012

0 0

—

A13613
Ax3b23
As3633
A13623
A23013

Ap 0
A21

0 0

Az 0

A12811
Ax2b21
A32831
A12821
A2d11

A11d12
A21622
A31d32
A11022
A21012
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Summary and examples

X1
X2
X3

An
Ao
As3
A1
Aoy

i
Il

s
|

An11
A1t
Asz11
Ar211

Anna
Piet Schreurs (TU/e)

é:

X
A
‘A
4

>

IBS

A1122
A2
Asz22
A1222
Ao122

U A

A
A
Asy

A
0
0
0

Ax

A1133
A2o33
Az333
A1233
Ao133

A
A
Aso

0
Ao
0
A
0

A1112
Ax12
Asz12
A1212
Ao112

I~ > >

s

Ars
A3
As3

0
0
As3
0
0

A1121
A1
Asz21
A1221
Ao121

IhS

0
A1
0
An
0

A
0
0
0

A
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Manipulations

A—A : —mA
A— é\ — ccA = m2cc(mA,9)
A—>é — mmA = m2mm(mA,9)
A 5 AT . S mAt = mA’
A¢ — é\t — ccAt = m2cc(mAt,9)
A€ — A, — mmAt = m2mm(mA’)
‘A 5 A —mmAr = mA([1235476098],:)
‘A" 5 A : —mmAc = mmA(:,[1 2354769 8])
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Gradients

Cartesian
9
0 0 0 ox
5_29 9 -9 _ |, . 0 T
V—exax+eyay+ezaz |:eX & eZ:| a—y eV
K
0z
cylindrical
_ i -
or
Vvogliallial | o4 o |12 |2dy
T Tor Ttroe oz | & & & || T | F Y
0
L 0z |
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Gradient

via

of a vector in Cartesian coordinates

LS = é’i—l—é'i—l—é'i (axéc + a, €, + a,&,)
a XaX yay zaz x Ex vy zCz

= E4ax,xEx + Exay x€, + Eca; «€ + € ax,, 6 +

€y y€y t €z € + €:3x,6« t €;3y26 + €;3726;

dx,x dxy Adx;z
= | dyx dyy dyz
Az x dzy Adzz

= [ ax,x a}’»}’ 9z,z aX»}’ a}’>X a%z az,y dz,x dx,z ]

Piet Schreurs (TU/e)
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Gradient of a vector in cylindrical coordinates

- d 19 d oL
Vi=L,= ( 3T & — - 30 +eza ) (ar€ + aré: + a;€;)
= grar,rér + grat,ret + eraz,rgz +
1 1 1 L1

é't—a,,té', + é}—at‘té} + é't—az)té'z + et—a,é} — é}—até',
r r r r r

ezar,zer + ezat,zet + ezaz,zez

1 1
ar,r 7ar,t - 7at ar,z
1 1
La = dt,r ALt + Far  atz
1
az,r 7az,t az,z
T 1 1 1 1 1
L' =[a, tane++tar ar: tart—tar ar, ar: raz:
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Divergence of tensor in cylindrical coordinates

-

VA =8 ViEA
(V e_]) Jkek+el ej(v Ajk)ek+el ej Jk(v ek)
- (V) eJ) jkek + SU(V AJk)ek + éuAjk(V &)

l'bl (bi

. 1, 1,
Vi€ = 8,201 T dind2) P

1 . . 1. 1.
= 8y P Ak + (VjAj) €k + (8j201k P 8282k P € )Ajk

1 . . 1 . .
7A1kek + (VjAj)é + B (A216 — AxnéE,)

1 1 . 1 1 N 1 .
(ZA11 — —An)é + (ZAn + ~Axn)é + ~Apés +
r r r r r

(VjAj) €
= g€k + V;Aj €k
=g'é+ (V' Ak
=(V'AE+g"e
. 1
with g’ = P [ (A —Axn) (A +Axn) Asz |
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KINEMATICS

back to index



Kinematics

Piet Schreurs (TU/e)



Material coordinates

Piet Schreurs (TU/e)

to



Position vectors

I
Ao
A
)_(‘0 é'3 X
&
-0
€1
undeformed configuration (tg) Xo = X(&, to) = X0161 + X026 + x03&3
X=X(E t) = X161 + X6 + x36

deformed configuration (t) £
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Euler-Lagrange

Euler : "observer” is fixed in space

a=Ag(%,t)

da=ag—ap=Ag(X+d% t)— Ae(% t) = d%- (Va)
t

. .9 02 0

V=% T %0 T %0

Lagrange : "observer” follows the material

a :AL()?O»t)
da=ag—ap = AL(X + d%, t) — AL(X, t) = d% - (Voa)
t
- .90 L0 0
VO - aX01 ax02 € aX03

position vectors
vx=I N Vo)_(b =1
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Time derivatives

material time derivative
Da . . -
D= 3= Alt—>0 {A(xo, t+ At) — A(X, t)}

velocity of a material point

spatial time derivative

5a 1
3¢ pim {A(X, t+ At) — A(X, t)}

velocity field
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Relation 3 and %

Da . 1 - >
D = Jim A {A(X, t + At) — A%, t)}
_ 1 L -
= Jim = AR+ d%,t + At) — A%, 1)}

. 1 I, ~
:Altm0 E{A(X-I—dx,t—l—At)—A(x‘t+At)—|—
ARt + At) — AR, t)}

+ A(X, t+ At) — A(X, t)}

1 -
= i — {dX-
im At{ X- (Va) e

. dX = . 1 S -
N Altmo {E - (Va) t+At} + Altlﬂo At AR £+ AL) — AX, 1)}
L= da
=V (Va) + E

convective time derivative) + (spatial time derivative)

—_ o~

material time derivative)
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Deformation

displacement : U=X—Xy = 1161 + u8 + U363

Piet Schreurs (TU/e)



Deformation tensor




Deformation tensor

d)_<‘03 — T d)_<'3

d)_<'1 =F-. d)_<'01 ) d)_('g =F. d)_('og 3 d)_('3 =F. d)_<'03
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Volume change

to F t
dXo3 e d%s

dV = dX) *x dXo - dX3
= (F-dXo1) * (F-dXo2) « (F-dXp3)
= det(F) (dXo1 * dXo2 - dXo3)
= det(F) dVj
=JdVv,
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Area change

dA 7 = d% x d% = (F - d%o1) * (F - dXo2)
dATi- (F-d%s) = (F-d%u) * (F- d%p2) - (F - dXo3)
= det(F)(dX1 * dXp2) + dXo3 Vo odXps —
dATi -F = det(F)(dxXo1 * dXo2)
dA 7 = det(F)(dXor * dXoz) - F !
(F)dAg i - F1
= dAg iig - (F " det(F))
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Inverse deformation

V
J= —d =det(F) >0 — Fregular — dx%=F*'.-dx
dWo

relation between gradient operators

|=F—T.FT—>(W>:F—T-(6O>?) o V=FT.%

Piet Schreurs (TU/e)
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Homogeneous deformation

= |

N/

VoX = F¢ = uniform tensor —
R=(% -F)+ft=F-%+¢
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Elongation and shear

elongation factor in initial €-direction

dxi-d%  d%u-F'-F-dXn  ||d%olP
dXo1 + dXo1 dXo1 - dXo1 lld X012

A* (&) (501'FT'F'501)

o T 5 o o
= &1-F F-é1=¢6:-C-én
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Elongation and shear

F
/_\ .
dXo» N dx
dxo1 €
02 €o1 °
~ dx
€1
shear of initial (&,&2)-directions
L . dX,-d%  dX1-F"-F-dXp
€1, € = sin(Z—-0) =cos(0) = — - = - —
V{8, &) (5 = 8) = osl®) = [l ~ izl
lld%o1lllldXo2ll(€1 - F T+ F - &p2) _ &1-F'-F-&p
A(&1)lldXo1lIA(€02)1dX02ll A(€1)A(&2)
_ €1+ C- &p
A(€1)A(&2)
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Principal directions of deformation

to
t to
2 t ds, 1
y dsp2 2 /
gl ds;
& dso3 ds
3/ 3
ds; ds, ds3
1 o1 2 dss 3 dsos | Y12 = Y23 = Y31
dv dsidsyd
J:—_ﬂz)\l)\ﬂw

d Vo B d501 dSOQ d503

Piet Schreurs (TU/e)
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Strains

e ="f(A)
e fA=1)=0 e f(A) monotonic increasing
e limy1f(A)=A-1 e f(A) differentiable
4 €,
linear g =A—-1 .
3l - - &
__ &
logarithmic em = In(A) 2 o
=1 -
Green-Lagrange g = 3(A>—1) i J E
Euler-Al i L L
uler-Almansi €ea=75|1— 32 -1r
ol
_3ol 05 1 5 2 25 3
A
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Strain tensor

T {N(En) —1} =&~ {% (FT'Ffl)} €1 = €1 E-éy

Y(501,eoz)—EOI.)(\F;I-'F:”@OQ:{ - ’ = }501-E.é'02

(€01)A(€n2) A(&1)A(€p2)

E:%(FT.F_O E = %{{I—i— ﬁw)}-{l—i— ﬁoﬁ)T}
T T — T

F— (Yox) =1+ (Vo) = 1{(%od) "+ (o) + (Fod) - (




Right Cauchy-Green deformation tensor

C=F°-F

1. symmetric cc=C
2. positive definite

3-C.3=3-F°-F-3=(F-3)-(F-3)

F is regular - F-34£0 if 340

3-:C-3>0 V 3+40
3. eigenvalues and eigenvectors real

eigenvalues positive —  spectral representation

eigenvectors L (choice)

C = wymymy + Hompmy + Usmsms

Piet Schreurs (TU/e)
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Eigenvectors and eigenvalues

C = wymymy + pomamy + Hamzms

. — ~ L. €01+ C- €p
A&) =+vé&-C-q ; Y(€o1, €02) = —

V&1 -C-€énveép-C-én

C = pyfip1iio1 + Hofo2 g2 + M3fo3fio3

i i 7 - fio1 - C- 1
Mior) = Vo1 - C-for = iz 5 Y(for, floa) = = 2 =0

Vo - C - io1\/Tig2 - C - T

25 2 = 2
C = A{ Fo1fior + A3 foafio2 + A3 Fiosfios
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Right stretch tensor

U = VC = Ay g1 fip1 + A2 rio2 + Asiiosiios

properties
1. symmetric : uc=u
2. pos. def. i-u-3>0 vV 3
1 1
3. regular  : U ! = = Foifior + — Rozfioe + — Hosh
gu N 01 01-1-)\2 02 02-1-)\3 03103

4.  det(C) =det(U-U) =det(F°-F) = det’(F) —
det(U) = A AoAs = det(F) = J
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Stretch tensor transformation

XOl =U- dX01 N d)_(BKQ =U- d)_(‘02 N d)_(6k3 =U- d)_(‘03
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Total transformation

dx, = F - d3o
dy =F-U'.dX; =R-dX;; — R=F.U!

= - - —1 =
dxgl =U- dXol — dX01 =U -d 6‘1 } N
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Rotation tensor

R=F.U!

1.
RC-R=U°.F°-F-U!
=uUu°.v-v.ut
=uU°.uc-u.Uu!

) =1 — R is orthogonal

)
et(U™!) =det(U-U 1)
=det(l) =1 — R is rotation tensor
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Right polar decomposition

F=R.-U

F  known

calculate C=F°-F
calculate  A; en f;

U known

calculate  U™!
calculatet R=F-U!

¢ 6 €& ¢ ¢ ¢
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Strain tensors

stretch ratio
strain tensor
strain measure

shear measure

Y(€o1, €2) = €1 £ €2
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Linear strain tensor

E=U-I

fig; + € « Foi = Hoj » U+ Foj — 1
= A(foi) — 1
=A-1
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Logarithmic strain tensor

foi * A+ floi = Tig; + In(U) - Ao;
= In(A(Foi))
= In(A;)
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Green-Lagrange strain tensor

Piet Schreurs (TU/e)



Infinitesimal linear strain tensor

linearisation ~ —  infinitesimal strain tensor
e = 1{(Vo) + (Voi)}
=L(F+F9)—1I
= 3 {(Va) + (Va)}

only correct for small strains AND small rotations
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Deformation rate

dX =F-dX% =F-F '.dx=L-d% = (VV)°-dx
=HL+ LY dx + 3L — L) dx
=D.-dX+Q-dx
velocity gradient tensor

deformation rate tensor
rotation rate tensor or spin tensor

@O

Piet Schreurs (TU/e)
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Spin tensor

o=1{FF-(FF =1 {(V0) - (V7)]

Q = skewsymmetric —

Q- dX = & x dX = velocity 1. dX = rotation rate

@ axial vector
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Axial vector

G-Q-4=¢-Q°-4=-¢-Q-4 —
g-Q-g=0 —

Q-g=p —

G-p=0 —

gLp —

3 & zdd p=d*x§ —
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Axial vector components

Q.§g=dx
; Q1 QO Qg3
Q.Gg=¢€ | QO Qxn Qo
Q31 Q3 QOgz3

D*q = (w16 + w6 + ws3és) *

= w1q2(6) + wigs

w3q1(&) + w3go

w2q3 —
w3qi —

= [& & &]
wige

vq

Piet Schreurs (TU/e)

vV g
q1 . Q1191 + Q1262 + Q13493
g | =€ Q191 + O20gr + Q2343
g3 Q3191 + Q3292 + Q3393

* (q161 + G2& + q363)

(— &) + waqi(— &) + wags(&)+
(—é1)
w32
w1qs
— W2q1
0 — w3 (€8))
Q: w3 0 — W1
— W7 w1 0
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Deformation rate tensor

D=3 {F-F 4 () = {(99) 4 (99))

D=D° — D=viMif1 + Vvori2f2 + Vaisiis
1.: vector dX along 11 : dX = dxi11
D-dX = dxqD-1j; = dx;vi7l1 = v1dX
2.: random vector : dX = dxqff1 + dxofiz + dxaTis
D - dX = dxyvifi1 + dxovafla + dx3 Va3
s )
N2 ﬁ3 Q.dxX
- D.dx
T Q. dz

’\/10’)?

Piet Schreurs (TU/e)
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Elongation rate

_ . D D . .
7\2 :eo-C-eo — E(A2)=E(eo'c'eo) —

27\5\:Eo-%(C)-éozéo-%(Fc-F)-éo
=& (F-F+F.F}.&
=& F - {F - F+F.F'}.F-&
(F-&)-{(F-FY°+F-F'}.(F-&)
= (A\&)-(2D)-(A&) —

> >
|
@y
O
1l
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Volume change rate

to t

tr(D) A-D-fAi+r-D-A+n3:-Defisg=—+—+ —
1

— DEt{In(?\l) +In(A2) +In(A3)} = Dﬂt {In(AsA2As)}

D D D
=D [In{det(U)}] = Di [In{det(F)}] = Et{ln(J)} == =

J = Jtr(D) :J(ﬁ-v)
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Area change rate

—{det JdAong - F~ }

- E (det(F)} dAofio - F L + det(F)dAgfip - F

= JdAofo-F 1 — JdAghy-FL-L

= tr(L)JdAgfo - F 1 — JdAgig-F 1L
= Jtr(L)F € - dAgiio — JL - F - dAghio
= J (tr(L)1 = LE) - F - dAoo

= (tr(L)1 — L°) dA R
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SMALL (LINEAR) DEFORMATION

back to index



Linear deformation




Rigid rotation

¢
P
Xo dXp

u=ug = —ldxg — dxp cos(P)] = [cos(Pp) — 1]dxo }
_)

v = vg = [sin(¢)]dxo

E =cos(¢p)—1 ; ﬂ =sin(¢p) —
0xp 0xo

ou [ Ou 2 1 [ Ov 2_
Egl d §<a—xo> +§ a_Xo 0

Piet Schreurs (TU/e) 322 / 694



Elongational, shear and volume strain

elong. strain 1 (A%(&1) — 1)

A(&) —1

shear strain Y(&1, &2) =sin (5 —0)

7—0

dv

volume change J= FIA
J

volume strain J—1

Piet Schreurs (TU/e)

Il |

I

Il

€1 E-én
€01+ €+ €01
2 ) . .
—————=— ) €1-E-ép
(Mem)?\(eoz)
2 501 L A Eoz

AA2A3 = (e1 +1)(e2 +1)(e2 +1)

e1t+ext+es+1l=tr(e)+1

tr(e)
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Linear strain matrix

€11 €12 €13 €21 = €12

E=| €1 €2 €23 with €32 = €23

€31 €32 €33 €31 = €13
€1 0 0
principal strain matrix e=| 0 & 0
0 0 €3

= 10111 + €20ialip + €311373

&)
|

spectral form

Piet Schreurs (TU/e) 324 / 694



Linear strain : Cartesian components

gradient operator
displacement vector

linear strain tensor

Exx  Exy  Exz

Ezx  Ezy &z

2uy x Uy T Uy x  Ux 7+ Uz x
2uy,y Uyz + Uz,

T | U +oUxy
2u, ,

Uz x+ Uz Uzy+ Uy

325 / 694
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Linear strain : cylindrical components

dient ¢ C_z 0 iz 10 G 0
gradient operator =8 — + &~ —
or r ae “ 3z
displacement vector 0= u,€(0)+ ué(0) + u,é,
linear strain tensor % {(V )¢+ (VU)} [e’Tgé
Err Ert Erz
£= Etr &t &tz
Ezr Ezt €2z
1
1 2Ur,r F(Ur,t —ut) + Utr Urz+ Uz,
_ 1 1 1
=5 Fure —ue) + ue 25 (uy + ug ) FUzt 4 Ut 7
1
uz,r + ur,z 7uz,t + ut,z 2uz,z
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Compatibility relations

Pe | ey ) 0%y,
dy? 0x2 0x0y
d%¢,, N ez 0%
0z2 0y? 0y0z
0%, | 0%co 0%
0x2 0z2 " 0z0x

e | 0%, 0% | 0%,
dydz  0x2  0xdy 0x0z
0%,, | 0%, 0%, 0%,
0z0x  Jy2  dydz Qydx
0%, 0%ty 0%, | 0%
Oxdy  0z2  0z0x 0zQy

1 0%, 0%y 20%, 1 ey 20w 2 dep

r2 002 9r2  rdrd® r dr r dr r2 30

Piet Schreurs (TU/e) 327 / 694



Planar deformation

up=u(x, %) 5 wm=uwix,x) ; uz=us(x,x,X3)
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Plane strain

planar deformation

up = ur(x1,Xx2) ;5 tr = a(xy,x0) 5 U3 = u3(xy, X2, X3)

plane strain

up=ui(x,x) ; th=uw(x,x) ; uz=0
€33=0 ; vYiz=7v23=0

compatibility : €1122 + €22,11 = 2812»12
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Axi-symmetric deformation

’
0
0 -
%( )=0 — U=u(r,z)&(0) + uelr,z)&(0) + u:(r, z)&;
2Ur,r _%(Ut) ‘Ut Uzt Uz,
£E== —l(Ut) + U, 2%(Ur) Ut z
Uz r+ Uy, Ut z 2Uz,z
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Axi-symmetric deformation with u; =0

z z
r
0
0 o
%( )J=0and us =0 — d=ulr,z)&(0)+ u,(r,z)e,
1 2u 0 Urz+ Uz,
£E=3 0 2%(Ur) 0

Piet Schreurs (TU/e)
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Axi-symmetric plane strain

plane strain deformation

ur = u,(r,e)
Ut:Ut(rve) — €z =Yz=Ytz=0
u, =0

linear strain matrix

plane strain deformation with u; =0

. 1 2ur 0 0
ur:0r } — §:§ 0 %(ur) 0
z 0 0 0

Piet Schreurs (TU/e) 332 / 694



STRESS

back to index



Stress vector

Ak

L Ak
P= A0 AA
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Normal stress and shear stress

normal stress : pn=p-n
tensile stress : positive (¢ < F)
compression stress : negative (¢ > 7)
normal stress vector : Pn = pnil
shear stress vector : Ps = P — Pn

shear stress : ps = |1BsIl = \/I1pII> — p2
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Cauchy stress tensor

Theorem of Cauchy :

3! tensor o such that

Tl
[
Q
St

Piet Schreurs (TU/e) 336 / 694



Cauchy stress matrix

ps . P

P1 » |
. . T T o T T
p=c-i — &p=¢eoe-e'n=¢0n
n= 51 —
P1 011 012 013 1 o1
p2 | = | 021 02 023 0| =1| ox

p3 031 032 033 0 031

Piet Schreurs (TU/e)
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Stress cube

033

022

DL

011 012 013
O21 O22 023
031 032 033

=)
|
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Cartesian components

0-ZZ

Oxx Oxy Oxz

I
|

Oyx  Oyy Oy
Ozx Ozy Oz
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Cylindrical components
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Principal stresses and directions

- Ay = 0100
spectral form O -y = 020y — 0 = 0111 N1 + O2haiiy + 031313

Q

01 0 0
principal stress matrix op=| 0 o0 O
0 0 03
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Stress transformation

area 1
O
Tx
01
—_—
\cx
€2 /f éLarea sin
= \L 0> area cos
€1
0 =016 + 0,26
i = —sin()é + cos(x)é&
p=0-n=—0ysin(x)€ + o cos(x)é

0x = 07 5in (o) + 02 cos?(x)
To = (00 — 07) sin(a) cos( )
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Mohr's circles of stress

O

0x = 01 sin’(a) + 05 cos?(x) = o7 (

Ta

02

2

Piet Schreurs (TU/e)

01

1
—ECOS

M+@ = {oa—3ior+02)} +7% =

v

= 1(01 4 02) — 3(01 — 02) cos(2ax)  —
(1) {00 — 101+ 02)}” = {301 — 02)}” cos?(20x)
T = —cos(a) sin(a)oy + cos(a) sin(a)or = %(02 —o01)sin(2x)
2) & ={i(on—01)} sin*(2a)

Nl
—

Q
—

Q
N
—

——
N

(2a)) + 0'2(% + %cos(Zoc))
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Mohr's circles of stress

inside o1, 03-circle

'Ol
‘Ol
Il
S
q
(S}
S

{o—3(o+o)P+? =0+ =B =

n
with  B?= (02— (o1 + 03))2 <o = (01— 301+ 0'3))2 - P+ <Al

outside 05, 03-circle

T
!
I
5]
la
la
'S

{o—L(os+ )P+ =0 +7° =] =
:nfﬁz—l—n%og—i—ngocz
. 2 2
with  B?= (01— 3(03+02)) > = (02— 3(03+02))" — 0?41 >a

outside o7, 0p-circle

{o—3(o1+ )P+ =0+ =|p =

0.4
. 2
with [52 = (0'3—%(0'1-1—0'2)) > ol = (0‘2—%(0‘14-0'2
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Uni-axial stress

N
true or Cauchy stress o= i Owx —
. . N
engineering stress Op = —
Ao

Piet Schreurs (TU/e)

O = O,y Ex 8y
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Hydrostatic stress

Piet Schreurs (TU/e)

Ok =P
Oy =P
Ozz =P
Oxx = —P
Oy =—P
Ozz = —P
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Shear stress

o = T(&€ + €€) with / # j
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Plane stress

o 022
€3 021

2 011

0'33:01320'2320 — 0'5320 —

relevant stresses : 071, 022, 012
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Resulting force on arbitrary material volume

Gauss theorem  : Jﬁ-()dA:J V-()dvV —

K:J'[paﬁ—ﬁ-cT]dV

%
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Resulting moment on arbitrary material volume
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Resulting moment on total body

Mo = J)?*padV—I—J)?*p’dA
A

(X +7) *pc?dV—l—J()?R—l—F) « BdA

I
<e—— <

Ql
Q
<
_|_

Lﬁ
~l
*

T
Q
>

A
:;R*JpadVJrzR*J,sdAJFJF*p
1% A %
= %+ K + Mg

=yxK+My —

Mg = (X — %r) * K + My = Py K + My
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BALANCE LAWS

back to index



Balance or conservation laws

mass
momentum

moment of momentum

¢ &6 ¢ ¢

energy
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Balance of mass

to t

pdV:JpodVO YV o J(pJ—po)dV():O YV —

Sle——rs

Vo Vo

pJd = po vV XeV(t)

dM =dMy — pdV =podVy — pJ=ps — pJ+pl=0
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Balance of momentum : global

J_ (pw + v + pvj) dVs vV
Vo
mass balance : pJ+pJ=0 —

:J p{7Jdv0=J ovdV vV oV
Vo v
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Balance of momentum : local

% %
= T - iy 5\7 - = _ _
V.o —I—pq:pv:pa—l—pv-(Vv) vV XeV(t)
. ov - . R
stationary 5t =0 Vo' +pGg=pv: (Vv)

static : equilibrium equation

<
Q
\'

+
e}
Ql

I
ol
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Equilibrium equations : Cartesian components

O'xx,x + Oxy,y + Oxz,z + pagx = 0
Oyx,x + Oyyy + 0z 2 + pqy =0
Ozx,x + Ozyy + Ozz,z +pq; = 0

Piet Schreurs (TU/e) 357 / 694



Equilibrium equations : cylindrical components

V-0 +pG=0
o

:o.C

1 1

Orr,r + Fo-rt,t + 7(0-” - 0-1.“1.“) + O-rz,z + Pqr = 0
1 1

Otrr + 7Gtt,t + 7(0tr +0) + 0tz +pq: =0

1 1
Ozr r + FO-Zt,t + Fo-zr + Ozz,z + Pqz = 0

Piet Schreurs (TU/e) 358 / 694



Balance of moment of momentum : global
t

0
/\7/0:%:%Jvi*pﬁdV:%J’%?*pVJdVozjvog(i*p\_/ﬂ)dVo
:JV (¥ 07+ % 5 67+ % # 0 + X% p7J) Vo vV
0 mass balance :  pJ+pJ=0
:J:)?*p\;/’JdVo:J:)‘(’*p\i/’dV LAY

Vo v
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Balance of moment of momentum : local

J )?'*pEidV—l—J' z*ﬁdA:J %% pvdV VoV

v A v

Transformation of surface integral with Xxp=73:(Xp)
J_)?*ﬁdA =| %:(Xp) dA:J_ :(Xo-0) dA:J e : (Xo)) dA
A A A

Piet Schreurs (TU/e)
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Balance of moment of momentum : local

)‘(’*pEjdV—I-J’ 36:0'CdV—|—J z*(v.of)dvzj XxpvdV ¥V V o
Jv \ % %

?*{pf]’—l—(ﬁ-o‘)—p\ﬂ dV—I—J %:0°dV=0 V V —
Jv %

_3€Z()'CdV=6 VvV V = 3%:0°=0 V XeV

JVv
032 — 023 0
eje =—1j0[1  — o3—03 | =|0 -
021 — 012 0
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Cartesian and cylindrical components

og=o" =
Cartesian : Oy =0y ; Oy =0z ; Ozx=0x
cylindrical : O =04 ; O =0x4 ; Oy=0;

Piet Schreurs (TU/e)



Balance of energy

D D

Dt (Ue + Up) = Dt (U + Ui)
Ue : mechanical energy
U : thermal energy
Uk : kinetic energy
Ui : internal energy

Piet Schreurs (TU/e) 363 / 694



Mechanical energy

>
o
iy
~
-
L
:V. i~
T
+ B
™~ .
o ©
S +
— 0~ qW
I o
b
3 :
™~ >
Q. ﬂ
—
+ ™
~ .
] cG
™~ =
kel T
g >
—_—
Il
=

+0:D+0:Q

—pg-v
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Thermal energy

- H
heat flux density h= Ilim —

Piet Schreurs (TU/e)



Kinetic energy

v
D(, . . D (, . .
Uk—ﬁjipv VdV:EtJ'EpV'VJdVO
v Vo
:%J{pv.w+2p(7.w+pv-\7j}dvo
Vo
:Jp\?-wdvosz?.wv
Vo %
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Internal energy

D
de)dv = Dr J pdJ dVy
% Vo

Piet Schreurs (TU/e) 367 / 694



Energy balance
Ue + Up = Uk + U;

(p\‘7.\7+a:D+pr—€-ﬁ)dvzj(p(7-\7+pd>)dv vV

1%

pd;dV:J(c:Derr—ﬁ-ﬁ)dv VoV

{l——+s» <ItY——

%
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Energy equation

pb=0:D+pr—V-h vV Xe V()

_)
& =C,T (C,: specific heat)
pC,T=0:D+pr—V-h vV xeV(t)

H

h=—kVT (k: thermal conductivity)

pC, T —kV2T =0:D +pr Vo xe V()

Piet Schreurs (TU/e) 369 / 694



Mechanical power for three-dimensional deformation

W=0c:D o = Cauchy stress tensor
Wo = [Jo]: D
=«k:D k = Kirchhoff stress tensor

VVO:Jo‘:D:Jo‘:%(F-F_1+(F-F_1)C>:
:JO'I(F°F71)ZJ(F71°0')2|.:=SZ|.::S:U

=S:& S = 1st-Piola-Kirchhoff stress tensor

Wy = Jo:D = Jo: (F_C-E-F_1> =J(F'-0-F:E
=P:E P = 2nd-Piola-Kirchhoff stress tensor

Piet Schreurs (TU/e) 370 / 694



Planar deformation

Cartesian components

O'xx,x + Oxy,y +Pgx = 0
Oyx,x + Oyyy + g, =0

Oxy = Oyx
cylindrical components
1 1
Orr,r + FO-rt,t + F(O-rr - O-ti.‘) +pqr = 0

1 1
Otr,r + FGtt,t + F(O-tr +0n4)+pg: =0

Ort = Otr

Piet Schreurs (TU/e)
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Axisymmetric deformation

1
Orr,r + F(O-rr - Gtt) + Orz,z +pqr = 0
2 .
Otr,r + F(O-tr) + 0tz +Pg: =0 (if ue #0)

1
Ozr,r + 70-zr + Ozz, 2 +pq: = 0

Ot = Otr Otz = Ozt (if Ut 7'5 0)

Ozr = Oz

planar

1
Orr,r + F(O-rr - o-tt) + Pqr = 0

2 .
O'tr,r+7(0'tr)‘|‘th =0 ('f Ut?éo)
Ot = Oy (If ut 7é 0)

Piet Schreurs (TU/e) 372 / 694



THREE-DIMENSIONAL MATERIAL MODELS

back to index



Equations and unknowns

mass pJ = po
momentum V.0 +pg=pv
moment of momentum c‘=0

density p

position vector X

Cauchy stress tensor o

Piet Schreurs (TU/e) 374 / 694



General constitutive equation

Xl

o t)=N{XTt|VXeV,VT<t]

Piet Schreurs (TU/e)
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Locality

o t)=NZXt|VXeV Vvrt<t]

R=%+d%=x%+F(X)-d%

o(X,t) =N(X, F(X, 1), 7| VT< 1)

Piet Schreurs (TU/e) 376 / 694



Rigid body translation

t*




Rigid body rotation
t E\

it = Q- iy
iy = Q- iy
£ i = Q- s

O = 01h111 + Oohaflo + 037313

*

0" = 010} i} + 02fiy i1y + 0313115
= 01Q 7171 - Q° 4+ 02Q - fiaila - Q° + 03Q - A3z - Q°
= Q- [01A17H1 + 0272012 + 0373713] - Q° = Q- 0- Q°
F=R-U - F=R*.U=Q-R-U — F*'=Q-F
objectivity requirement

Q(t)-N(F(1) [VT<t)-Q°(t) =N(Q-F(1) [V T <) v oQ

Piet Schreurs (TU/e) 378 / 694



Example
o= CE=C}(C-1)=C}(FT-F-1)
0_* :Q'O"QT

FF=Q-F
E' = 3(F"-Q7-Q-F—1) =1 (FT-F—1) =E

o* = CE

NOT OBJECTIVE

Piet Schreurs (TU/e) 379 / 694



Example

c=CA=CLB-1)=C} (F-FT—I>

c"=Q-0-Q"
F"=Q-F
A :%(Q-F.FT-QT—O - 1q. (F.FT_|) Q" =Q-A.Q°

o* = CA*

OBJECTIVE

Piet Schreurs (TU/e) 380 / 694



Example

o=—pl+2nD
D=1L(L+L9 with L=F.-F!

c"=Q-0-Q"

FF=Q-F ; FF =F'.Q° ; F =Q.F+Q-F
L"=(Q-F+Q-F)-F'Q°=Q-Q°+Q-F-F '-.Q°

D' =31[Q-Q°+Q-FF1Q+Q-Q°+Q- (F-F Q]

Q-Q°=1 - Q-Q°+Q-Q°
Q-D-Q°

o* = —pl+2nD*

OBJECTIVE

Piet Schreurs (TU/e) 381 / 694



Special stress tensors

@ choose invariant stress tensor

@ choose invariant rate of stress tensor

Piet Schreurs (TU/e)



Invariant stress tensor

S=A.0-A"

s*:A*'G*'A*CZA*'Q'G'QC'A*C

define A*=A. Q¢

S"=A-Q°“Q-0-Q° Q-A°=A.0-A°=S

S = invariant for rigid rotation

Piet Schreurs (TU/e) 383 / 694



Invariant rate of stress tensor
S—A.0c-A°+A-G-A°+A.0-A°

S =A" 0" A+ A .G ACHA oA

=(A-Q°+A-Q)-Q-0-Q°-Q-A° +
AQ-(Q0-Q+Q-6-Q+Q-0-Q)-Q-A +
A-Q°-Q-0-Q°-(Q-A°+Q-A9

—A-0c-A+A-Q-Q-0-A°+A-Q°-Q-0-A°+
A-6-A+A-0-Q -Q-A+A-g-A"+
A-0c-Q°-Q-A°

=A-0-A°+A-G-A°+A-0-A°+
A-Q-Q-c-A°+A-Q°-Q-0-A°+
A-c-Q-Q-A°+A.0-Q°-Q-A°

=S — S = invariant for rigid rotation

Piet Schreurs (TU/e) 384 / 694



Rate of Cauchy stress tensor

S=A-0-A°
S=A.0-A°+A.6-A°+A.0-A°
—A. {(A’l-A)-G—I—G-(A’l-A)C—kd} AS=A.G.AC

G=6+(At.A-0+oc-(AL-AF

* *

G+ (AT Ao o (ATTLAT)C
A=A-Q — A '=AT=Q.A!
A"=A.Q°+A.-Q°
AT.A"=Q-A1A-Q+Q-Q°

=6 +Q-A1A-Q°-0*+Q-Q - 0" +

o -Q- (A1 A Q°+0"-Q-Q°

® © -
=Q.-0-Q° — 0 = objective

O]
o

Piet Schreurs (TU/e) 385 / 694



Objective rates and associated tensors

general tensor

general rate

Truesdell tensor

Truesdell rate

Jaumann tensor

Jaumann rate

Cotter-Rivlin tensor

Cotter-Rivlin rate

Dienes tensor

Dienes rate

Piet Schreurs (TU/e)

S=0p0=A-0-A°
$=60=A-00-A°
Go=6+(A1-A).-c+o-(AL.A)F

or=F .o-F ¢

Q o
orT = °0'T°F
o] v .
or=06=06—L.-0—0-L"
0,=Q ' 0-Q° with Q=Q-Q
. -1 © —
6,=Q -0,-Q°°
® o .
0,=0=0—-Q-0—0-QF°
oc = C'O'-F
. o)
Oc = C-O'(_'°F
® A

op=R°-0-R with F=R-U
60 =R°-Gp-R

op=0=6—(R-R°).0—0-(R-R°°

o]
<
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LINEAR ELASTIC MATERIAL

back to index



Linear elastic material

011
022
033
012
021
023
032
031
013

Piet Schreurs (T

tensor notation
index notation
matrix notation

Cunn Cuz
Coun G
Czun Gz
Conn G
Cinn Cax
Gsin Gz
Gonr G
G G
Cisn G

o="%C:¢
0ij = Cijren ; ij,k,l€{1,2,3}
=C

ng
uem

Cuss CGuor Gz Guse Cuxs Gus Gust
Crosz Coor Crorz Cozzz Goozz Coo1z Goost
Cazzzs Gazor Gaziz (a3 Gazz (asiz Gassn
Gz CGoor Gorz Gz Goz Gz Gost
Cuzs CGuor Gz Gz Guz Gus Gast
Gszz G311 Gz Gozzz Gazzz Gaziz Casan
Gz Goor Gz Geozz Gozz Gzoiz Gaomn
Cuzs G Gz Gz Gz Gus Gast
Cizz Gaor Gz Gszz Gizz Gizizs Gissn

€11
€22
€33
€12
€21
€23
€32
€31
€13
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Symmetry

011
022
033
012
021 =
023
032
031
013

Piet Schreurs (T

Cun
Con
G
Cionn
Can
Cxsn
Caon
Gan
Gisn

Cuize
Canzz
Cazm
Ciozz
Co122
Cazzz
Cazz
Gai2z
Cizz

Cuss
Caos3
Ca333
Ciazs
Casz
Cas33
Caz33
Casz
Cissz

Cu
Con1
Cazn
Cioz
Can
Cas1
Ga1
G
Gz

specific energy

symmetry

Gz Cus
Gz G
G312 Gaz
G2 Cioz
GCaz Gz
Cnz Gos
G2 Gao
Gz G
Gz Gua
W=3e'Ce
c=c'"

Cu
Coonz
Casz
Ciao3
Caz
Casnz
Caonz
Gz
Cias

Cuz
Co13
Caaiz
Cio13
Caz
Cs13
Cao13
Gz
Gz

Cuzn
Coo3
Cazan
Ciaz1
Cazn
Cx31
Caoz
Gas
Gz

€11
€22
€33
€12
€21
€23
€32
€31
€13
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Symmetric stresses

011
022
033
012
021 =
023
032
031
013

011
022
033
012
023
031

Piet Schreurs (T

Cun
Coon
Gz
Cion
Can
Cxsn
Caon
Gain
Gisin

Cllll
C2211
C3311
C1211
C2311
C3111

Gz
Coom
Gz
Ciox
Cax
Casz
Caom
Gz
G322

Cl 122
C2222
C3322
C1222
C2322
C3122

Ciizs
Coo33
Casz3
Cio33
Ca33
Cas33
Cao33
Cass
Cisss

Cuss
Cao33
Cas33
Cio33
(o333
Cass

C1132
Coo32
Cas32
Cioz
Caz
Ca332
Cao32
Gz
Ci332

G G
Coz1 Goonz
Gzz1 Gaanz
G Cionz
G Gz
Cn Gosiz
G Gaonz
Gizn G
Gzor Gz

Ojj = Oji
Gz G
Con Gz
Cazor Gaanz
Cioor Coonz
Gz Gz
G G

C1132
C2232
C3332
C1232
C2332
C3132

C1123
Coons
Cass
Cions
Cais
Casn3
Caons
G
Cizos

Ciins
Caoons
Casns
Cions
(o323
G2

C1113
Co13
C3313
Cio13
Cos
Cas13
Cao13
Gz
G313

Gz
Co13
Ca313
Cio13
G313
Gz

C1131
Coo31
Ca331
Ci231
Cas
Cxsa1
Cao31
Gzt
Cizs1

C1131
C2231
C3331
C1231
C2331
C3131

€11
€22
€33
€12
€21
€23
€32
€31
€13

€11
€22
€33
€12
€21
€23
€32
€31
€13
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Symmetric strains

011
022
033
012
023
031

011
022
033
012
023
031

CGun
Coon1
Caann
Ciont
Cosnr
Gai

Cun
Coon1
Caann
Cion
Csn1
G

Piet Schreurs (TU/e)

Cuize
Conzz
Caz
Cioe
Cazz
Ga122

Cux
Cor
Ca322
Cio
Caza2
Gz

Cizs Cuzr G
G2z Coz21 Coo12
Ca333 Gaz1 Gasnn
Gz Cio21 Cionz
Gozzzs Gozzr Casnz
Gzs  Gaizr Gaine

Cuss
Coo33
Cazz3
Ciozs
Cas33
Casz

Gz Cuos
Cr32 Goxs
G332 G323
Gz Gz
Cazzz Cozs
Gz Gas

Eij = &ji

Gz + G
Cooz1 + Cozn2
C3321 + Gaznn
Ciao1 + Gior2
Cazo + Gz

]
]
]
]
]
G121 + Ga112)

(
[
[
[
[
[

Ciiza + Cuios
Coo32 + Cono3
Ca332 + Ca323
Cioz2 + Ci2o3
Cazz2 + Coz23

]
]
]
]
]
Gaizz + G123l

[
[
[
[
[
[

Gus  Cus
Co213 Gooan
G313 Gaaan
Gz G
Goziz Cazat
Gz Gaan

Gz + Gusn
Coo13 + Cozan
C3313 + Cazan
G213 + Gizst
Coz13 + Cozan
Gz + Gt

[
[
(
[
[
(

€11
€22
€33
€12
€21
€23
€32
€31
€13

€11
€22
€33
€12
€23
€31
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Symmetric material parameters

011
022
033
012
023
031

CGun
Coon
Gz
Cionn
Gan
Gin

011
022
033
012
023
031

Piet Schreurs (TU/e)

Cux
Coom
Cazx
Cia2
G322
Gz

C1111
C2211
C3311
C1211
C2311
C3111

Cuizs
Coo33
C3333
Ci233
(o333
Gz

[Cr121 + G
[Cozo1 + Coo12
[Cazo1 + Gano
[Ci221 + G212
[Cosor + Cos12
[

]
]
]
]
]
G121 + Ga1nol

Gz + Cuios
Coo32 + Cono3
Ca332 + Ga323
Ciozz + Ciaos
Ca332 + (o323

[
[
[
[
[
[Ga1z2 + Gaizs

Cijr = Cijix

Gz + Gusn
Co13 + Conan
C3313 + Ga331
Cizz + Gzt
Cas313 + Cos3n

[
[
[
[
[
(Ga113 + Gaia1

]
]
]
]
]
]

Gz Gz 2Cuar 2Cus 2Gus €11
Coozo Gomz 2Gomr 2Gmsn 2Gms €22
Gz Gaszz 23 2Gazz 2Csans €33
Ciozo Gz 2Cio1 2Ciz2 2Cions €12
Cxo Gozzzs 2Cosor 2(Co3z2 2(Co3n3 €23
Gz Gz 2Giar 2Giz 2Gus €31

€11
€22
€33
€12
€23
€31
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Shear strain

Piet Schreurs (T

011
022
033
012
023
031

Cun
Coon
Gz
Cionn
Cs11
Gin

Cllll
C2211
C3311
C1211
C2311
C3111

Ci2
Coox
Caa
Ci222
Cas
Gz

Cl 122
C2222
C3322
C1222
C2322
C3122

Cuss
Coo33
C3333
Cio33
Cas33
Gaisz

2Cuo
201
2G3321
2C1201
2Co301
2Gin

2€ij =Yij

Cuss
Canzs
Ca33
Cizss
Cosss
Gaisz

Cl 121
62221
C3321
C1221
C2321
C3121

2C1132
2Con32
2(3332
2C1232
2332
2Cuz

Cuse
Cansz
Gz
Cio
Coso
Gz

2C1113
2Com3
2(s313
2Ci13
2Co313
2Guz

Ciiis
Con1s
Caa13
Cios
Cozis
Gz

€11
€22
€33
€12
€23
€31

€11
€22
€33
Y12
Y23
Y31
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Material symmetry

monoclinic — orthotropic — quadratic — transversal isotropic — cubic —
isotropic

Piet Schreurs (TU/e)



MATERIAL SYMMETRY

back to index



Triclinic : no symmetry

011
022
033
012
023
031

G
Coo11
Cas11
Cio11
Cosna
Gin

Cri2
Gz
Ca322
Cio2
Cozo
G122

Ci133
Conss
Ca333
Ci233
Co3s3
Gai33

21

material parameters

Piet Schreurs (TU/e)

Cii21
G
3321
G
Cozo1
G121

Cuiz2
Coozo
Ca332
Ciozo
(o332
G

Gz
Gz
Ca313
Cio13
G313
Gz

€11
€22
€33
Y12
Y23
Y31
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Monoclinic : 1 symmetry plane (here 12)

011
022
033
012
023
031

Piet Schreurs (TU/e)

Guin
Coo11
Cas11
Cio11
Cosna
Gai11

G
Conoo
3322
Ci222
Cozo
G122

Cuisz
Conss
(3333
Cio33
G333
G133

3

G
Cono1
Gz321
Ci2o1
Cozot
Gaio1

Gz
Conzo
(3332
Ci232
(o332
Cai3

Gz
Gois
G313
Cia13
G313
Ga3

€11
€22
€33
Y12
Y23
Y31
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Monoclinic : tensile test

O11
022
033
012
023
031

Piet Schreurs (TU/e)

G
Coo11
Gz
Cio11
Cosa
Gt

G
Gz
(3322
Cio2
Cozo
G122

Cuiss
Conss
(3333
Ci233
Coss3
CGa133

G
G
G321
G221
Cozo1
Caio1

Gz
Coozo
(3332
Ci232
(o332
Cai3

Gz
Gtz
Gz313
Cia13
G313
Ca3

™

O OO OO

[
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Monoclinic : tensile test

O11
022
033
012
023
031

Piet Schreurs (TU/e)

G
Coo11
Gz
Cio11

0
0

G
Gz
(3322
Cio2
Cozo
G122

Cuiss
Conss
(3333
Ci233
Coss3
Ca133

G
G
G321
G221
Cozo1
Caio1

Gz
Coozo
(3332
Ci232
(o332
Cai3

Gz
Gtz
Gz313
Cia13
G313
Ca3

™

O OO OO

[
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Monoclinic : 1 symmetry plane (here 12)

3

Giun Gue Gizz Gia
Cooir - Cooo Goozz Coomn

(3311 Czz00 Gz Gaam 3
Cioir Ciooo Ciozs Goor O 0

0 0 0 0 Gozzz Goziz
0 0 0 0 G330 Gz

o O o
o O o

material parameters

Piet Schreurs (TU/e) 400 / 694



Orthotropic : 3 symmetry planes (12, 23, 31)

[0y
I
cooxOX™

Piet Schreurs (TU/e)

cooWnmO

cocoonNnNunX

oo Xooo

o~ 0 o oo

Sooocoo

3

9

material parameters
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Quadratic : 2 isotropic directions (here 1 and 2)

I~y
I
cooxO>

Piet Schreurs (TU/e)

coo2O

cCooNXI=

oo Xooo

O~ o0O o oo

~O O OoOOoOOo

3

6

material parameters
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Transversal isotropic : 1 isotropic plane (here 12)

3

DO >
>0
[@E= vy

Piet Schreurs (TU/e) 403 / 694



Transversal isotropic : shear test in 12-plane

o o
o= 11 12
021 022
€ €
£ — 11 12
€21 €22
01 - A
02 Q

Piet Schreurs (TU/e)

-

0
T

T
0

|

H

01 =Ae1 + Qex= 1= Ky
0, =Qe; +Aeo=—1=—Kvy
K=3A-Q

H
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Transversal isotropic

K=1A-Q)

Iy
I

‘ 5  material parameters

cooxO>
coo2O
coonNX =X
coXxXooo
o~ocooo
~ooooo

Piet Schreurs (TU/e) 405 / 694



Cubic : 3 isotropic directions (here 1, 2 and 3)

3

L#3(A-Q)

‘ 3 material parameters

cCooc00o ™
cCoocLO>™O

0
0
0
L
0
0

o~ o oo
~O O O oo

Piet Schreurs (TU/e) 406 / 694



Isotropic

-

L=1(A-Q)

‘ 2 material parameters

coo0O>
cooQO>O0
cooXOO

0
0
0
L
0
0

o~ o oo
~O O O oo
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LINEAR ELASTIC ISOTROPIC MATERIAL

ENGINEERING PARAMETERS

back to index



Tensile test

0=Ae+2Q¢ey
O:Qa+(A+Q)ad—>ad:—Ast —
€4 = —VE ; o=Ee
B (1—v)E 0- vE
(14+v)(1-2v) (1 4v)(1-2v)

el NoNoN o)
[N aNoNoNoNe)
~OoO O oOoOo

Y12
Y23
Y31

with L=1(A—Q)

(e €4 €4 0 0 0];¢"=[c 0 0 00 0]

Piet Schreurs (TU/e)

_A+AQ-2Q%

L:

A+ Q@

E
2(14v)

409 / 694



Shear test

Piet Schreurs (TU/e)

CooOX™XO
CooOoXOO

[eNelaNoNoNo)
oOMr~oO o oo

~O OO oo

€11
€22
€33
Y12
Y23
Y31

with

L=1(A-Q)
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Volume change

o1 A Q Q@ 00O €11

022 QR A Q@ 0 0O €22

033 - Q Q A 0 0 O €33 . _1 _
oo |10 0o 0 Lo o]y with L =5(A=Q)
023 0 0 0 0 L O Y23

031 0 0 0 0 0 L Y31

§T=[€11 e €33 0 0 0]

vV
(011 + 022 + 033)

3(1—2v
= % %(011 + 022+ 033) =

J—1=¢€11+€xm+e33=

1

K %tr(g)
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Isotropic compliance and stiffness matrix

[ &1 ] 1 —v —v 0 0 0 011
€22 —V 1 -V 0 0 0 0922
€33 o 1 -V =V 1 0 0 0 033
Yo | E| 0O 0 0 21+v) 0 0 012
Y23 0 0 0 0 2(1 +'V) 0 023
L Y31 | 0 0 0 0 0 2(1+v) 031
[ 011 | 1—v v v 0 0 0 €11
02 v 1—v v 0 0 0 )
033 o v v 1—v 0 0 0 €33
on | %] o0 0 0 i(1-2v) 0 0 Y12
023 0 0 0 0 %(1 — 2V) 0 Y23
| 031 | 0 0 0 0 0 (1—2v) Y31
. E
with o=

Piet Schreurs (TU/e) 412 / 694



LINEAR ELASTIC ISOTROPIC MATERIAL

TENSORIAL FORM

back to index



Column/matrix notation of Hooke's law

€11
€22
€33
€12
€23
€31

011
022
033
012
023
031

Piet Schreurs (TU/e)

-V =V 0 0
1 —v 0 0
—-v 1 0 0
0 0 1+v 0
0 0 0 1+
0 0 0 0 1
v v 0
1—v v 0
v 1—v 0
0 0 1—2v
0 0 0 1
0 0 0
h E
Wt X = =2

&1
€22
€33
€12
€23
€31
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Isotropic stiffness matrix



Isotropic stiffness tensor

_ Ev I E
o= [(1+v)(1—2v)] trie} + [(1+v)} :

= Qtr(e)l+2Le
=ctr(e)l+cre
- [cou + cl“ls} e with 41" = (%14 41")

=%C:¢
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Stiffness and compliance tensor

o = “C:¢ e = eh+ed
1 1
= el +a®r]: = " = o
[co +a £ 3c0+c10 +C10‘
with 4 =1(41+ 4" b tien+ X Lo (ol
2 ( ) s e+ o {o— ulon}
= cotr(e)l + e _ —Ltr(a)l+i .
J (3co+c)a a
= otr(e)l+ ¢ {E + %tr(s)l} - _ [e)) l 4|s:| .
(3co+c1)ar C1 '

— (co-i-%cl)tr(s)l-&-clsd [ s
= |Yoll +v17I ] 1o
= (3c0+c1)%tr(s)|+c1£d

= “*S:o
= (Ba+a)e+ced
= of+o¢
vE E
- - @ : =——=2L
A G gy ’ T Iy
e v . _ 11ty
Yo= (3C0+C1)C1_ E_q ’ Y1_C1_ E 2
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Stiffness and compliance components

= [coll+ca*’]: e
= [codidu + 13 (8udjc + diudji)] e

= Coé,'jskk + C1€j

(<))
= (Eij + — 5ij£kk)
C1

E v
= T\ Ty ik

Piet Schreurs (TU/e)

&j

C 1 445
— I+ ="l |:0
{ (B3co+c1)c (&] }

o
S B S
[ Bao+a)a M
1
o 2 (8adjk + 5;@,‘/)} Ok

< Sjjokk + ! ojj
(3C0+61)C1 FOkk C1 Y

! ojj U P
C1 Y 3c0+ UKk

1+4+v v
£\ T 1 bk
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Specific elastic energy
W =

=L(o"+09): (ygll +y14ls) (0" + o)
yol[l : oh] = vol [I 3| %tr(o‘)] = vol tr(o‘)] = 3yp0
Yol[I: 0] =vo ! [tr(c)] =vo1[0] =0

— 10" + o) : (300" + 710" +7107)
o": 0" = Ltr(o)l: tr(o)l = §tr(0)(3) = 3tr’(o)

oo = %tr( W:lo— %tr(o)l] = %trz(O') — %trz(o) =0

- [%(VO + %Yl)] tr?(o) + [§V1] o’ 0

1—2v 1+v 1 1
R 2 1 d. d_ 2 d. d
= {2 3E ]tr (0‘]+[ —}0‘ o —18Ktr (U)+—4GU o

:Wh-I—Wd
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THERMO-ELASTICITY

back to index



Thermoelasticity

Anisotropic
e=¢nter="1S:0+AAT —
=g, te, =SOHAAT
o="%C:(e—AAT) -
g=C(c~AAT)
Isotropic
e=1'S:0+aATl — e¢=S0+aAT]
o="*C:(e—axATl) — g=C(e—aAT])
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Orthotropic thermo-elasticity

A+Q+R
R+B+S
R+S+C

— AT

€11
€22
€33

Y12

Y23

Y31

/

0 0 0O

o

0 0 0 K 0 O

L 0
0

0 0 0 O
0 0 0 O

M

€11
€22
€33

023
031
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PLANAR DEFORMATION
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Plane strain

€33 =Y =Y31=0 — 033 =Rey+ Sex

o1 A Q 0 €11 Ac Q. 0 €11
012 0 0 K Y12 0 0 K Y12
A IO - S
¢ = 22 =5 __ 2 2 22
Y12 AB=Q 0 0 # 012
ac. g O 011
=9 be O 02 | =50
0 0 k 012
1
033 = m [((BR— QS)o11 + (AS — QR)02]
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Plane strain

r s
€33 =0=r011 + 5022 +cCcOo33 — 0O33= _Egn — 2022
€11 a qg o0 o11 r .o on
e=|e2 |=| g b O on | —| s [ P 0 ] 02
Y12 0 0 k o12 0 o1
ac—r> gqc—rs 0 o1 & g O o1
-c qc—sr be — 52 0 022 - qe bE 0 022
0 0 ke 012 0 0 k 012
_ i B
o1 a q 0 €11 1 l"c +5 qu' gs g
o=| 02 |=]| g be O € | = ~ qgc+rs ac—r 2
012 L 0 0 & Y12 s 0 0 75

with  As = abc — as? — br? — cq? + 2qrs

As Qs 0 €11
=1 Q B 0 €22 = gi I
0 0 K €12

1
033 =~ A~ [(br — gs)e1r + (as — qr)ezn)]

s

Piet Schreurs (TU/e)

Il
1%

Q

€11
€22
€12
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Plane stress

033 =023 =031 =0 — £33 =r011 + 502

[ e1 ] a qg 0 o11 a qo O 011
e=|¢ex |=|qg b 0 02 [ =] G bs 0 022 | =50
L Y12 i 0 0 k 012 0 0 k 012
[ 011 1 1 b —q 0 €11
_ _ —q a 0
0= 022 | = b ab— o2 €22
012 9 0 0 d Y12
- - k
Acr QO’ 0 €11
=| Q Bs 0 €22 :g £

1
€33 = > [(br — gs)e11 + (as — gr)ean]
ab—gq
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Plane stress

Q
Il
| — |

Oo11
022
012

€11
€22

R S
033 =0=Rey; + Sexn+ Cezz  — E33:_E£11_E£22

| O

[ RS, } o
- = 22
¢ ¢ Y12

Qs O :| |: €11 :|

BU 0 €22 = gag

0 K Y12

Q 0717 '[ on L [ BC-$* —QC+Rs
Bcr 0 :| |:0'22:|=A—|:QC+R5 AC7R2
0 K 012 ¢ 0 0

with A, = ABC — AS? — BR? — CQ? +2QRS

Go 0
bs O :éog
0 k
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0
0
A

K

I~

|

O11
022
012

|

427 / 694



Plane

strain thermo-elastic

033 = Reyn +Seop —a(R+ S+ C)AT (from g)
=—£ 0'11—50'22—EAT (from i)
c C C -
011 A Q 0 €11 A+Q+R
092 = QR B 0 €22 — AT | B+Q+S
012 0 0 K Y12 0
€11 A Q 0 ! 011 A+ Q+R
€22 = Q B 0 022 + AT B+Q‘|‘5
Y12 i 0 0 K 012 0
[ a. g 0 o11 14+¢.S+aR
=] g be O 02 | +aAT | 1+qg:R+ b:S
i 0 0 k 012 0

Piet Schreurs (TU/e)
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Plane stress thermo-elastic

€33 =

€11
€22
Y12

011
022
012

ro11 + sox + AT (from é)

R S 1
—Eell—fazz—l—f(R—i-S—f—C)ocAT (from C)

a g 0 011 1
= g b 0 0 | +aAT | 1
] i 0 0 k ] 012 0
i i a q 0 11 €11 1
= q b 0 €22 — AT 1
1 L 0 0 ] Y12 0
[ Acr ch 0 €11 Acy + ch
= Qs Bs O €22 — AT | Bs+ Qo
i 0 0 K Y12 0

Piet Schreurs (TU/e)
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General planar material laws

Ap Qp 0 |V @pl
C =] Q B 0| arT| Oy
0 0 K | o |
a g O { Op1 -‘
S,=|a by 0| +aAT | 0,
0 0 o |
plane strain (), =( ).
planestress  : (), =()o

Piet Schreurs (TU/e)



ELASTIC LIMIT

back to index



Elastic limit criteria

failure mode

mechanism

plastic yielding
brittle fracture
progressive damage
fatigue

dynamic failure
thermal failure

elastic instabilities

Piet Schreurs (TU/e)

crystallographic slip (metals)

(sudden) breakage of bonds
micro-cracks — growth — coalescence
damage/fracture under cyclic loading
vibration — resonance

creep / melting

buckling — plastic deformation
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Yield function : one-dimensional

f(o) :crz—cﬁo =0 -
glo)=0’>=0) =g
g+ = limit in tensile test
0=0,
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Yield function : three-dimensional

flo) =0 — glo)=g:

yield surface in 6D stress space
flo1,02,03) =0 — g(01,02,03) =g

yield surface in 3D principal stress space

03

01 -
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Principal stress space

hydrostatic axis

plane L hydrostatic axis

3)
vector in TT-plane & () = cos(Pp)é, —sin(P)é,
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Principal stress space

= 018 + 028 + 038 = 7" + &7
= (5-8&,)8, = 0"8, = 1V/3(01 + 02 + 03)8, = V30,
o' = 3V3(01 + 02 + 03)
=0—(0-6,)6,
= 018 + 02& + 038 — $V3(01 + 02 + 03)%\@(51 + &+ &)
= 01€] + 026 + 0363 —
1(018 + 028 + 0381 + 01& + 028 + 03& + 018 + 028 + 038)
= (201 — 02 — 03)& + (—01 + 205 — 03)& + (—01 — 02 + 203)8&3)
o? = 187 = V59 54
= %\/(201 — 02 — 03)2 + (=01 + 202 — 03)2 + (—01 — 02 + 203)?

Y
|

|
Q

2
= \/g(crf + 03 + 03 — 0107 — 0203 — 03071)

=Vvol:o

Q
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Principal stress space

& = & + 69 = 6"&, + 0%8,(¢)
= 0"8, + 0%{cos(¢)&; —sin(P) &}
= 0"3V3(& + & + &) + 0%{cos(§) 5 V6(28 — & — &) —sin(P)3V2(& — &)}
={3V30" + 16 6% cos(d)}er +
{%\/5(;” _ %\/60" cos(d) — %\@Ud sin(d)}e +
{%\/5(;” _ %\/60" cos(d) + %\@Ud sin(d)}é&

= 0161 + 026 + 0363
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Maximum stress/strain

0jj = Omax €j =€max ; 1,Jj1=11,2,3} (orthotropic materials)
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Rankine

|Omax| = max(loj| ; i =1,2,3) = Opmax,s = 0,0 (brittle materials; cast iron)

Piet Schreurs (TU/e)



Rankine

|0-ma><| = maX”O-i‘ ) = 1»2v3) = Omax,t = Oy0

02

01

Piet Schreurs (TU/e)

(brittle materials; cast iron)

03

02
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De Saint Venant

. (¢} . . .
Emax = max(lej] ; 1 =1,2,3) = €max, = €40 = %0 (brittle materials; cast iron)

02

02 — V01 = 0y0
01 — V02 = 0y0

O-yO 01
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Tresca

1 = _ e
Tmax = %(O-max - 0-min) = Tmax,t = 3040 — OTR = Omax — Omin = 0y0

Piet Schreurs (TU/e)



Tresca : 2D yield contour

1
Tmax = 2 (Gmax -

1 —
Gmin) = Tmax,t = EGyO — OTR = Omax —

Omin = Oy0

02

01 =
02

K”\
01 = 0y0
0
0y0

=0

0yo 03

A

Piet Schreurs (TU/e)
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Tresca : 3D yield surface

Mohr — invariant for hydrostatic stress —
yield surface // hydrostatic axis
IT— plane L hydrostatic axis

01 = 02 = 03

03
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Tresca : st-plane

Tmax

)
[

Piet Schreurs (TU/e)



Von Mises

we = w¢

we = i(rd'(rd:i{cr'cr—ltﬁ(cr)} = —iJz(crd)

4G 4G V7 3 2G

1 1

—E(Gf—l—cg—l—(%) m(cl—l—cz—l—(rg)

1

Eé{(ﬁl—@) + (02 — 03)* + (03 — 01)%}
Wd_ 1 1 02 0 02 0 2\ 1 12 2 1 122
t —Eg{(c— )*+(0—-0)"+( —U)}—Eg O =4c3m

ovm = \/% {(o1 — 02)2 + (02 — 03)? + (03 — 01)%} = 0y0
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Von Mises : Cartesian stress components

ooy = 30907 =3

= (0>2<>< + G)zfy + Giz) - (GXXGYY + GYYGZZ + GZZGXX) + 2 (G>2<y + 0)2/2 + O-ﬁx)

= (Tyo

Piet Schreurs (TU/e) 447 | 694



Von Mises : 2D yield surface

02

01
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Von Mises : 3D yield surface

% {(01 —02)% 4 (00 —03)% + (03 — 01)2} _ 0}2/0
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Beltrami-Haigh
W= W,

1 1
szh Wd - ~d . d
+ 18Kt (o )—|—4G(r Co

<L — L) (01 +02+03)%+

1
18K 12G (01 + 03+ 03)

i

/1 1, 1, 1 ,
W*_<18K 12(;) Tac Y T2EY T2E

07 + 05+ 03) =0,

1 1 2E
e (ke ) oo 2 .

18K 12G 4G (
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Beltrami-Haigh : 2D /3D yield surface

03

02

01

L " //
/
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Mohr-Coulomb : 2D/3D vyield surface

02

Out

Ouc R . Out 01

oL 9 1
Out Ouc
Ouc
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Drucker-Prager

2 . 6sin(dp)  6cos(d) 02
V30T 0l 01 P T3 —sin(e) © -
01
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Other yield criteria

1
parabolic Drucker-Prager (3_/2 +3 ﬁo-yojl) > =00
1
Buyokozturk (3J2 +V3Boy0 — 0.2112) 2 — a0
02, 010 03 0%
Hill BN 0% |, %12
' X2 xy Tyt
Hoffman

L oD o (2o DYoni ()2 (L)
X, X ) RHT\Y, v )" Axx )T\, )"

1 1
(§> 0'%2 — (—XtXC) 011022 = 0
Tsai-Wu

Lo Do (- Domr () ()t
Xe X ) T\ v )R A ) T v ) T
1
(§> 0'%2 +2F12 011022 = 0

1 1
XeXe YiYe

with FZ >

Piet Schreurs (TU/e)

454 | 694



GOVERNING EQUATIONS

back to index



Vector /tensor equations

gradient operator  : V=V'¢

position : X=xTé

displacement : i=u'é

strain : e=13 (6?1) ’ + (6[1’)} =g'eéd
compatibility : V2{tr(e)} —V-(V-&)T =0

stress : o= ETgé

balance laws : V-oT+pg=pii ; o=0o"

material law : c=%C:¢e : e=*C':0=25:0
th.mech. mat. law : o="%C:(eaATl) : e=1%S:0+axATI
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Cartesian components

z
é, i
€x €,
g, X .

- €

€y Yy ‘ .
o €
Ex Y
................. €«

Piet Schreurs (TU/e)

GZZ

XZ

GZX

02

Ox)
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Cartesian components, 3D

T _ . T_| & © 20O . T _
)5—[Xyz] v YV =| 3% 3, o9z ) L’—[Ux uy
U x  Uxy + Uy Ugz+ Uz
£= % 2uy,y Uyz + Uz,
.. 2u, ,

2655y — Exxyy — Eyyx =0 —  cyc. 2x
Exiyz T €yzx — Ezxxy — Exyxz =0 —  cyc. 2x

T T
g =& = [ Exx  Eyy €2z Exy Eyzr  Exx :I
gT =0 T = [ O xx 0-yy 02z ny 0_yz O zx ]
Oxx,x + Oxy,y + Oxz,z +Pgx = pux (ny = ny)
Oyx,x T Oyy,y + Oyz,z + PGy = puy (0y, = 04)
Ozxx + Ozyy + 0222 + PGz = pll; (02x = 0xz)
g=Ceo=Ce , e=50e=35¢

Piet Schreurs (TU/e)

v, |
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Cylindrical components

z .
u
&
é: z
_ e r
€, X
é'y Yy
Ex €r
0
r
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Cylindrical components, 3D

x"'=[r 06 z] ; VT:[BE 1o 2

1
1 2Ur,r 7(Ur,t - Ut) + ug Up 2+ Uz,

)

1 1
£E=3 22 (ur + v ) TUz e+ Utz

2uy ;
2€rt,t — Errypt — Et,r =0 —  cyc. 2x

Erritz T €tzrr — Ezryrt — Ertyrz = 0 — cyc. 2x

el =¢
o' =0¢"=[0r Ou 0z On Ou O |

Oz + Oz z +pq: = PUz

ie
I

[
uem
Q
I

[
M
nem

=30e=50

Piet Schreurs (TU/e)

(Grr - O-tt) + 0z, +0qr = pu,
(Gtr + Grt) + Gtz,z + Pgr = pUt

) yT = [ ur ut
(0 = O)
(Gtz = Gzt)
(Gzr - 0_rz)

u; |
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Material law, 3D (No AT)

A Q@ R 0 O 0 a g r 0 0 O
Q B S 0 0 o0 g b s 0 0 O
| R S C 0 0 © 1 | r s c 0 0 O

g_0002K00_)é_£_000%k00
0 0 0 0 2L 0 000 0 3 0
0 0 0 0 0 2™ 000 0 0 3m

quadratic B=A;S=R; M=1L

transversal isotropic B=A;S=R; M=L; K=3(A-Q)

cubic C=B=A;S=R=Q; M=L=K#3A-Q)

isotropic C=B=A;S=R=Q; M=L=K=1(A-Q)

3D isotropic >

3D transversal isotropic >

3D orthotropic >

3D general orthotropic >

plane strain / plane stress / planar > > >
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Planar deformation : Cartesian

planestrain  : £, =¢€;=¢€,=0 Uy = Ux(x,y)
plane stress : 0, =0y, =0,, =0 u, = uy(x,y)

T=¢l= [ Ex &y  Exy ] :[ Ux,x Uyy %(“Xuf"'“y,x) ]

um
I

285,57 — Exxyy — Eyyx =0

GT:gT:[GXX Oy Oy |

Oxx,x + Oxy,y + Pgx = pux (ny = ny)
Oyx,x T Oyy,y + Pqy = pUy

Ap Qp 0 ap Qqp 0
g =| Q& B O ; ép =|q b, O

0 0 2K 0 0 3k

orthotr. pe/ps > > transv.iso. pe/ps > [> isotropic pe/ps > >
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Planar deformation : cylindrical

plane strain  : ey =é€p =€z =0 ur = u,(r,0)
plane stress : 0, =0,=0=0 ur = ue(r,0)
ET:§T: [ Err €t Ert ] = [ Ur,r %(Ur'i'“t,f) %(%(uf»t_ut)—i_ut»’) ]

2€rt, it — Erryet — Ett,r = 0

T Q'TZ[O'rr Ott O'rt]

g
O+ L 0ne+ 1 (0 — 0u) + pgr = pily (0t = 0)

Otr,r + % Ottt + % (o4 + 0rt) +pge = pile

A, Q, O ap qp O
g =| Q B 0 > ép =|a b 0
0 0 2K 0 0 %k
orthotr. pe/ps > > transv.iso. pe/ps > > isotropic pe/ps > >
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Axi-symmetric + u; =0

plane strain @ €, =€, =€, =0 ur = uy(r)
plane stress @ 0, =0, =05 =0 ur =0

T §T: [ Emr it ] = [ Ur,r %(U,) ]

€ =
Err = Upy = (rége) r = €4¢ + rége r
gT:Q'T:[ Or Ot :I

1 ..
Orr,r + ; (Urr - o-tt) + pgr = pu,

C = Ap @ . S — dp  dp
=p Q By ' =p 94 by
orthotr. pe/ps > > transv.iso. pe/ps > [> isotropic pe/ps > >
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SOLUTION STRATEGIES

back to index



Governing equations

unknown variables

displacements i=idlX) — F= (ﬁoi’)T — E, ¢

stresses Do — glo) =gl(oy,02,03) = gt
equations

compatibility C V2{tr(e)}— V- (V-¢)T =0

equilibrium : V-0l +pg=pi ; oc=o0'

material law : o=0(F) - o0=%C:e = e=1%S:0

boundary conditions
displacement
edge load
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Saint-Venant's principle

AR R R
U b

P:J'c(x)dA:GA : A=bxt

>
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Superposition

1
i A
F1
FL _
A
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Solution : displacement method
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Planar, Cartesian : Navier equations

Oxx,x + Oxy,y + pgx = pux N Oyx,x + Oyyy + Pqy = puy

Oxx = Ap&xx + Qpeyy

0y = Qpexx + Bpeyy
Oxy = 2Ke,y

Apox + Qpeyy x +2Keyy,, + pagx = piix
2Kexy x + Qpexx,y + Bpeyy,y + pay = pily

Apux,xx + Kux,yy + (Qp + K)uy,yx +Pgx = PUX
Kuy s 4+ Bpuy yy + (Qp + K)ux »y + pgy, = pliy

Piet Schreurs (TU/e)
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Planar, axi-symmetric with u; = 0, isotropic
1 .
Orr,r + F(O-rr - Gtt) + pgr = pur

O = ApErr + Qpatt*(apl‘XAT
Ot = Qpﬁrr + Apsttf@ploéAT

Aperrr + Qpert,r — Op1ot(AT), +
1 .
r {(Ap — Qpler + (Qp — Apen} + pgr = pily

1
Er = Urr €t = — Uy
r
1 1 p Op1
ur,rr+7ur,rfﬁur:A_p ( q,)+—Ap (X(AT) :f(r)
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WEIGHTED RESIDUAL FORMULATION

back to index



Weighted residual formulation for 3D deformation

equilibrium equation V.o +pG=0 VXevV
approximation — residual V.ol +pG=A(R)#0 VXevV
weighted residual

sz) -A(R) dV :JW. [6-0% pEi} dv

1% v
equivalent problem formulation
va-[ﬁ-aﬂrpa} dV=0 ¥V WE & Vo +pg=0 VeV

%
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Weak formulation

va- [ﬂ oT+pc7} dV =0

v —

Velol - w)=(Vw) :o"+w-(V-0")

JW-(GT-W)—(ﬁvT/)T:oTW-pa} dv =0 vV w

v . N

Gauss / Stokes JV (o vT/):J'ﬁ o’ vT/dA:J'vT} pdA
\4 4 A

J(W/)T odV:JvT/ pEidV—l—J'vT} BdA VoW

4 \4 A

J(W/)T:advzfe(m VoW

v
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Linear elastic formulation

J(ﬁmT:advo: J w-pgdVo+ J w - pdAyg = feo(W)
Vo Vo Ao

o= "C:

= *C:

—

{(Voii) + (Voi) T} = “C: (Vod)

NI~

J(&oW)T : 4C . (60[7) dVo — J W-pfidVo + J V_l}'ﬁdAo =S feo(W)
Vo

Vo AO

Piet Schreurs (TU/e)
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Matrix/column notation

J (éw):g (QOu)t Vo = feol

Piet Schreurs (TU/e)

w

)



Total Lagrange formulation

J (VW) :0dV =fi(w) ¥V w(X)
v
transformation to undeformed configuration ty

V=F Vo — (V@)= (Vow)-F*
dV = det(F)dVo = JdVp

weighted residual integral

J(%W)C.F*;amvo:eo(m Vo w(X)
Vo

P=JF'l.0c-F°

JV (Vow)©: (P-F€) dVo = foo(W) voow(X)
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lterative solution process

JV (Vow): (P-F)dVp = fuo(W) V¥ w(X)
F = (VoX)¢ = [Vo(X* + 8X))€ = (VoX*)¢ + (VdX)°

=F" +5F=F"+ Lo,

P=P"15P

JV (Vow)© : (P* +8P) - (F* + Loy) dVp = fuo (W) vV w(X)
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Linearisation

Low : (P +8P) - (F* + Lo,)° dVo = feo (W)

<C
!
X

JVy
~

JV
N

Low : (P*-Lg, + 8P -F*) dVp =
JVy

feO(V_I})—J' LOW:(P*,F*C)d\/O:r*
Vo

Piet Schreurs (TU/e)

Low: (P*-F*“+P*.Lg, + 6P-F*) dVf = feo (W) v
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Material model
P="*M:Ly, —

J Low : (P* . Lgu + (4M s Loy) - F*C) dVp =
Vo

feo(v*v)—J Low: (P -F<)dVy ¥ (%)
Vo

[ Low: 1P*Le) & Lo (F - *M™) 15, ave =
Vo

féo(VT/)—J' Low : (P -F<)dVo ¥ w(X)
Vo
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Matrix/column notation




Updated Lagrange formulation

J (VW) :odV =fi(w) YV wW(X)
v
transformation to begin increment configuration t,

V=F, %V, — (VW)= (V,w)-F,"
dV = det(F,)dV,

weighted residual integral

J'(ﬁ,,vT/)c-Fn_l:crdet(F,,)dV,,:f;,,(vT/) Vo ow(x) —
Vi

J (Vo)< : (F, - o) det(Fp,) dVy = fon(W) Vo w(X)
Vi
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lterative solution process

J (VW) : (F 1 o) det(Fp) dV, = fan(W) v w(X)
Vi

Fro = (VaX)S = {V,a(X* 4 8%))° = (VaX") + (V,8%)° -

= F} 4 6F, = F 4+ (V*0%)° - (V") = Fi + L} -F5 = (1+L%) - F

oc=0"+%0

J (VW) [(F) 72 (14 L)L (0% + 80) det{(1 +L}) - Fi)] dV,
Vi

= fen(W) vV w(X)

Piet Schreurs (TU/e) 483 / 694



Linearisation
A+L) 1L
det{(1+L7) - F*} = det(1 + L*) det(F%) ~ tr(1 + L*) det(F%) = (1 +1: L) det(F%)
weighted residual integral
J (VW) :
Vi

[(Fp) - (1—L}) - (0" +80)(1+1: L) det(F})] dV,
= fen(W) v ow(x)

further linearisation
Jv Ly, :o"l: L+ Ly, :60—Lj,: (" L) dV* =

£ (w) —J L : 0" dV* =
V*

rr Vo w(X)
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Material model
o =“*‘M: L} —
J Ly, oL+ Ly, "ML — L, : (0% L)) dV* =
V*

f;*(vv)—J L, :0"dV* ¥V w(x)
V*

Piet Schreurs (TU/e)



Matrix/column notation




FINITE ELEMENT METHOD

back to index



Discretisation

Vow



Isoparametric elements

isoparametric (local) coordinates
(51)52)53) ; 71S£l§1 l:1v2a3

Jacobian matrix

J= (VexT) " dV® = det(J) d&,dEadEs

Piet Schreurs (TU/e)
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Interpolation

3= NG+ N°F 4. 4 N"PF"P = |\
a = Nla,-1 + Nza,-2 o N™PRIP = |\

Piet Schreurs (TU/e)



Gradient

3= N3t + N232 4o NPePZNEP — NT 5
aj = Nla} + NZaiZ 4t Nnepanep NT

lm
Ll
)

I
I=
zmm

-
)

Il
<
Ly
ur~

:ﬁge
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Integration

d=N'G" 4+ N3+ + N"P5"P = NT 5
ai = N'al + N2a2 + - + NP = N T 5¢

Ll
5}
I
=
w

L°=Vi — L =B2°

VyeT J ﬁTﬂﬁdve Sut = WeTf-e _ WeTf?

we | B (W) 6 detty) deadeadea | su -

E1=—18&=—1&=—1
weTfe —weT ff

VyeT Ke 5ge — VyeT fz‘ _ VyeT f:e
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Integration

1 1 1

J glx1,x,x3)dVe = J J J f(&1,&,83) dE1dErdEs
Ve E1=—1&=—1&=—-1
nip . ) ) )
=) PFEPEDED)
ip=1
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Assemblation

Piet Schreurs (TU/e)



Solution

kii ko ki - a 0
kot ko koz c-- a 0

ksy ksy ks - al=1o — K= singular — detK=0

prevent rigid body movement with BC's
other BC's : prescribed displacements / loads / temperature

Su=K'r
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Program structure

read input data from imput file
calculate additional variables from input data
initialize values and arrays

while load increments to be done

for all elements
for all integration points
calculate contribution to initial element stiffness matrix
end integration point loop
assemble global stiffness matrix
end element loop

determine external incremental load from input
while non-converged iteration step

take tyings into account
take boundary conditions into account

calculate iterative nodal displacements
calculate total deformation

for all elements
for all integration points
calculate stresses from material behavior
calculate material stiffness from material behavior
calculate contribution to element internal modal forces
calculate contribution to element stiffness matrix
end ntegration point loop
assemble global stiffness matrix
assemble global internal load column
end element loop

calculate residual load column
calculate convergence norm

end iteration step

store data for post-processing
end load increment
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NUMERICAL SOLUTIONS
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Example

|isotropic | plane stress|p; = 100 MPa|p. = 0 MP3|
la=025m|b=05m |h=05m | E =250 GPa|v =0.33]

-4

X 10 ‘ ‘ ‘ ‘ 10 ‘ ‘ ‘
-
1.9+ ‘ : g Ny 5
15F > ot
1.8t : ; i o __o,
1r pRe TEsLl -
=17 1 =
£ £ o5
1.6r )
0
1.5/
14} i -0.5¢
13 : ' . . 4 ; ; ; ;
0.25 0.3 0.35 0.4 0.45 0.5 .25 0.3 0.35 0.4 0.45 0.5
r[m] r[m]
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Compound thick-walled pressurized cylinder

| isotropic | plane stress
lay =0.25m |a, =0.375 m| E =250 GPa |v =0.33

| pi = 100 MPa| p. = 0 MPa

lap=0375m|b=05m |E1=E GPa |E2=10E GPa
|vi2 =v/10 |v3 =v/10 |
gxloi 3’5108
0‘"
0,
67 O-ZZ
—_— ar
&
o
ol
) A — _
&25 013 0.‘35 0:4 04;15 0.5 _&25 013 0.‘35 014 0.‘45 0.5
r[m] r[m]
499 / 694
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Rotating disc

| orthotropic| plane stress|w =6 ¢c/s |
la=02m |b=05m |E =200 GPa|v=0.3|Gr=7500 kg/m?|

6 6
25%10 ‘ ‘ ‘ ‘ 25%10 ‘ ‘ ‘ ‘
— o
E
) \\ 7770{[
-~ 0y 2
15
= =
a L15
o ~. S
it
i
05}
% 01 0.2 03 04 05 05 0.1 02 03 0.4 05
r[m] r[m]
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Thick-walled pressurized cylinder: plane stress

la=025m |b=05m |h=05 m|E =250 GPa|v =0.33]
| pi =100 MPa|pe = 0 MPa|

x107 plaxLcylpsrur

plaxLcylpsdef 21

1525 0.3 0.35 0.4 0.45 0.5
r[m]
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Thick-walled pressurized cylinder: axi-symmetric

X107 plaxLcylaxrur x 10° plaxLcylaxsig
2 2
-
19 15 -0y
1.8 1 -z
— 1.7 = [RREN
E L o5
= 16 o
0
1.5]
14 -05
13 -1
0.25 0.3 0.35 0.4 0.45 05 0 0.1 0.2 .
r[m] r [m]
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Rigid rotation

plaxrigrotlax B 10* plaxrigrotlaf
15 i
E 2
® 05| o
2 !
£ H
— 0 3
Z g
5 -0.5] 2
1 0.5
% 5 10 15 0 5 10 15
@ 3
102 plaxrigrot3af
plaxrigrot3ax 6
15
5
1
4
© 05 °
3 2 3
7 0 8
3 8
5-05 2
a1 1
5 10 15 (Y 5 10 15
@ 9
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THREE-DIMENSIONAL MATERIAL MODELS
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ELASTIC

back to index



Elastic material behavior

P = G(E) with E=1C—1)=L(F.F-1

o=JF.P.F°
— J'F-G(E)-F¢  with  J=det(F)
= K(A) with A:%(B_”:%(F,FC_')
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Isotropic elastic material models

01

U = Ayfip1 o1 + Azfoz2 o2 + Azfiosiios
R = fiirio1 + faflo2 + fi3rios
F = Ayfiifior + Axfipfigp + Azfizfigs
P = JF ' (0177l + O2fiafip + 03fi3iz) - F €
=J {01?\1_2501501 + 02, 2fig2 gz + 037\3_21703503}

= S1No1M01 + S2No1Mo1 + S3M01M01

Piet Schreurs (TU/e)



P — E model

P = syfio17io1 + szfg2 A2 + S3703 703
E = e17ip17i01 + €2/l021H02 + €37H037703

P = ZsiﬁOiﬁoi
= G(E) = ) Glei) oo
= agl + a1E + 32E2 + a3E3 + ...

Cayley-Hamilton's theorem E3 = /1 (E)E®> — J(E)E + J(E)I

P = ool + o E + o E? with o; = «;i{h(E), L(E), L(E)}
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o — A model

O = 01711y + 02y + 031313
A = Aii1ny + Asiianis + Aszfiznia

o = ZO’,‘ﬁ,‘ﬁ,‘
= K(A) =) K(A)d;
= bol + b1 A + byA% + b3 A3 + ...

Cayley-Hamilton's theorem A3 = Ji(A)A% — (A)A + J5(A)l

o = Bol + B1A + BoA with Bi=Bi{Ah(A), L(A), J3(A)}
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Isotropic elastic material : o — A

o=J'F-P-F°

= J7'F- ool + o1 E + xE?] - F€

= J'F- (oo — 3o + o)l + (Ao — Fo)C + Lo C?) - F€

= {4(B)) 2 [(xo — o1 + a2)B + (301 — 1x2)B® + 22 B
B® = /1(B)B? — »(B)B + J(B)l

=57 [Roy — Lao + Lo ) B2+

(o — 301 4 a2 — 202 )B + a5

A=1B-1) — B=2A+I
A°=1B°-1B+1l — B?>=4A>+2B-1

= U7 V? (200 — 2060 + 01 )A? + (oo + Lo + Sy — Lo o) A

(g + g — %0(2 + %(Xle — %OCQJ2 + %“2.]3)']
= B2A% + B1A + Bol
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Linear P — E model

P = xol + o E + oz E? with o = ;i {h(E), h(E), ;(E)}

linear — 1. o =0
2. o1 = constant = ¢
3. o = linear in E = ¢otr(E)

P = tr(E)l + ¢ E
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Tensile test

P=co3(A> — 1)+ 2cod(0* — 1) + c13(A* — 1) .
0=co2(A>—1)+2c3(n* — 1)+ c13(0* — 1)
1(,.2 O 1(42 122
12 1) =— 102 1) = v1IA2_1
5 (1 ) St 2 ) V5 )
ca(B3co+c1) 142 112
p=aloTaline 1) _EF1?_1
2¢c)+ ¢ 3 ) 2 )
7,
6|
5|
4
23
2|
1
0|
_35.5 1 l}.\S 2 25 _18.5 1 1);5 2 25
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Simple shear test : plane stress

033=P;3=0 — «lEun+En+Ess)t+abs=0 — Ep=-— (Enn + Ex)

Co
G+a

F =1+ (F3—1)&6 +vér&

E=L(F-F-1)=}[y&&+y(@& + &8) + {2(Fs — 1) + (Fis — 1)*} &&]
F33 = /2Ex3+1 — J=det(F)=F3=+/2E53+1

P=—2% (Fy+Ep)+aE

c+ca
= % 1214 aly?8e + aly(és + &&)

c=J'F-P.-F =J! [P+ (YP2+vPu+Yy 2Pp)é18 +yYPu(818 + &a)]
pr=€:0-&=0n ; Pps=€-0-6&=01

Fn = pndwo = paFasdowo 5  Fs = psdwo = psFazdowo

10° 108

Piet Schreurs (TU/e) 513 / 694



Linear 0 — A model

o = Bol + B1A + BoA? with Bi=Bi{A(A), ~(A), S3(A)}

linear — 1. p=0
2. 31 = constant = ¢;
3. Bo = linear in A = cotr(A)

o = qtr(A)l + A
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Tensile test

o=c 3N —1)+20 (¥ — 1)+ J(A*—1) .
0=cgs(A*—1)+2¢ (0> — 1) + 1 3 (0> — 1)
10,2 Y 1(y2 1032
5 —1)=-— > —1)=—vz(A"—-1
B 1) = = S 1) = v (1)
co(3co + c1) 12 1(2
=—— (A —-1)=Ex(A"—1
¢ 2C0+Cl 2( ) 2( )
F =0A=op’Ay = 3(A* — 1){1—v(A\> — 1)} EAg
5105 14,
12
10
< 6
4
2
35 1 15 2 85 1 15 2
A A
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Simple shear test : plane strain

RN

F=l+yés
B=F- -F =1+v%&8& +v(&& + &&)
A=1iB-1)=1yae + ly(aa+&a

bl

0 =3Vl + a3y’ 88 + a3y (éé + &8&)

1.2
033 = C03Y

= = 1 2 . = = 1
Pn =606 =C5Y ; Ps=€°0-6=C0a03Y
Fn=padowo 5 Fs = psdowo
5 5
8 10 12 10
6 10
8|
4 =
R
5 w
4
0 2|
. 0 0.5 1 15 2 85 0 05 1 15
v y

Piet Schreurs (TU/e)
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Simple shear test : plane stress

033 = (A1 + Ao + As3) + c1As3 =0 —

C
Az = — —— (A + Apn) — F= V2A;3 +1
C+ C
CoC1
c+a

(A11 + A)l 4+ A

A =17%88 + 3 v(8& + &&)

CC 1 2 1.2 = 1 (= = o
o=—"—3Y1+ajsy€é +asy(ée + &é)
c+a
o - GC 1 o> | = - 1
prn=8&-0-&=—"3y" ; ps=&-0-&=c3Y
G+ a
Fn = padwo = ppF3sdowo 5 Fs = psdwp = psFazdowp
3><1o5 ‘ ‘ ‘ 15x104
2
10
h ; ]

F.IN]

Piet Schreurs (TU/e)
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Hyper-elastic material models

1 2 dw(C)
J dC

.F€
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Isotropic hyper-elastic model : P — E

¢ = $(E) = ¢{h(E), L(E), 5(E)} —

_d0dh dbdh 20 dk
04 dE 3 dE 33 dE

dJ1 dJ2 dJ3

— =1 : —~ = JI—E : — = hl— HhE+E?

dE dE dE

_(9% 00 . 09 _ % 99
P_<6J1+6J2J1+6J3J2 |+ o aJ3J1

= ol + uE + OczE2

Piet Schreurs (TU/e)
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Isotropic hyper-elastic model : P — C

W =W(C) = W{AL(C), L(C),/5(C)} —
_ _(OWdh  OWdh W dh
P= 2<6J1 dC " ahdc T an dC)

dy C dh T )
E— N E—Jll—c N E—JQI—J]_C‘FC —

W W W oW ow ,
P—2 PECALAYR PPy LA c+22%c
<6J1+6J S 2) + ( oh ) M YA

= &gl + 1 E + 5C2E2
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Isotropic hyper-elastic model : o — A model

1 2 dW(C)
— ZF.P.-FF=ZF. . F€

=7 J' T dc

2 (awcu1 AW dJs aWdJ3> e

34 dC "3k dc Tk dc

vas

2 ow ow ow ow ow owy L,
- |

oA {<6J1+J16J +J2a_j)+< b JlaJ3>C+<aJ3>C}

2

vas

2
F- (vol +v1C +v2C?) -F¢ = War (voB +v1B® +v2B?)
3

B® = /B> — 1B + sl
[(v1+v24)B? + (vo — V2)B + (v25)l]
A=1B-1) - B=2A+1 — B>=4A>+2B-|I
= 2= [+ 072D )AT+ [y + 271+ 22— Vol At
(Yo —v1 + V2t —v2ho + v2hs)l]
= B2A% + B1A + Bol
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Incompressibility

J=det(F)=1 — det(C)=L4(C)=1 — W(C)= W{h(C),L(C)}

oW ds W db oW aw %
poo(Wdh OWdh) ,[(W W, )W
<6J1 ac "o dc> {(ajl LY Jl) anc}

oW aw oW _,
:F.P.Fc:2 _— —_— B——B
© {(ajl 35 Jl) A }
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Incompressibility

o=—pl+F-P-F°
:—pl+2{<m+mJ1>B—mB2}

6J1 an aJ2
=—pl+7t
hydrostatic pressure Lp : extra unknown
incompressibility condition  : det(F)=J=1 . extra equation

Piet Schreurs (TU/e)
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Rivlin models

=Y Y GlalC)=3}{L(C)=3V  with Cp=0

i=0 j=0
h=tr(C) =N+ A+ A3
b =1 {tr*(C) —tr(C*)}

2
{48~ (g +09) }
AIAZ + A3A3 + A3AT
J3 =det(C) = AIA3N; =1

n

cﬁ+ﬁ+ﬁ 3)’ 1,115y
il MMM

-3

i=0 j=
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Neo-Hookean model

W = Cy(h —3)

o=—pl+2C,B

Piet Schreurs (TU/e)



Tensile test

S - R .
B = A\%61& + 1 (& +e3e3)=?\2e1e1+x(ezez+e3e3)

- 1., .
o = —pl 4+ 2CioA\%E1 8 +2C10X(6262+e3e3)

o=—p + 2Cio\?
1 —
O=—p+ 2C10X
1
o =2Cio(A\? — X)

1 1
F =0A=o0ulA; =0~ Ay = 2C10A0(A — —
OA = op Ay = 05 A Cio0Aol )\2)
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Mooney-Rivlin material model

W = Clo(J1 — 3] + COl(J2 - 3)

0 = — pl 4 2{Cio + Co1tr(B)}B — 2Cp;1 B?
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Tensile test

B =\2618 + 12(6:6 + &8) = \&i61 + ~ (66 + &8)

2
tr(B) =A%+ =
r(B) +)\

S
B? = \*6& + ﬁ(ezez + &8&)
2 .. 1 .. N

o = —pl + 2{Cio + Con (N> + X)}{A26161 + X(ezez + &¢3)}

- =

R
—2Cn{N*eE + ﬁ(ezez + &8&)}
2
o=—p+2{Co+ Co1 ()\2 + X)})\Q — 2C01)\4
2.1 1
2
0=—p +2{Cio + Co1 (A" + X)}X - 2C°1ﬁ
1
ﬁ)
, 1 1
F=0A=0op Ay = o5 Ao = 2A0{ Cro(A — ﬁ) + Cor(1 — 3}

1
o =2C(A* — X) +2Co1 (A —
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Other energy functions

3-term Mooney-Rivlin W = cio(i —3) + co1(o —3) + c11(J — 3) (S — 3)
Signiorini W = cio(h —3) + cor(So —3) + o0 — 3)2
Yeoh W = cio(1 —3) + coo(h — 3)2 + c30(h — 3)3

2nd-order invariant model

W = cio(h —3) + co1( —3) + c(h —3)(Jo — 3) + (1 — 3)?

Kloaner-Segal

W = cio(h —3) + co1( — 3) + co(h — 3)% + cos(do — 3)°

James, Green, Simpson (3rd-order deformation model)

W = cio(h —3) +co1(Jo—3) + c11(J1 —3) (o —3) + co0(h — 3)* + c30(J1 — 3)°

Piet Schreurs (TU/e) 529 / 694



Ogden models

N 2
— 1
W=§ M )= (A" +Ag +>\§‘"—3)+4.5K<1—J§>
o
n=1

Wy moduli

x, : exponents

K :  bulk modulus

J :  volume ratio = det(F)

foam model

N N
Hn o oo o Hn "
ga— (AZ £ AZ" 4 AS _3)+ZB_(1—JB)

n=1 """
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Linear P — E model

@ stress update

@ consistent material stiffness tensor for 6P  —
Total Lagrange formulation

@ consistent material stiffness tensor for b0 —
Updated Lagrange formulation
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Stress update

P = cotr(E)l + c.E with E

()

=1qC:+1cC—1(3c+a)l with C=F°-F

c=J'F-P-F =J'F-(P-F)=J'F-(F-P°)°

Piet Schreurs (TU/e)
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Stiffness

8P = 2cp8C: I+ 1c;8C
C=F°.F - 5C = 6F°-F+F°.5F
= 2co (8F°-F+F°-8F) : Il 4 3¢, (8F°-F 4 F° - §F)
co(F°-8F) : Il + 3c; (8F-F 4+ F° - 5F)
= col(F® : 5F) + ¢t {(F° - 5F)° + (F° - 5F)}

c=J'F-P.-F° —

60 = J ' [-8JF-P-F +8F-P-F +F.-5P-F + F.P.5F]
§J=Jtr(L)=JL:1 ; O6F=L-F
=J ' —(L:D)F-P-F 4+ (L-F) -P-F°+
F-oP-F 4+ F-P.(F°-L)
=—(L:lo+L-c+0-L°+J*F.-6P-F°
=—o(l:L)+ (0L +0-L°+ J'F-(F-5P°)°

Piet Schreurs (TU/e)
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Matrix/column notation

P=1¢C:N+3cC—31(3Bc+all with C=F-F
P=1aCTll+iaC—4Ba+a)l with C=FEF
c=J'F-(F-P)F

o=JE(EP,)=JEEP

r=t
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Matrix/column notation

5P = col(F€ : 6F) + lcl{(FC-éF)C + (FS-5F))

L)+ (0-L) +o- LC—|—J_1F (F-8P°)°

L+o, g+oL +J° 1FF 6P
= [-ol"+e, +o+JEE M}Lt:Mét

Piet Schreurs (TU/e) 535 / 694



o — A model

@ stress update

@ consistent material stiffness tensor for b0 —
Updated Lagrange formulation
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Stress update

o = qtr(A)l + ciA with A=1B-1

=21B: I+ 1B — 13+ 1)l with B=F-F°
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Stiffness

50 = 2B : Il + 1ci0B
= 2co{(F-0F°) +F-5F}: ll + ¢ {(F-8F°)° 4 F-5F°}
= co(F-8F) : N+ 1, {(F-5F°)° + F-5F)
= olF : 5F° + ¢y {(F- 8F°)° + F - 5F°}
with SF=L-F = (F°.L)° and LS=Vi
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Matrix/column notation

o=13cB:ll+3cB—1(3c+ i)l with B=F-F°
o=3aB"lI+3aB—3Bata)l  wih  B=FF,
do = COIF:6FC+%C1{(F-6FC)C+F-6FC} with 8F=L-F = (F°.L°)¢
50 = olFTSF + b {E,5F, + ESF,}
= [elET+1a {E, +E}] oF with — 8F=(EL,) =E, L

-

H\
n‘n

"E,+3a(EE, +EE)| L =ML,

rc—tr
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Examples

@ Tensile test
@ Shear test

Piet Schreurs (TU/e)



Tensile test

Piet Schreurs (TU/e)

Cartesian cylindrical
initial width wo | 100 | mm initial radius | rg \/(10/7'[) mm
initial height ho | 100 | mm initial height | hg 100 mm
initial thickness | dy | 0.1 | mm

modulus 100000 | MPa

Poisson ratio 0.3 -
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Elastic models in tensile test

plane stress; o ~ ¢

10° plaxlictpsgifa plax11ctpsglaa

14
4 12|
2| 10
z 9 NE 8
i <6
-4 4
6 2

65 1 152 25 3 05 1 152 25 3

plane stress; o ~ A
10° plax31ctpsgifa plax3ictpsglaa
14
12|
10
= << 8
3
o £

<6
4
2

85 1 15 2 05 1 15 2

A A
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Elastic models in tensile test

plane stress; P ~ E

x10° plax41ctpsglfa plax41ictpsglaa
5 14
4 12
3 10
= < gl
Z g
w £
1
4
0 2|
b5 1 15 2 25 85 1 15 2 25
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Total Lagrange formulation

plane strain; P ~ E; Upd.Lag.

plax41ctpeglfa

plax41ictpeglaa

1 15 2

plane strain; P ~ E; Tot.Lag.

plax42ctpeglfa

Piet Schreurs (TU/e)

plax42ctpeglaa

15 2
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Shear test

initial width
initial height
initial thickness

Wo
ho
do

100
100
0.1

mm
mm
mm

Piet Schreurs (TU/e)
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Elastic models in shear test

plane stress; o ~ A

10° plax31shggfx 10° plax31shggfy
10
z
-
5|
-0.5 ) 05 1 15 2
y

plane stress; P ~ E

10 plax41shggfx x 10° plax41shggfy
2, 4
2 12
10
15
= = 8
z z
z 3
w* uw” g
0.5] 4
0 2|
70—'5.5 0 05 1 15 —85 0 05 1 15
A \
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ELASTOPLASTIC

back to index



Elastoplastic material behavior

Oy
E (0
H —
‘c'P €e

0<0o, — &=¢&

0=0, — E=E+¢&

Piet Schreurs (TU/e)



Kinematics
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Elastic deformation

metal alloys ~—  small elastic strains ~—  hypo-elastic model

o="*C:A,

‘C=cll+ Sa(“I+ M) = Ki+26 (Y1 1n)

invariant tensors

oa=A-0-A° =0}, with A*=A-Q° V Q
()'A:A-{(A’l-A)-G—I—G'(A’l-A)‘—I—d}°AC:A-8‘A-AC:()'Z

objective elastic law oa= *C:D,

Piet Schreurs (TU/e)
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Yield criterion and hardening

yield criterion

effective plastic strain

hardening law

Kuhn-Tucker relations

Piet Schreurs (TU/e)

0
o, =0y(0,0,8p) with 4 = H(gp)
0¢p

{(F<0)V(F= OAF < 0)} — elastic
{(F=0A(F=0)} — elastoplastic
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Von Mises plasticity

ol
©
Il
wWIN
O
<
O
<

d. d_ 2=
F:%O' 107 — 0y (8p)

F =266 — 20,6, = 266 — 20, Hé,

=30%: 6 —20,Hé, =30%: 64— 20,Hé, =0
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Elastoplastic deformation

F—O
: OF
DPZA%:)\a
oF oo 0
=307 2o — 1397 Mg {o—strlo)} =307 (1 —3M) =30
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Constitutive model

{((F<OV(F=0AF<0} — D=D. — =0

8‘A=4CZD — 6'A=4CA:DA

{((F=0)A(F=0)} — D=D.+D,
G4=*C:(D—Aa)
. . _>
200 —20,Hep, =0
b‘A = 4CA: (DA—}\aA>
30'% : é'A—2GyH}\1/%aA:aA =0
()'A = 4CA2 (DA—XaA)

30'dA: 4CA:DA—}\<30"Z\: 4CA:aA—|—2GvH\/%aA:aA> =0

oy = 0y(0y0, €p)
Piet Schreurs (TU/e) 554 / 694



Incremental analysis

ﬁ' Fn(tn+1)

(1) = Fa(1) - F(ta) — Fu(1) = (VaX) = F(1) - F(t5)

=1 (FoF +F, 0 F) = 4R, (050,74 U, 0,) -

D
Q:%{F"-Fgl—F;C-F,i}=Rn-RZ+%Rn- (Un-U;l—Uil-Un) ‘R;
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Elastic stress predictor

elastic trial stress e =0(t,) + *C: (A = Alty))
yield criterion F = %o‘ﬂ : (rg — Gﬁ(cryo, Ep(tn))

F <0 — elastic increment
F>0 — elastoplastic increment

matrix/column notation
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Elastic increment

G(thrl] = 0O¢
AN=0

Ep(“-'n+1) = Ep(tn)
0-y(“-'n+1) = Gy(tn)
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Elastoplastic increment

Ga=%Ca: (DA - 7\aA>

309 : 4CA:DA—}\<30'Z'\: 4CA:aA—|—2G\,H1/%aA:aA> =0

Dienes tensor and Dienes derivative

) ®
op=R;-0-R, — o&p=R;-0p-R,

DD:RE-D'Rn:%(Un'U;1+Un_1'U")

60 = *Cp : (DD - }\aD)

3(7%2 4CD :Dp —j\ (30‘%: 4CD:aD+2cryH\/%aD :aD> =0

Piet Schreurs (TU/e)
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Rotation neutralized elastoplastic increment

e incremental rotation neutralized

th LT < tht1 : R,=1 ; Dp=D ; ap=a
T=th1 : Rn(thrl) = F(tn+1) . U_l(thrl)

; *Cp="*C

e incremental principal strain directions constant 7, (T) = H,i(t,)

3

Un(t) = ) Ani(T)ini(tn) ini(tn)

i=1

3 .
. _ Ani T - - A
D= Un' Unl = Z (AHIET)> nni(tn)nni(tn) :An

i=1

—

constitutive equations
o0 =*C: {A,~Aa}
309 : 4C:/\n—7\<30",3: *C:a+20,H %a:a) =0
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Rotation neutralized stress update

6p = *C: {/\" —7\a}

30"5:4C:/\n—7\<30d0:4C:a+2GyH %a:a) =0

op =0op(ts) + *C: (A, — AXa)

3og:4c:/\,,—m\<3o;_i,:4c:a+2oyH %a:a) =0
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lterative stress update

‘R:50p + toA = —s;

u:60p+ voA=—s

R="1+3A0C: 4

Nl=

u=(3*C-1:"*C) :/\,,—A)\{(S“C—II: “C):a+40,H(3a:a) 2a: 4|}

v=3%C:a:0)+20,H\/2a:a

s1 = 0p—0p(ts) — *C: A, +AN*C:a

s =309 : 4C:/\,,—A7\<30“Z,: 4C:a+20yH\/§a:a>
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Stiffness

op—0p(ty) — *C:A,+AN*C:a=0

30"”D:4C:/\,,—A)\<30'dD:4C:a—|—2GyH ga:a> =0

dop =0op(ty) + *C:6A,—A*C:a—AN*C:6a=0
3509 : *C: A, +30%h: “C: A, —
5)\<30'dD:4C:a—I—2GyH %a:a)—
AN (3&;%; *C:a+30%:*C:sat

260,Hy/3a:a+20,H}[3a: a]_1/2%a : 6a> =0

Piet Schreurs (TU/e)
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LINEAR VISCOELASTIC

back to index



Linear viscoelastic material behavior

Piet Schreurs (TU/e)



Constitutive model

Piet Schreurs (TU/e) 565 / 694



Incremental analysis

[O)t] — [tl :0» 1, t3, ..y tny tht1 = t]

At =ty — t; ;o i=1,...,n

e(’r):e(tn)—l—(’r—tn)i—': — £ =%
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Stress update

t

_t=T
oi(t) = *C;: J e T g(t)dt
=0
[t t
_t== _t=x
= C;: J e T g(t)dt+ J e T g(t)dT
Lt=0 T=t,
B t
_At _b—T =
=4C;: e @ J e T g(T)dTt+ J e T g(t)dt
L T=0 T=t,
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Stress update

At

th T

At ; =T Ae At ; =
oi(t)=e 7w o(t,) + *C;: J e © —dt=e W oty + *C;: J e T d

T

_At A
=e Ti()',-(t,,)—l—4C,-:’|7,-<1—e T:) A:

N
ot) = *Coo 1 e(t) + ) 0i(t)
i=1

= Co 1 e(t) +

N At A
Z{ T oi(t,) + *C; : T,(l—e TI)Aj
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Stiffness

N At Ae At
T oo 4C. — 11— T
Z {e oi(t,) + “C; AL T ( e )}
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Isotropic material

o=1%C:e
- [Ml—i—Zu“ls} = [Au+u(4|+ 4|’C)] e = Altr(e) + 2ue
= (3N +2u) 2tr(e)l +2pe? = (3N +2p) e" + 2p €
=3Keh+2G¢?
=o'+ o

E
_1 _
K=1(3\+2p) =)
E
- Ev
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Isotropic viscoelastic material

o(t) = a”(t) + a9(t)

=3 J K(t—’r)%{sh('r)} dt+2 J G(t—T)%{Sd(T)} dt

Piet Schreurs (TU/e)
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Stress update

N
o(t) = *Co 1 £(t) +Zof(t)
= +Z[ Tlcr, ty) + *C;: T,(l—e%> %]

= 3Ky Ae" +2G, Ae? +

Noro_ar T _At
Z [e T ooj(t,) + A (1 —e T ) {3K,-Aeh + 2G,-Asd}]

i=1
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Stiffness

50 = 3K, 06" + 26, 6e9 +
N At

T; _
> A (1 —e T ) {3Kide" + 2G5}

i=1

Piet Schreurs (TU/e)



Matrix/column notation

olt) = (3K A"+ 26 A7) Ac+
N At

> e T gl

i=1

Ti —% ah - ad
= (1—e :){3K,é +2G; A }] Ae

50(t) = [(3Ku A" +260 A7) Be+

At

N _ae
;A—t (1—e m) (3K,-4h+2(;,-éd>] 5
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Initial stiffness formulation

N At )
Ac(t) = 3KpAe" +2GyAed — ; [1 — (1 —e T ) Z—J {3KiAe" +2GAe} —

N At
> (1-¢7% ) fotit + ot}
i=1

50 = 3Kpde + 2Gyde? —
N

> i—(1- )& {3Kid5e" +2G;5¢}
¢ At ' ’

i=1

Piet Schreurs (TU/e) 575 / 694



Tensile test

Piet Schreurs (TU/e)

E [MPa] | T]s] E [MPa] | Ts]

1 3.0e6 3.1e-8 2 1.4e6 3.0e-7
3 3.9e6 3.0e-6 4 5.4e6 2.9e-5
5 1.3e6 2.8e-4 6 2.3eb 2.7e-3
7 7.6e4 2.6e-2 8 3.7¢4 2.5e-1
9 3.3e4 2.5e+0 || 10 1.7¢4 2.4e+1
11 8.0e3 2.3e+2 || 12 1.2¢4 2.2e+3

12X 10*

11

30 0.62 0.64 0.66 0.68 011 0.12

576 / 694



VISCOPLASTIC

back to index



Viscoplastic material behavior

0<0, — &=¢&

0>0, — E=¢E+Eéy

Piet Schreurs (TU/e)



Kinematics

Fup E.
F = (VoX)* =F.-Fy
C=F.F ; B=F.FF ; E=c-
L=F-F'=(VyS
= Le‘|'|-vp = (De‘|’Qe) + (Dvp‘|’va) = (De+Qe) +Dvp
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Elastic deformation

polymers ~ — large elastic strains ~—  hyper-elastic model

. 2 .
OW(E.) aW:Ffl-T.F*C - P:2—aW:C

0E.  ~oC. oC?

WA, A2, A3) = S {A3 + A3+ A3 =3 —2In(N)} + LA {In()))?

vE E

with A=y ¢ M anew

Piet Schreurs (TU/e)
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Yield criterion and hardening

yield criterion F=T—1,(5p)
t
effective viscoplastic strain Ep = J €vp dT
T=0
. _ . 0Ty, -
hardening law T, =T,(Ty0,Evp) With 3% = H(ep)
€p
Kuhn-Tucker relations F<O0 — elastic deformation
F>0 — viscoplastic deformation

Piet Schreurs (TU/e) 581 / 694



Von Mises plasticity

Piet Schreurs (TU/e)



Viscoplastic deformation

t

F:O

oF . .
Dvp—%a——?\a — C,=2F.D,,-F=2AF-a-F

oF aT 12 3
a—= a’td ey = B (%Td : Td) . 4|} : [a {T— %tr(’c)l}
- Td)fl/Q - (4| _ %") _ % (%Td : Td)71/2Td

Td

Nlw

Nlw NIlw

—~

Al =

>

€p=A\/5a:a
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Constitutive model

F<0 — €=¢C,

2 .
P—ZaW C ; Cr,=0 ; Ep =0
oC?
F>0 — C=C —I—Cvp —
. 2w /. .
P:2ac2'(c 2F°-a-F)

N
A=vb(F) =y (T—FO>
y

Piet Schreurs (TU/e) 584 / 694



Incremental analysis

Piet Schreurs (TU/e) 585 / 694



Elastic stress predictor

2w
elastic trial stress P.=P,+2 e :(C=C(ty)) —= Te=F-P.-F°
yield criterion F= % (Te)d : (Te)d — T, (Ty0, Evp(tn))

F<0 — elastic increment
F>0 — elastoviscoplastic increment

matrix/column notation
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Elastic increment

T(thrl) = Te
AN=0

Evp(tn+1) = Evp(tn)
Ty(tn+1) = Ty(tn)

Piet Schreurs (TU/e)



Viscoplastic increment

2 . .
J V;/ :(C—2F°-)Aa-F)
oC

N
A=votr) = ()

y0

P=2

W
oC?
AN = Atyd(F)

P=P(t,)+2 :{C—C(t,) —2F°-AXa-F}
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Viscoplastic increment

-1 —c -1 —c 2w ¢
Frlom PO = F () - lta) - F(ta) + 255 +{C = C(th) — 2F°-Aha-F)

AN = Atyd(F)

F,=F-F'(t,) — C-C(t,)=F-(1-F,“-F,')-F=2F.e,-F

62W

T=F,-(t) - FS +4F - :F°. (e, —Aa) -F-F¢

AN = Atyd(F)

2 Ic,rc
“H=4F. (F- % : FC) CFE = 2(u— Aln())}1H17 + AN

t=F,-1t(t,) -FS+ *H:(e,—ANa)=1.—AA*H:a
AN = Atyd(F)
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lterative stress update

0T — 0T +

with

plane strain

Piet Schreurs (TU/e)

AN — Atyd(F) =

T—T,+AA\*H:a=0 }

3Te = M1OA + *My - 61
d4H

4

5H_<aJ 5J="cbsJ

ba = <6a> 5t = *b: ot
ot

d)=JhOA+Jr: 6T

6Ttr == 0

*H:adbA+ANS*H:a+ AN *H:6a=—s;

ON — Aty(?dl_z)a o0t — Aty (g?;) (ae
vp

) O\ = —S2

)

0J=0
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lterative stress update

‘R:STHEON = —s;
u:dtT+vdl=—s

‘R=4"1+AN*H:*b+ Ar*c:aly — "M,
t="*H:a+A\*c:aJ; — M;

u=—Aty <g—i>a

0 oF
1m0 (%) ()
vp

s =T—Te+AN*H:a
S = AN— Aty ¢(F)

Piet Schreurs (TU/e) 591 / 694






Stiffness

T=F, 1(t))-FS+ “H:e, — AA*H : a
H
AN = Aty &(F)

61:6F,,-~c(t,,)-Fﬁ+F,,-T(t,,)-6FC+64H:(e — ANa)+
*H:6e,— *H:ad\— AN*H : <a> ot
oT

6)\:[{Aty (g—i)}/{l—m (gi) (aevp>}] a:dt=qa:dt
{4I—|—A)\4H: (%) +c1“H:aa}:f>T

8F, - t(ty) -FS+F,-t(ty)-8FS +8*H : (e, — ANa) + *H : de,

WosT=*E:6F, — o&t="2V ':%:5F,
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Stiffness
OF,-T(ty) - FS+F,-x(t,)-6FS = *T : §F,
J = det(F,) = det(F, + 6F,) = J(1+F,' :8F,) — 8J=JF,':5F,

9*H 9“H
4 = _— = _ —1.
5H_<aJ>5J <aJ>(JF" : 5F,)

e, = —16F, -F,' — LF .6F, ' = —*A;: 6F,!
§F,' = —F,'.8F,-F,1 = —*A,: 6F,

de, = (*A;: *A,) : 0F, = *P: 6F,

Piet Schreurs (TU/e) 594 / 694



Consistent material stiffness tensor
1
T=Jo — o= 7 T -

do = % (6t — 0dJ)
_Lgay -t 1) .
_7{ V' YE— oJF; }.6F,,
= *C:¢F,

=*M:L,
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Matrix/column notation

b0 = *C: 6F,

H
5Fy = (F“(62) - 6F)° = 8F, = (E,"(t)0F,) = 0Fn = F, (t)0F
= ~ t - ~
_)

5F = F. LS

Piet Schreurs (TU/e)
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Plane strain

d)=J0A+J2: 06Tt =0

5Ty = MidA + ‘M, : 61 =0

Piet Schreurs (TU/e)



lterative stress update

R: 6T+ tON = —s1

u:dtT+ v =—s

‘R="*1+AN*H: b
t="H:a

u=—Aty (%)a

0 oF
(%) ()
vp

ss=T—T,y+AN*H:a
S =AN— Aty d(F)
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Matrix/column notation

—
T
A Y
< ue+
[
—
o (o)
> uq
[

Il

|
—
g o
[
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Stiffness

do = 4C;5Fn: {4V_1:4E—0'JF;1}:5F,1

1
J
*V={*"1+A\"H: *b+ c;*H: aa}
‘E={"T+%:(e,—Ara)JF,' + *H: P}
§F,-t(ty) - FS + F,-t(t,) - 0FS = *T: 6F,

de, = *P: oF,

Piet Schreurs (TU/e)
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Matrix/column notation

5

e}
|
|'g}
~
on
T
3
~—
~
|
L —
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Plane stress
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lterative stress update

‘R:5T+tOA = —s;

u:dtT+ v =—s

‘R=4—*M, + AA*C:aly + AA*H: *b
t=—M; +AN*C:aJ; + *H:a

u=—Aty (%) a

0 oF
oo (38) ()
vp

S1 =T — T+ AN*H : a
s = AN — Aty O(F)
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Matrix/column notation

| ——
o [eg)
> uq
—_ 1
Il
|
1
G
| IS

R=1—M,+A\Ca J] +ANHb,
E:—M +A?\Ca J1+Ha

- (3):

=1-onr(58) (52)
vp

$, =17, t AN,

S$o = AN — Atyd(F)
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Stiffness

50 = 4C: 5F, = {4v‘1: “E— oJF;l} : 5F,,

1
J
4V={4I—|—A?\4H: (%) —|—c14H:aa}

4 4 0*H —1, 4 4
E=1'T+ (55 ):(e—AralJF 4 "H: *P

8F, - t(t,) - FS +F,-x(t,) - 6FS = *T : &F,

Piet Schreurs (TU/e)
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Examples
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Tensile test

1

initial width

initial height

initial thickness

Wo
ho
do

100
100
0.1

mm

mm

mm

initial radius

initial height

n

(10/7)
100

mm

Piet Schreurs (TU/e)
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Tensile test at various strain rates

E 1800 | MPa | v | 0.37 -
oy | 37 MPa | H | -200 MPa
8% 0.001 | 1/s N |3 -
a 500 MPa | b | 700 MPa
c 800 MPa | d | 30000 | MPa
Al
elongation rate = {0.01,0.1,1} s ¢
0
400 3000
350f
25000
300}
250} ~ - 33231 2000
' - - deps =0.01 .
S2000 S S T — 1 £.15000 -
® 150/ -
1000}
100} -
5000 — deps=1
50r ---deps=0.1
- deps =0.01
o 11 12 13 14 15 ° 11 12 13 14 15
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Shear test

initial width
initial height
initial thickness

wo
ho
do

100
100
0.1

mm
mm
mm

strain rate

Piet Schreurs (TU/e)
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NONLINEAR VISCOELASTIC

back to index



Nonlinear viscoelastic material behavior

. Ee _ £y
E e
H o
ANN—2
o=Ss+w

Piet Schreurs (TU/e)



Kinematics

F=(VoxX)* =F.-F, = J*°I.F.-F,

C=F.F ; B=F-FF — B.=F.-F,

L=F-F'=(VyS
= Le+Lp:(De+Qe)+(Dp+Qp):(De+Qe)+Dp
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Stress decomposition

' €e Y
B,
- "

i W
ANN—2

o‘zs—i-w:sd—i-sh—l—w

s=GB +k(J—1)I ; w=HB"

Piet Schreurs (TU/e) 614 / 694



Elastic deformation

B. = (F-F, ' +F-F, ') -FotFer (FOFE4F,°F)
— (F-F R4 EY) Bt
B. - (?‘C.F—C-?C+?e‘°.|’=‘ E

<L+F F, F*IF*I) Be+Be-([c+?;C-F*C-F°-f=Z)
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Viscoplastic deformation
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Eyring viscosity

1

plastic deformation rate D, = MG T.D)
As
n= B
V3sinh )
3T0
s=/3s9:s9
AH  up
A=A —+—-D
0 &XP [RT R ]
RT 1
To =/ ; p=—3tr(o)

Piet Schreurs (TU/e)
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Bodner-Partom viscosity

plastic deformation rate D,=———=s

_ 7 2n
_ om |2 (2
= P 2(6)

s=4/3s:sd

Piet Schreurs (TU/e)
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Plastic strain rate

~ ~ ~c =~—1 =
F=F.F, o C=FF=F B -F -
C,=F B, - [Be-L°+B. B, -B.+L Be} B, -F
Be:(f-_Dp) Be+~e’(~C_Dp) —
B.-B;'= L B,.L°-B,' +D,+B..D, B,

¢, =F.B," [Dp B. + B. Dp} B, -F
G ~d
with Dp_—sd—%Be -
G ) 1
:H(c—%tr(se)cp):r<c—&cp ~TA

Piet Schreurs (TU/e)
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Constitutive model

J=det(F) — F=JF - B=F.F - w=HB’

o
o
Il

o=s"+s"+w
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Incremental analysis
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Incremental plastic strain
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Constitutive equations

J=det(F) — F=J'*F — B=F-.F
p=k(J—1) — s'=pl
. G /- =
CPH:E(Cn—%tr(Ben)CPJ
B.,=U,-C;*-U; - B.=R,-B,, -RS
. D 5
D=h(1-—

( Doo)\/gn
n=n(s,p, T,D)

Piet Schreurs (TU/e)

0:f+¥+w

~d _
—s9=GB, 5 5=4/3s9:57
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Stress update

: i 1 1 =
¢, (1) =I'(1) {c,,m ST cpn(T)} R L (Ben>

1 .1

¢ €~ Colta) =T |G = Cp | =

& AT - &
Con =Gt ar O o arr el 7
_ . & .

Cp, = &n(1—AN)C, +ACp, (t,) ; A= m = elasticity parameter
B.=R,-B,,-RE=F,.C,'.F,

Piet Schreurs (TU/e)
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Sub-incremental plastic strain update

. - 1 1 =
C,, (1) = (1) [c,,(fr) i c,,n(fc)] L (B.,)
sub-incremental deformation: j=1---ns+1
j=1 = T=t, ; j=ns+1 : T=t
- -~ Y1/ns ~j ~ 1/
st=At/ns 5  8C,= {c} S o {5c,,}
1 1. . T 1 .
sl -e]=rle-gal -
jo_ ot &
AR T A A S A
. ) o . . o
C =a(1-NC +NCt o, N=—Tn
Pn n( ) n Pn &Jn + 6tr~’
incremental plastic strain C,, =C,, (th11) =C=H?
total isochoric elastic strain B.=R, B -R; = F- C;nl . IE,C,
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Scalar variable update

A=1/(1+AtT) - f(A,D) =A(1+AtT =1
A{D-D(t,)}=D —  g(A\,D)=D—AtD = D(t,)

Newton-Raphson iterative solution procedure

of  of . .
R AT A I
g 0g . .
ax 3D 5D D(t,) — g rh

Piet Schreurs (TU/e) 626 / 694



Partial derivatives

%_Hmrw\m%_umr A g%g—;’
oS (1)l
:Z; = )\Atg—g z—)\Ath aag - )\At%n — AALT
%020 200y %TO o

g—gzl—At%:l—At [D_\/EhTion]
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Matrix/column notation

J=det(F) — E=J'YF - B=FF & w=HB
p=x(J—1) — s"=pl

A=1/(1+AtT

. / ) - AND

A{D—D(t.)} =D )

C,, = (1=NC,+AC, (ta) = B.=R,B. R! —
_ ~ T - B, — —d

B, =U,C'U, s? = GB.
gdzcéen - 5=/3tr(s75%)

n=n(s,p, T,D)

628 / 694
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Stiffness

o‘:sd—i—sh—i—w:GI§Z+KI(J—1)—|—HI§d

B.=F-C,*-F
Cpo = (1—ANC+AC,(ts)
F=J'°F

50 = 5s + 8s" + Sw
= GOBY +kI5J+ HOB’ = (%S4 + S, + “H) : 6F
= 1S:6F =S :5F° with  SF = Vi =F.Vi=F-L
= *s": (F°-LY)
= *M:L,

u
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Elastic strain variation

B F-C,l.E°

§B. = 6F-C,'-F —F.C,'.5C,-C,*-F +F.C 1. 5F
= (F-c,coF) —F.c,t (FCco5C0) +F-C, - oF
= (MY 5F) =M@ (MU.5C5) "+ M) oF

B = B. — Ltr(B.)I = (“1— 1) : B,

5BY = (“1— 1) : 5B,

Piet Schreurs (TU/e) 630 / 694



Plastic strain variation




Deformation tensor variation
F=J'°F

§F = —1J7V3F1: (SF-F ' + F <. 6F°) + JV/36F
= —1J71V3F (F°:6F°) + J1/38F

Piet Schreurs (TU/e) 632 / 694



Elasticity scalar variation

AALT ~d -
= S 5 =hBS 5B, + bl SF
O\ = Gap gy o1 = hBe 0Bt bl
_)\Achl . /_/1h2
YT ALG +1 ’ T h
3G%2 /on  on oD on oD
b= (D4 2 ; hy = — Rl
1= 25 (60+6D60) ’ 2 KJ( D op
m_ (oL .o o _mw o
36 '\5 V31 % 1w ' oD
5 D
D _ Atgg . _ Aoy
00 1-AtL op  1-At2D
ob_ D . ob_ Dbp 3D o  he
36 V3, o T " D 7 VeDun

. D o
with D=h{1—— ) —
( Dw)ﬁn

Piet Schreurs (TU/e)
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Deviatoric stress variation

5s? = G 8BS = Sy : oF

Piet Schreurs (TU/e)



Hydrostatic stress variation
8s" = k15J = S, : 6F
J=Ju)=siu{EF 4 (FF)} o
§J = 1Jtr (8F-F 1 + F °.5F°)

=1J(F °:8F°) +3J(F ©:5F)
= JF °:8F = JF 1:5F

Piet Schreurs (TU/e) 635 / 694



Hardening stress variation

sw=H5B? = *H: 5F

B=F.
5B = 8F -F° + F-oF°
B = B— lu(B)l = (1—-1n):B
5B = (4|—§||):{(F-5FC)C+F oF°}

Piet Schreurs (TU/e) 636 / 694



Consistent material stiffness tensor

50 = 8s? + 85" + dw
= (*Sq+ *Sp+ *H) : 5F = *S: 5F = *S : 5F°

with  8F° = Voi = F<- Vi = F°- L

= 48" (FC.LS) = *M:L;

u

Piet Schreurs (TU/e) 637 / 694



Matrix/column notation

5B, = (MY + MP)oF - MPMPsc ;MY =FEC T M®?
ze —_—cr f— 4 _—c —c zp ) —_ ——=p y 240
= AYSE + A®lsC
Rl 17 « £
o8] = (L- 3117 ) 8B,

Piet Schreurs (TU/e)
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Matrix/column notation

Piet Schreurs (TU/e)
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Matrix/column notation

57 = GoB = GBUIoF = 5 oF
85" = k16J = J L (), 8F = 5,5F
bw = H8B" = HBSF = HsF
6g = 5§d + 5§h + 0w
= (8,+8,+H)oF=SsE=5

Piet Schreurs (TU/e)
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Tensile test

1

initial width

initial height

initial thickness

Wo
ho
do

100
100
0.1

mm

mm

mm

initial radius

initial height

n

(10/7)
100

mm

Piet Schreurs (TU/e)
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Viscoelastic model in tensile test

E 2305 MPa v 0.37 -
H 29 MPa h 270 -
Dy 19 Ao | 9.7573E-27 | s

AH | 29E5 | J/mol | n 0.06984 -
To 0.72 MPa

. Al _
elongation rate — =0.01s"
ho
90 : : ‘ : 800
8oy 700+
701
600r
601
_ 500F
©'50} =
s Z.400f
o 40f n
a0l 300}
200 200
10 100

y 1 1 14 1c
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Shear test

initial width
initial height
initial thickness

wo
ho
do

100
100
0.1

mm
mm
mm

. . u
strain rate Y=—=0.01s"1
ho
600

500

400

z
=300
w

200

100

0

Piet Schreurs (TU/e)

0 0.2 0.4 0.6
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Utilities m2cc.m and m2mm.m

back to index



m2cc

O sk s sk ko sk stk sk sk ook sk sk ok sk sk ok ok sk ok ok s stk sk sk sk sk sk stk sk stk sk ok sk ok ok o
function [C] = m2cc(m,s);

C = zeros(s,1);
if s==9

C = [m(1,1); m(2,2); m(3,3);
m(1,2); m(2,1); m(2,3); m(3,2); m(3,1); m(1,3)];

elseif s==

C = [m(1,1); m(2,2); m(3,3); m(1,2); m(2,1)];
elseif s==

C=[m(1,1); m(2,2); m(1,2); m(2,1)];
end;

O ok ok ok ok ok ok ok sk sk ok ok ok ok ok ok ok ok koK ok ok ok ok o ok Kok ok ok ok ok kK sk ok ok ok ok ok sk Kok ok ok ok ok kK K ok ok ok ok kK Kok ok ok ok o K
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m2mm

%
function [M] = m2mm(m,s);

M = zeros(s);

if s==9
M=[m(,1) 0 0 0 m(1,2) 0 0 m(1,3) 0
0 m(2,2) 0 m(2,1) 0 0 m(2,3) 0 0
0 0 m(3,3) 0 0 m(3,2) 0 0 m(3,1)
0 m(1,2) 0 m(1,1) 0 0 m(1,3) 0 0
m(2,1) 0 0 0 m(2,2) 0 0 m(2,3) 0
0 0 m(2,3) 0 0 m(2,2) 0 0 m(2,1)
0 m(3,2) 0 m(3,1) 0 0 m(3,3) 0 0
m(3,1) 0 0 0 m(3,2) 0 0 m(3,3) 0
0 0 m(1,3) 0 0 m(1,2) 0 0 m(1,1) 1;
elseif s==5
M=[m(1,1)0 0 0 m(1,2)
0 m(2,2) 0 m(2,1) 0
0 0 m(3,3) 0 0
0 m(1,2) 0 m(1,1) 0
m(2,1) 0 0 0 m(2,2) 1;
elseif s==
M=[m(1,1) 0 0 m(1,2)
0 m(2,2) m(2,1) 0
0 m(1,2) m(1,1) 0
m(2,1) 0 0 m(2,2) 1;
end;
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Stiffness and compliance matrices
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General orthotropic stiffness matrix

649 / 694
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General orthotropic compliance matrix

BC—S* —QC+RS QS—BR 0 0 0
—QC+RS AC—R? —AS+QR 0 0 0
c1_1| QS—-BR -AS+QR AB-Q 0 0 0
£ = A 0 0 0 A(1/K) 0 0
0 0 0 0 Ac(1/L) 0
0 0 0 0 0 AJ(l/M)
with A, = ABC — AS? — BR?> — CQ® +2QRS
bc—s?> —qc+rs qs—br 0 0 0
—qc+rs ac—r> —as+qr 0 0 0
g 1_ 1| gs—br —as+gqr ab—g 0 0 0
= A 0 0 0 As(1/k) 0 0
0 0 0 0 A1) 0
0 0 0 0 0 A1/m)

with A, = abc — as® — br® — cq® + 2grs
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Material symmetry

quadratic
transversal isotropic
cubic

isotropic

Piet Schreurs (TU/e)

B=A;,S=R; M=1L

B=A;, S=R; I\/I:L;K:%(A—Q)
C=B=A;S=R=Q; M=L=K#3(A-Q)
C=B=A;S=R=Q; M=L=K=13(A-Q)
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— = O O O

{

011
022
033
012
023
031

/0

0 0 O
0 0 O
0 00 0 0 m

r
s
c 0 0 O
0 00 KO0 O

q
b
s

0 00O

SNBIRF
— AN ™M
W oW W e s -

Orthotropic thermo-elasticity
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Plane strain

€33 =Y23=Y31 =0 — 033 =Rey+ Sex

o11 A Q@ 0 €11 Ac Qe 0 €11
g=| 02 |[=| Q@ B 0 €2 | =| Q¢ B: 0 e | =L¢
012 0 0 K Y12 0 0 K Y12
B —-Q 0
e |em |t | A o on
€= = 2 Y
Y12 AB-Q 0 0 u 012
K
a. qe O 011
= qGe b O 022 :ésg
0 0 k 012
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Plane strain

r s
€33 =0=r011 + 5022 +cCcOo33 — 0O33= _Egn — 2022
€11 a qg o0 o11 r .o on
e=|e2 |=| g b O on | —| s [ P 0 ] 02
Y12 0 0 k o12 0 o1
ac—r> gqc—rs 0 o1 & g O o1
-c qc—sr be — 52 0 022 - qe bE 0 022
0 0 ke 012 0 0 k 012
_ i B
o1 a q 0 €11 1 l"c +5 qu' gs g
o=| 02 |=]| g be O € | = ~ qgc+rs ac—r 2
012 L 0 0 & Y12 s 0 0 75

with  As = abc — as? — br? — cq? + 2qrs

As Qs 0 €11
=1 Q B 0 €22 = gi I
0 0 K €12

1
033 =~ A~ [(br — gs)e1r + (as — qr)ezn)]

s

Piet Schreurs (TU/e)

Il
1%

Q

€11
€22
€12
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Plane stress

033 =023 =031 =0 — £33 =r011 + 502

[ e1 ] a qg 0 o11 a qo O 011
e=|¢ex |=|qg b 0 02 [ =] G bs 0 022 | =50
L Y12 i 0 0 k 012 0 0 k 012
[ 011 1 1 b —q 0 €11
_ _ —q a 0
0= 022 | = b ab— o2 €22
012 9 0 0 d Y12
- - k
Acr QO’ 0 €11
=| Q Bs 0 €22 :g £

1
€33 = > [(br — gs)e11 + (as — gr)ean]
ab—gq
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Plane stress

R S
033 =0 = Rey1 + Sexp+ Cezz  — €33 = —FEIL T FE2
o11 A Q@ 0 €11 R R S €11
og=|0xn |=|Q B 0 e | —1| S rla 0 } €22
012 0 0 K Y12 0 | Y12
1 AC — R2 QC — RS 0 [ €11
=c QC—-SR BC—-S52 0 €20
~ 0 _ 0 KC 1L Y12
AO' Qc 0 €11
= QG B(T 0 €22 = gog
L 0 0 K || v
€11 [ As Qs 07 7'[ oun ac qo O o11
e=| e |=| Q Bs 0 02 | =| go bs 0 02 | =50
Y12 L 0 0 K ] 012 0 0 k 012
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General planar material laws

Ap Qp 0 |V @pl
C =] Q B 0| arT| Oy
0 0 K | o |
a g O { Op1 -‘
S,=|a by 0| +oAT| 00
0 0 o |
plane strain (), =( ).
planestress  : (), =()o
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Linear elastic orthotropic, 3D

E;Y —vaEyt —vnEst 0 0 0
—’V12Efl E;l —’\/32E?:1 0 0 0
S — —’V13Ef1 —’\/23E{1 E:;l 0 0 0
= 0 0 0 Gt 0 0
0 0 0 0 Gy' 0
0 0 0 0 0 Gyl
with Yiz _ Va1, V23 V32 . Va1 Vi3
El E2 ’ E2 E3 ’ E3 El
1*;_’232_;/23 V31Wé_§3E-:V21 V21W[:__22E-:V31 0 0 0
V13V +Vio 1—v31vi3 V12V31+V3 0 0 0
EiE3 EiE3 EiE3
1 V12Vo3t+Viz  Va1VizFvas 1-—vipvy 0 0 0
C=— EE EE E B
— Ag 0 0 0 Ag Glz 0 0
0 0 0 0 AsGps 0
0 0 0 0 0 AsGsy
with A. — 1— V12V21 — V23V32 —V31V13 — V12V23V31 — V21V32Vi3
° E1EEs
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Voigt notation

Q'T = [011 022 033 012 023 031] = [01 02 03 06 04 O]

e” = [e11 €22 €33 Y12 Y23 Y31l = [€1 €2 €3 €6 €4 €5

€1 S1 S22 S5 0 0 0 o1
€2 So1 S S 0O 0 O 02
e3 | | S;1 S S 0 0 0 o3
€4 o 0 0 0 544 0 0 04
€5 0 0 0 0 555 0 (0)
€6 0 0 0 0 0 566 O¢
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Linear elastic orthotropic, plane strain

E3 E3
033 =V13 — 011 + V23 — 02
E; E>
1—v31vi3 _ V31va3t+vol 0
E; Ep
S — | —vwvetvip 1-v3vys 0
2. E E ;
0 0 rom
1—v3vo3 V31V23+va 0
1 ErE3 ExE3
C =5 1= | vsvetve 1—v3ivi3 0
et =13 AS EiE3 EiE3
0 0 AsGro
. 1 —v12Vva1 —V23V32 — V31Vi3 — V12V23V31 — V21V32V13
with As =
E E>E3

gan = L J Y12Vt VI3 4 YavistVes
B=A " BE Mt EE 2
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Linear elastic orthotropic, plane stress

€33 = —Vi3E; 'o11 — Va3 E, Loz
E' —vaEt 0
S,=| —vef' &' 0
0 0 G
1 E1 Vo1 E1 0
Co=5, =Ty | 2B B ;
21V12 0 0 (1 —v1v12)Gro
1

€33 = — {(vi2vas +vi3)e1r + (Varviz + vaz)enn)

1—viovy
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Linear elastic transversal isotropic, 3D

11%)

E;1 —vE;l —vipEst 00 00 0
—vpE,t Bl vyt 0 00
—vpE,t —vsESt B 0o 0 0
0 0 0 G' 0 o0
0 0 0 0 Gy o
0 0 0 0 0 G3;1
. Vp3 V3
with e _ 23
E, Es
r 1*;’32;";73 V3PEP3E;LVP Vp'vépgvk 0 0 0
’Vp3’g’;pE+’Vp 17535\/,33 ’VP’V3‘;E—’V3P 0 0 0
pL3 pL3 pL3
_ 1 VpVp3tVps  VpVp3tVps 11—V, v,
é 1 — A_ E,E, E,E, E,E, 0 0 0
s 0 0 0 AG, 0 0
0 0 0 0 AGy O
. 0 0 0 0 0  AGs
with A, = 1 —VpVp —Vp3V3p — V3pVp3 — VpVp3V3p — VpV3pVp3
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Linear elastic transversal isotropic, plane strain

E3v
3EP3 (011 + 022) =V3p(011 + 022)

033 =
P
1—v3,vp3 _ V3pVp3tVp 0
Ep P
S = _ Vp3V3ptVp 1—v3,Vp3 0
_=¢ - Ep Ep 1
0 0 =
Gp
1—v3,Vp3 V3pVp3t+Vp
1 E,E E,E;
C — 5—1 _ = Vp3V3pt+Vp 1—v3,Vp3
—=¢ =¢ As E,,E3 E,,E3
0 0 As Gp
with A 1 — vV —Vp3V3p — V3pVp3 — VpVp3V3p — VpV3pVp3
s =
E E E3
1 vpy3(vpy+1)
p3tVp
033 = —————— (€11 + €2)

A E?
s P
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Linear elastic transversal isotropic, plane stress

v
£33 = — ~2 (011 + 092)
p
ES! —valp_l 0
s =| wE' EL o0
0 0 Gt
. E, ~vpE, 0
C =5'= v,E, E, 0
CTT =Yl T 0 (1—vv,)6,
(e11 + €22)

€33 = —
1—v,
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Linear elastic isotropic, 3D

1 —v —v 0 0 0
—v 1 —v 0 0 0
5_1 v —v 1 0 0 0
=T FE|l 0 0 0 21+ 0 0
0 0 0 0 2(1+v) 0
0 0 0 0 0 2(1+v)
1 E
£=3 (1)1 =2v)
1—v v v 0 0 0
v 1—v v 0 0 0
v v 1—v 0 0 0
0 0 0 i(1-2v) 0 0
0 0 0 0 I(1—2v) 0
0 0 0 0 0 1(1-2v)
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Linear elastic isotropic, plane strain

033 = V(011 + 022)

1—-v —v 0
éazHTV —-v 1—v 0
0 0 2
1—v v 0
E
C =5'= v oo1l-v 0
E
(e11 + €22)

BT T rva—2v)
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Linear elastic isotropic, plane stress

%
€33 = — E (0'11 + 0'22)
1 —v 0
1
25 = E —V 1 0

E 1 v 0
gg:églzl 2 v 1 0
Y lo o0 ifa-v

v
£33 = — (e11 + €22)
—v

1
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WR for axi-symmetric deformation

back to index



Weighted residual formulation for axi-symmetric
deformation

1
0-rr,r'i__(O-rr_O‘ﬁ:)‘i‘qr =0 \4 r —
r

1
J' W{Urr,r+7(crr_0tt)+qr}dVZ0 v W(I’)
14

R,

° 1

27TtJ W{Grr,r + F(O-rr - O-tt) + Qr}f dr=20 v W(I‘)
Ri
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Weak formulation

dGrr d w
WO rfF =W ar r = E(WO’,,«I’) — WO‘,«,I’— WO,
Ro Ro .
J (W, 0nr+ woy) dr = J wq,rdr + [wo, tlg = fe
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Linear elastic deformation

ur
Op = Apsrr + sttt = Apur,r + QpT

ur
Ot = strr + Bpett = qur,r + BpT

Ro
J {W,r (Apur,r + Qp%) r+w (QpUr,r + Bp%)} dr = f;
R;
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FEM for axi-symmerric deformation

back to index



Finite element method for an axi-symmetric ring
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Discretisation

R, ‘
Ri
Ry
R1
L 11 e |2
R S
o

ne

1
[APW,rUr,rr + Qpw,ru, + Qpwur , + Bpw7u,} dr = Z fe

e=1

ne R,
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Interpolation

ur =Pyuy +oup

Galerkin =  w=1V1w; +1Vows

Piet Schreurs (TU/e)



Substitution

Ry
[ w1 Wz}J'R {Ap|:$;:::|[lbl,r lbz,r]f+Qp[$:::}[1b1 by |+

8t wrva ] tw w1 2] e

r Ur €

V1 b1, Y12, V11 Y1 b2
[wa w ] {Ap [ Yo b1, 2 b2, } r+Q { P2 b1 P22 ]
Y1y, Yo, Prpr Py |1 ul | e
R { Yohrr Yoo, ] *+Bs [ Vb1 o2 ] } dr{ Ur2 ] =[w w ]

VyeTKe ye _ WeTfZ

r
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Integration

N :
° 1
Klel = Aplbl,rlbl,rr + de)l,rlbl + de)llbl,r + de)11b17 dr
J R,’ L p
Ry T 17
K1e2 = Aplbl,rd)er + Qplbl,r'q)2 + Qplbllb2,r + BplblleF dr
J R1 L p
Ry T 17
K2el = Aple,rd)l,rr + Qp1b2,r1b1 + QpleIbl,r + Bp1b21b17 dr
J R1 L p
Ry T 17
K282 = Ap¢2,r¢2,rr + Qp1b2,r1b2 + Qp1b21b2,r + Bp1b21b27 dr
J R1 L p
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External load

ne R,

Ro
f. = J wq,r dr + [WO',,r]g:? = ZJ

ne
R, R,
wq,rdr+ [WO',,r]R:? = E qs + [WO‘,,r]R:?
Ri e=17F1

e=1
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Volume load = centrifugal load

R2 R2 ll)
= pw2J wrldr=[ w w | pw2J [ ! } r?dr=we g¢
R R 11)2 ~

'{.VET~e + Wo0r (r = Ro)Ro — wior (r = R)R;
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Assembling
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Boundary conditions
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FEM for planar deformation

back to index



Four-node quadrilateral element

Nl_ (1-&)(1—&) ; N =21+&)1-¢&)
1
7

1
7
M+ &)1+&) 3 N =
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Shape functions
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Cartesian coordinate system

displacement

uy

uy

u
ue | | Nt 0O N 0O N 0 N DO u’
| | O N 0O N 0 N O N u§—>

uy

uy

[ 4y |
element shape x=Nx® ; xo=Nx;
weighting function w =N w¢
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Derivatives

F T
uy
U x NLOoOML 0 ML 0 N 07|
uy | 0 N‘ly 0 Ni, 0 Ni, 0 Niv uﬁ . ( ) Bt
me |T] 0 N0 N 0 AL 0 N || 42 ), = 2Y
1 2 3 4 3
Uy.y N, 0 N, 0 N, 0 N, 0 uy
u
L Uy ]
Ny N NY N NL N
N‘2>< N?y — N,21 N,22 &ix &1y — N,21 N,22 JT
Ni( /V,3y N?l N% Eox &ay N3 N,32 N
NN Ny Nj Ny N
Xe Ve
J— X1 Y1 N,11 N,21 N,31 N,41 Xe2 }’e2
= NL N2 N3 N4 3 3
X2 Y2 2 2 2 2 Xe Ye
X2 vl
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Deformation matrix

0x  0x 7
— — 0
O0xo 0yo
F—| 9 Oy
r={ - = 0
O0xo Oyo
0 0 Fz |
0x Oy ) [ xt oyl
Ox0 Oxp | _ Nixo N;xO Ngxo N}o] Xg yg
a_X Q L N,yO N,yO N>y0 N»}’O Xi Y. e
Oyo Oyo L Xe Ve
i Xg Yo
_ | &0 20 Ny ONGONGONG P
| &1y0 &2,50 N, N5 NG ONY 2yl
7 T a
Xe Ve
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Cylindrical coordinate system

displacement

uy
u
uf
u NUO N 0 N0 N0 ]| 2
luzlz o N 0 N o A o N || w | TR
u?
uf
u
element shape r= NT[ ; z= /yT;
ro=N"r, ; 70="N"gz,
weighting function w =N w¢
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Derivatives

uy
ol
U, N 0 N2 0 N3 0 N4 0 Z
' 1 ' 2 \ 3 ‘ 4 ur
Uy ; 0 N, 0 NS, 0 NS, 0 N7, >
Ly, [ =] I 0 In 0 IN® 0 N 0 s | (L) =
r r r r r u3 Tu)y
Uy, 0 NL 0 N2 0 N3 0 N4 g
’ ’ ’ ’ u
U 2 NL 0 N2 0 N30 N4 0 i
u(
L vz ]
NL ML
Ch o Wy
N,r N,z _ Ngl N?2 iC'.1,r al,z _ Ny21 N;z JfT
N3 N3 N,1 N 2 iC'»2,r E»2,z N,31 N,Q -
o’ z N%Y N N4 N
N N4 ' '
ez
J— riozi | N,11 N,21 Ni N,41 re2 zg
=T ro ozo | N}z N?2 N‘32 Nf‘z Pz
ez
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Deformation matrix

0 0
o or
al’o aZO
E=| %2 0z
6ro aZ()
0 0 L
ro
or 0z i rt Zl
aro aro — N,er N;rO Nzro N,4r0 re2 Zg
ﬂ E L N,lzo N,zO N,zO N,420 I‘g Zg'
aZ() aZ() I‘: Z:
rl Zl
_ e €
_ | & &0 NY /V;l N3 N4 r2 22
| 120 &2.20 NY Ny NL NG ez
-
e e
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Numerical integration

ip| & & | ¢
1| -3V3|-3v3 1
2| L3 |-1v3 |1
31-3v3] V3 |1
4| 3vV3 | L3 |1
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Eight-node quadrilateral element

N'=2(& —D)(E2—1)(—&1 — &2 —1) N° =1(E2—1)(82—1)
N?=1(E +1)(& —1)(—& + & +1) N® =1(—& —1)(& 1)
N3 =&+ 1) (8 + 1) (81 + &2 — 1) N =23(8] —1) (& — 1)
N =1 —1) (& +1)(E8 — & +1) N&=1(& —1)(8—1)
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Shape functions

N
N

R
N
R

=
R
™

\\“\

R

N
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Numerical integration

a=0.77459; p=0.55556; g =0.88889

&2

p| & | & C

1| —a|—a|pxp
2 —a|pxgq
3| a|—a|pxp
4| —a| 0 |pxg
5 0 |gxgqg
6| al| 0 |pxg
7|—a| a |pxp
8|0 a |pxgq
9| a | a |pxp
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